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p-Forms from Syzygies
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ABSTRACT. These notes aim to develop a tool for constructing polyno-
mial differential p-forms vanishing on prescribed loci through syzygies
of homogeneous ideals. FEzxamples are provided through implementing
this method in Macaulay2, particularly examples of instanton bundles
of charges 4 and 5 on P? that arise in this construction.
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1. Introduction

In Mathematics, being able to compute explicit examples is very important.
In particular, when studying distributions on projective spaces, such examples
are governed by homogeneous polynomial differential forms which induce exact
sequences of the form

0— F— TP" =5 N — 0
where F' is a rank n — p reflexive sheaf and N is a rank p torsion-free sheaf.
Properties of the vanishing locus of the p-form w reflect on properties of the
sheaves F' and NN; thus providing the p-form leads to the understanding of the
sheaves. In this direction, we prove the following result. Fix k a field.

THEOREM A. Let Z C P™ a closed subscheme with (saturated) homogeneous
ideal Iz C R = k[zo,...,z,] and let AP(Z) be the R-module of polynomial
differential p-forms vanishing on Z. Then we have an exact sequence of graded
R-modules:

p+1
0— Iz ®traa [\ V' — AP(Z) — Torf(Iz,k)(p+1) — 0,

where V* = (dxg,...,dz,) and rad is the radial vector field (see (2)). More-
over, if (Iz)q =0 then AP(Z)4 = Torf([z7 k)dtpti-

The R-module Torf(] 7, k) can be identified with the space of p-th syzygies
of a minimal set of generators for Iz. Given a (minimal) free resolution
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we construct a map §&: Torff([z,k) — AP(Z) given by differentiating and
combining the entries of ¢1,...,¢,, i.e., & depends on syzygies up to order p,
see Proposition 3.2.

The use of syzygies to describe distributions goes back at least to the work
of Campillo and Olivares [3], see also [4] and references therein. In [6, §4] the
case of 1-forms is essentially described, serving as a prelude to the present work.
Note that for p = 1 Theorem A gives a slightly more complete version of [6,
Proposition 4.5].

After recalling some relevant concepts in §2, we prove in §3 Proposition 3.1,
from which Theorem A follows. Finally, we provide some examples in §4. In
Example 4.5 we give an example of an instanton bundle of charge 4 on P3
which is, up to twist, the conormal sheaf of a foliation by curves singular
along 5 disjoint lines; this construction was first observed in [1], though with-
out explicitly referring to foliations. In Example 4.6, we apply the same
construction to produce an instanton of charge 5, from a foliation by curves
singular along a disjoint union of two double lines of genus —3, cf. [5, §6].
Our computations come from implementing these routines in Macaulay2 [9)].
These are compiled in the ancillary file syz-k-forms.m2, available at https:
//github.com/alannmuniz/syz-k-forms.git

2. Preliminaries and notation

We begin by recalling some basic facts and establishing the notation used
throughout the paper. Let k be a field, that we may assume is algebraically
closed of characteristic zero. Fix V a k-vector space, n := dimV — 1, and let
P* = P(V) the projective space of lines in V' through the origin. Let TP"
and 2}, denote the tangent and cotangent bundles of P*. We have the Euler
sequence,

0— Opn 2% 0pn (1) @V — TP" — 0. (1)
Then we may identify V = H?(TP"(—1)) as the space of constant vector fields
(on the affine space A}'™). Fixing homogeneous coordinates (zq : -+ : ), we

have that V is spanned by the derivations %, ey % so that the map rad

in (1) is written as the inclusion of the radial vector field:

0 0
I'ad:.’lfoaixo-f-"'—‘rl'naixn, (2)

which is sometimes called the Euler derivation in the literature. Dualizing (1)
we get

0— Qb — Opn(—1) @ V* 224 Opn — 0, (3)
and considering {dxo, ...,dz,} the basis of V* dual to {8%0, o5} we see

that t1aq is the contraction — or interior product — of (local) differential 1-forms
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with the radial vector field: t;,q(w) = w(rad). Furthermore, we take exterior
powers of (3) to arrive at

0 — QB — Opn(—p) @ A\PV* 224 Q271 ), (4)
where tyaqw(v1,. .., vp—1) = w(rad,v1,...,v,—1) is the contraction of p-forms

with rad.
Note that from (4) we have that global sections of QF, (d + p + 1) are in
bijection with homogeneous differential p-forms

w = Z Ail...ipdl'il VAR dl’ip

0<ig <---<ip<n

satisfying traqw = 0 and deg A;, . 5, = d + 1.

To fix notation, let R denote the polynomial ring R = k[zo,...,x,] and
let OF = R® APV* be the free R-module of polynomial differential p-forms;
Q% = R and Q5 = 0 for [ < 0. Then the radial vector field rad defines a
R-linear map tyaq: Q% — Q%' so that its kernel is @, HO(Q5,(r)).

2.1. Distributions

Given 1 < p < m — 1, a codimension p distribution & on P” is defined by a
short exact sequence

0— Ty -2 TP" %5 Ny — 0 (5)

such that Ng is a rank p torsion-free sheaf; hence Ty is a rank n — p reflexive
sheaf. The distribution 2 is integrable, i.e., a foliation, if ¢(Tg) is closed under
the Lie bracket of vector fields.

Taking exterior powers of (5) yields a differential p-form w € H°(Q5, (d +
p+1)), where d := ¢1(Tg(—1)) is called the degree of 2. The map 1 is given
by contraction: 9 (v) = t,w. The coefficients of w generate the singular scheme
Sing(2) C P, supported on the set of points where Ny is not free. As Ng is
torsion-free, codim Sing(2) > 2.

Therefore, to study degree-d codimension-p distributions on P" we may
focus on homogeneous p-forms representing global sections of QF, (d + p + 1).
But first, notice that not every such p-form induces a distribution.

EXAMPLE 2.1. Consider the 2-form w € H°(Q2..(3)) given by
w = xo(dxy A dxg + dxs Adxy) — deg A (x1dee — xodxy + x3dry — xadas).

One can readily check that w defines a “trivial distribution”, Tg = 0. Indeed,
the contraction map tew: TP™ — Q5 1(3) is injective. For instance, on the
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affine chart Uy = {xo = 1} we have natural local coordinates (z1,x2, 3, z4)

and, for any local vector field v = Z?=1 aj%, we have
J

LWy, = to(dzy Adxg + dzg A dxy) = ardry — agdry + asdzs — agday

which vanishes if and only if so does v.

Fortunately, there is a computable characterization for locally decomposable
and integrable forms.

REMARK 2.2. To simplify our notation, we set /\OV* = /\OV =kand t,w:=w
for v e \°V.

LEMMA 2.3. A homogeneous p-form w on P™ is locally decomposable off the
singular set (LDS) if

(low) Aw =0, for everyve N\*7'V;
here ty, e pv,_ W = Ly, + by w. Moreover, a LDS form w is integrable if
(Low) Adw =0,  for everyv e NP7'V.

The proof is an iterated application of de Rham-Saito Division Lemma [10]
after localizing to the principal open subset D, (f) C P, for f a coefficient
of w, and we leave it to the reader.

Given an LDS p-form w defining a distribution &, we want to compute its
tangent and normal sheaves. To do so, we analyze a suitable complex of sheaves
associated with w. This was observed in [2, p.13] for codimension p = 1 and
the general case is similar. Taking exterior powers of the Euler sequence (3)
we get a natural inclusion Q5" (d 4 p + 1) < Opn(d +2) ® AP7'V*. On the
other hand, as in (1), TP" is the cokernel of rad: Opn — Opn (1) ® V, induced
by the radial vector field. Hence, we consider the composition

Co: Opn(1) @V — TP <5 Q8 N d+p+1) = Opn(d+2) @ APV
Note that Ng is isomorphic to the image of C,, and we also get:

Opn 2% Opa (1) @V 25 Opu(d+2) @ APV (6)

This complex is interesting because the associated complex of free R-modules is
computationally convenient to describe T¢. The following is straightforward.

LEMMA 2.4. Let 2 be a codimension-p distribution on P™ of degree d given by a
homogeneous p-form w. Then Tg is the middle cohomology of the complex (6)
and Ng is the image of C,,.



p-FORMS FROM SYZYGIES (5 of 12)

3. Forms with prescribed vanishing locus

Now we turn to the main objective of this work, which is to describe the

module of homogeneous p-forms, not necessarily LDS, vanishing along some

given subscheme. To describe distributions, one may further apply Lemma 2.3.
Let Z C P™ be a closed subscheme with ideal sheaf .7 and consider

AP(Z) =P H QR (d+p+1) @ ).
d>0

the R-module of twisted differential p-forms that vanish on Z. Let Iz denote
the saturated homogeneous ideal of Z, i.e., I := D, H°(77(j)) C R.

PROPOSITION 3.1. Let Z C IP™ be a closed subscheme then
0— Iz @ trad Uy — AP(Z) — TorX(Iz,k)(p+1) — 0. (7)

Proof. Consider the (p + 1)-st exterior power of Euler sequence tensored with
the sheaf #z(d+ p+ 1):

0 — Q2N (d+p+1)®.I7 — I7(d)O NPTV 223 Q0P (d4+p+1)@.57 — 0,

which is exact since Qf,, is locally free. From the long sequence of cohomology,
we get

HO (5 (d)@ NPV 224 HOQ2, (d+p+1)®.57) —2 HY(QZH (d+p+1)®.77)

is exact. From [7, Theorem 5.8] the image of ¢ is precisely Torf‘(IZ, E)dtpt1-
Taking the direct sum over d > 0, we get the desired sequence of R-modules.
Note that the image of ¢;,q4 after the sum is isomorphic to Iz ® Lradﬂ’;;rl. O

In most cases of interest, one wants to describe degree d distributions sin-
gular along a Z such that H°(.#z(d)) = 0 so that

H(QB,(d+p+1)® Iz) = Tors (I7,k)aspi1-

It is an interesting open question to decide whether HY(.#z(d)) = 0 holds for
Z = Sing(2). This is true, for instance, if ¥ = 1 and dimZ = 0, see [6,
Lemma 4.2].

3.1. p—forms and syzygies

Note that the sequence of graded k-vector spaces underlying (7) must split,
and we derive such a splitting from the syzygies of Iz. Consider the minimal
graded free resolution

0—F, 2 p RPN, s, (8)
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where F; = P, R(—j)P#. Recall that, since the resolution is minimal,

Tory (Iz, k) ~ F, @ k = @ ks, (9)
J

with kP#J in degree j. Moreover, fixed the minimal generators given by ¢q, the
module of p-th syzygies of Iz is the image of ¢,. Note that if we tensor (8)
with the free module QlR we get an exact sequence

00— F, o0, 2 F 003 s Reoh 2% 1,00, — 0 (10)

where ¢; = ¢; ® 1 by abuse of notation. We then define a k-linear map
5: QP — QPF! by setting
dw

(5 =
“ degw’

on a homogeneous w. Here degw is the total degree of w considering deg dx; =
degx; = 1. The important property  has is that

lragdw = w, for w € kertraq.

Given a matrix of p-forms G = (g;;) we denote 6G = (dg;;) and similarly for
Lrad; We use the dot - to denote matrix multiplication, whether the entries are
commutative or not.

To construct a 1-form that vanishes on Z, we take t € Torf(Iz, k) =
&) j kPri | which we regard as a column vector of elements of k with the appro-
priate grading. The matrix ¢¢ is a row vector of (minimal) generators of Iz
and the columns of ¢; are the first syzygies; in particular, ¢t is a first syzygy.
Then we apply 0 and multiply the matrices: &;(t) := ¢g - ¢y - t. It vanishes
on Z since the coefficients belong to Iz, and it may descend to the projective
space since

trad€1(t) = trad(Po - 01 - t) = P - ¢1 -t =0

by the above relation; by convention ¢,,qF = 0 for any polynomial F'. Note,
however, that &, (t) is only homogeneous if t € Torf(Iz, k) is homogeneous,
i.e., it has nonzero entries in only one degree. For 2-forms, the procedure is
similar, take ¢ € Tors(Iz, k) and define & (t) := ¢q - 6(¢1 - 6¢po) - t. Notice that
we differentiate the matrix ¢, multiply the result by ¢;, then differentiate the
product. Following the same strategy, we construct p-forms vanishing on Z
with the following proposition. Recall that one can also produce p-forms from
I; ® LradQ%H, i.e., as a combination n = > F;n; with F; € Iz and t;9m; = 0.
The forms we obtain via the above procedure are not of this type.

PROPOSITION 3.2. The k-linear morphism &, : Torf‘(]z, k) — AP(Z) defined by
gp(t) = (poodop O"'O5O¢p) -t
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(alternating § and multiplication by ¢;) is injective, and its image does not
intersect the image of Iz ® LradQ%H.

Proof. First, note that, due to R-linearity, trada(¢; - d¢j41) = ¢ - dj11 = 0. It
is then straightforward to show that ¢;,q4,(t) = 0.

We will assume by contradiction that £,(¢) belongs to the image of Iy ®
traaSth and conclude that ¢ = 0, hence proving both claims at once. From the
assumption there exists 79 a column vector of (p + 1)-forms such that

gp(t) =¢o - Lrad?]o-

Hence
G0 (0(¢p10---000¢p) t—traano) =0

and, due to the exactness of (8) twisted by Q%, there exists 7; a column vector
of p-forms such that

d(pro---0d0¢y) -t —traao = ¢1- M-

Applying traq We get, due to R-linearity,

$1-0(p20---080¢y) t = @1 traas = ¢1-(6(p20---000¢hy) -t — traam) = 0.

Thus there exists 72, a column vector of (p — 1)-forms, such that 6(---d¢p)) -
t — Lrad”1 = @2 - 12. lterating this process we arrive at

5¢p T — lradMp—1 = ¢p *Tp

where 7, is a column vector of 1-forms. Hence, there exists a matrix of poly-
nomials A such that

t— lrad?lp = ¢p+1 A
Since the resolution (8) is minimal, each entry of ¢,4i is a homogeneous
polynomial; the same is true for ¢;aqmp. On the other hand, the entries of
te Torf([z, k) are constants. Thus, comparing degrees, we see that t = 0. O

Note that from (7) we expect that f&,(t) € Iz @ traaQ, for any homoge-
neous polynomial f € R. Indeed, we can write

F&p(t) = b0 - traa (6f NS(p1-6(---66p)) - 1)

Also we have that &,(¢) is not homogeneous unless ¢ € Torf (Iz,k)m for some
m; in this case the total degree of &,(t) is m. Moreover, if h%(Fz(d)) = 0 we
can pass to the first linear strand of (8):

0 P 0 Pnoa 0 %6
0—F, —F,_| — - —F, — Iz
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where F]Q = R(—j —d —1)P3+a+1 and ¢§) are the corresponding linear blocks.
Thus, H*(Q, (d+p+1)® Iz) ~ Torf([z, k)d+p+1 may be computed from

E(t) = ¢f - dg) A -+ Nd) - t,

which involves only the degree d + 1 generators of .

4. Examples

In this section, we compute some examples. We will focus on degree d distri-
butions singular along Z such that (Iz)q = 0. This is expected to always hold
for Z the full singular scheme, see the introduction to [8].

EXAMPLE 4.1 (n=2,p = 1,d = 1). Let us start with a simple example. Let
Z C P? be a reduced subscheme of length 3 not contained in a line. Then we
may suppose

Iz = (z0,21) N (20, 22) N (21, 22) = (To1, ToZ2, T122).

The resolution is given by

xTo 0
-z X
0 —X 3 (1'0561 oo Ilzg)
R

Thus H° (02 (3) ® Fz) = k? spanned by

0— R?

Iz—>0

w1 = Tor1dre — xox2dxr1 and wo = rorodri — X1T2dTH.

Note that both w; and wy vanish along a line and a point, but a general linear
combination of them vanishes precisely at Z.

EXAMPLE 4.2 (n = 3,p=1,d = 1). Also for d = 1 consider Z C P? a twisted
cubic:

Lo X1
xr1T T2
2 _ _ 2
5 Tro I3 3 T1x3 Ty T1T2 ol Tox2 7
0—R R

Iz—>0

Then we also get H°(Qp:(3) ® #z) = k*. A general element vanishes only
on Z.

ExaMPLE 4.3 (n =3,p=1,d =1). Next, we describe a pathological example
for codimension one and degree one on P3. Consider Z given by

2 2 2
Iz = ($0a$1’$0$2,$1ﬂ?2,$2 — xox1)-
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It is a O-dimensional scheme of length of 5 supported on a single point. It is
a simple example of a point that is not a local complete intersection. Thus,
there is no local 1-form vanishing only on Z. Due to Theorem A, any 1-form
vanishing on Z can be written as w = Adxg + Bdx; + Cdzs where

A =toriT0 + th% + tsxoxo + t4($0$1 — .’E%)

B = —tozors +t1x129 — tg(xowl — x%) — t4$g
C = 7t1l‘% - t2I1I2 - tgﬂ?g + t41301‘2
and tg,...,t4 € C. Note that w does not depend on x3 so it is a linear pullback

of a 1-form 1 on P? and the singular locus is thus a cone over the singular locus
of 1. Therefore, any w vanishing on Z must vanish along 3 lines concurring
at Zred-

EXAMPLE 4.4 (n = 3,p =2,d = 2). Any (n—1)-form w € H*(Qf. ' (d+n)) can
be written as w = tyaqty dzoA- - - Adx, for some vector field v € HY(TP™(d—1));
in particular, it is LDS. The distribution, actually the foliation, described by w
is often better described by v, and to get this vector field from w we just note
that ¢, dxg A -+ - Adxy, = ﬁdw. Ifv= Z?:o aja% then, the singular scheme
is defined by the maximal minors of the matrix

xo PRI "ETL

ao PR an ’
which coincides with the ideal generated by the coefficients of w, up to satura-
tion.

Now we specialize to P3. In [5] foliations by curves on P3 are studied with
a special focus on those having locally free conormal sheaf NY,. Nonetheless,
estimates on Chern classes predict a foliation of degree 2 with conormal sheaf
satisfying ¢1(Ny,) = —b,c2(Ny,) = 9 and c3(NY,) = 3; here cs > 0 implies
non-locally-free. Then [5, Theorem 4.1] translates it to predicting a foliation
singular along Z = C'U P where C is a curve of degree 2 and genus —2, and P
is zero-dimensional of length 3. Then consider, for instance,

C =V (zd, wow1, 27, xo(23 — 73) — T17372),
P =V (xy — xo, 22 + x1,23) UV (21 — 0, T2, 23 + 20)
U V(ml — 2x0, T2 + Tg, T3 — Xp)-

Computing the syzygies we can construct, inside a space of dimension 4, the
3 9

vector field v =) i_0 0j 5.~ where
j= 7
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ag = —4;5% —50x0x1 + 2030%,
ay = —40 2% + 16 zox; — 1022,
as = 4030(2) — 45 x0x1 + 35 x% — 4 xgre + 502129 + 30 203,

as ::5()$8 +'401E0$1 —'4012? +»30:r0x2 —’41E0$3 +’20:I1$3.

To check that v is singular precisely along Z, one may follow the Macaulay?2
routine below.

i1 : R = QQ[x_0..x_3];

i2 : C = ideal(x_0"2, x_O*x_1, x_172, x_0*(x_2"2-x_3"2) - x_1%x_3%x_2);

02 : Ideal of R

i3 : P = intersect(ideal(x_2-x_0, x_2+x_1,x_3),ideal(x_1-x_0, x_2,x_3+x_0),
ideal (x_1-2*x_0, x_2+x_0,x_3-x_0));

03 : Ideal of R

i4 : Z = intersect(C,P);

04 : Ideal of R

i5 : a0 = -4%x_072-50*x_0*x_1+20%x_1"2;

i6 : al = -40x*x_0"2+16*x_0*x_1-10*x_1"2;

i7 : a2 = 40%x_0"2-45*x_0*x_1+35%x_1"2-4xx_0xx_2+50*x_1*x_2+30*x_0%*x_3;

i8 : a3 = B0*x_072+40*x_0%x_1-40%x_1"2+30%x_0*x_2-4*x_0*x_3+20%x_1*x_3;

i9 : singD = saturate minors(2, matrix{{x_0,x_1,x_2,x_3},{a0,al,a2,a3}});

09 : Ideal of R

i10 : == singD

010 = true

EXAMPLE 4.5. In [1], the authors provide a construction for instanton bundles
F on P? of charge 4 as a twist of the kernel of a map Qg (1) — #2(3), where Z
is the disjoint union of 5 lines with no 5-secant. In our notation, F((—3) = N,
is the conormal sheaf of a degree-3 foliation by curves 2. Next, we show
how to provide explicit examples of such sheaves with the help of the an-
cillary file syz-k-forms.m2 (available at https://github.com/alannmuniz/
syz-k-forms.git).

i1

i2

i3 :
o3 :
i4 :
o4 :

i5 :

o5

i6 :
i7
i8 :

load "syz-k-forms.m2"
: R =QQ[x_0..x_3];

C = dsLns(5,R); -- 5 random lines
Ideal of R
om = rOmg(2,3,C); —- random 2-form of degree 3 vanishing on C
1 1
Matrix (R[dx ..dx 1) <-- (R[dx ..dx 1)
0 3 0 3
C == sing om -- check C is the whole singular scheme
= true
N = conSheaf om; -- compute the conormal sheaf
F = N(3);

chern F -- compute its Chern classes
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o8 (0, 4, 0)
o8 : Sequence
i9 : HH"1(F(-2))
09 =0

09 : QQ-module

EXAMPLE 4.6. Similar to the previous example, if we set C' as the disjoint union
of two double lines of genus —3, we get an instanton bundle F' of charge 5.

i1l : load "syz-k-forms.m2"
i2 : R = QQ[x_0..x_3];
i3 : C1 = ideal(x_0"2, x_O*x_1, x_172, x_0%x_2"3 - x_1*x_373);
03 : Ideal of R
i4 : C2 = ideal(x_2"2, x_2*x_3, x_372, x_2*x_0"3 - x_3*x_1"3);
04 : Ideal of R
i5 : saturate(C1+C2) == R --check that they are disjoint
o5 = true
i6 : C = intersect(C1,C2);
06 : Ideal of R
i7 : om = rOmg(2,3,0);
1 1

o7 : Matrix (R[dx ..dx ]) <-- (R[dx ..dx 1)

0 3 0 3
i8 : N = conSheaf om; -- compute the conormal sheaf
i9 : F = N(3);
i10 : chern F -- compute its Chern classes
010 = (0, 5, 0)
010 : Sequence
i1l : HH"1(F(-2))
oll =0
oll : QQ-module
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