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Variable exponents anisotropic elliptic
problems with lower order terms

MOKHTAR NACERI

ABSTRACT. This paper aims to investigate the existence of distri-
butional solutions in Vi/'l’?(')(ﬂ) (i.e. the anisotropic Sobolev space
with variable exponents and zero boundary) for a class of nonlinear
anisotropic elliptic equations with variable exponents and a lower-order
term that has natural growth with respect to |Oyu|,i = 1,...,N. The
datum f on the right-hand side belongs to the space L(ﬁ*)/(')(ﬂ), where
Q C RN (N > 2) is a bounded open Lipschitz domain and (p*)'(-) rep-
resents the Hélder conjugate of the Sobolev conjugate p(+).
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1. Introduction

We aim to prove that the following problem has at least one distributional
solution:

N N

— Z 81(\3zu pi(‘”)”&u) + UZ |u pi(w)—2
i=1 i=1
al (1)
+ Z@iu|8iu|p'i(7‘)_2 = f, in Q,
i=1
u =0, on 012,

where Q@ € RY, N > 2 is an open bounded domain with a Lipschitz bound-
ary 09, f is in L®)'0)(Q), such that p(-) the harmonic mean of {p;(-), i =
1,...,N} and (") (-) = 1+(]\7+N+)(@)()71) the Hoélder conjugate of the Sobolev

conjugate p* () = ]\J,V_?;S'().)a p(-) <N.

Problem (1) is classified as a ?(m)—Laplace type equation since the ?(x)—

N
anisotropic Laplace differential operator (i.e.,u — — > 81»(|8iu|p"("’)_26iu)) is
i=1
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included on its main side. In the variable anisotropic case, you can explore the
problems that incorporate this operator and others by referring [15, 16, 17, 18,

N
23, 24, 25]). Moreover, it contains a non-linear term u > |u|Pi(*)=2 that satisfies
i=1
a sign condition with respect to |u|, as well as a non-linear lower-order term

N
S Oyu|O;ulPi®)=2 that has a sign condition with respect to [Qu;|, i = 1,..., N
i=1

and natural growth. We can more easily derive a priori estimations from the
problem here and develop approximate solutions with the aid of all these data.
The existence results of numerous similar isotropic and anisotropic scalar and
variable cases with various data and conditions have been explored; we provide
a few of these as examples without limitation in [1, 2, 3, 4, 5, 8, 10, 19, 20, 21,
22, 27].

The Leray-Schauder fixed point theorem was used to demonstrate the exis-
tence of a sequence of appropriate approximation solutions (u,), which served
as the foundation for the proof. Then we give prior estimates by proving al-
most everywhere convergence for the partial derivatives of the solution wu,,,
which can be turned into strong L'— convergence. Equipped with this con-
vergence we pass to the limit in the strong L' sense for |d;uy, [P*(*)~20;u,,, and
for wy, |uy, Pi(#)=2 and finally we conclude the convergence of u,, to the solution
of (1).

The plan of the paper is as follows. The mathematical preliminaries in
Section 2 include some embedding theorems and a reminder of the anisotropic
Lebesgue-Sobolev spaces with variable exponents. Section 3 contains the main
theorem and its proof.

2. Preliminaries

Some fundamental concepts and characteristics of Lebesgue-Sobolev spaces
with variable exponents must be given in this section (see [9, 11, 12, 13]).
Let © be a bounded open domain of RY (N > 2), we denote

C. () = {continuous function p(-): Q= R, p~ > 1},
such that p~ = min p(z),and p™ = max p(z).
€ z€

Let p(-) € C4+(R2). Then the following version of Young’s inequality holds
for all a,b € R and all € > 0,
jab| < ela]?™) + c(e) b,
where, p/(+) denotes the Hélder conjugate of p(-) (i.e. ﬁ) + p,l(v) =11in Q).
In addition, we also have

la + b|P@) < 27" 1 (|a|P(®) 4 |p|P().
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The variable exponent Lebesgue space Lp(')(Q) is defined as
LPO)(Q) := {measurable functions u : Q — R; Pp(y(u) < o0},
where the function

u = pp(y () :z/ |u(x) [P da:
Q

is called the convex modular function. It is a reflexive Banach space, under the
Luxemburg norm given by

u +— ||U||p() = ||u||Lp(.)(Q) = mf{)\ > 0 | pp()(u/)\) S 1} .

Holder type inequality

/uvdx
Q

in this setting holds.
The reflexive Banach space W12()(Q) is defined as

1 1
< | —+— ) ullor Vo) < 20|u|lp |V,
(p_ p,_)n oo o1y < 2lallogo ol

Wl,p(~)(Q) — {u c LP(‘)(Q) 2| Vu| € LP(~)(Q)},

and it is endowed with the norm ||ul[y1.00) () = [ullpc) + [[Vullp). We define

also the reflexive separable Banach space VVO1 () () as

1,p(+)
wirO@) =@,

endowed with the norm || - [[y1.00) ()
If u € LP()(Q), then we have (see [9, 11])

1 1 1 1
min () ()77, oy ()7 ) < Nl < max () ()77 oy ()7 ).
. - + - +
min (Jlul2 ), Il ) < ppy () < max ([l ) (2)

In order to solve our problem (1), we will now introduce the variable exponents
anisotropic Sobolev spaces le?(')(Q).

Let p;(-) € C(Q,[1,+00)), i.e. continuous function p(-) : € — [1,+00),
i=1,...,N, and we set for every x in Q

P(z) = pi(@),....pn (7)), pi(z) = @-’sgvpi(x), p-(z) = @iSani(x),

p- =minp_(z), pl =maxp(z),

€EQ zeQ
)= —2—, pa)={ N lrple) <k,
1 —+00, for p(z) > N.
Z pi(z)
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We introduce the Banach space
WLTO(Q) = {u € LP+O(Q), du € LPO(Q), i =1, .. N}
under the norm

N
lallg ¢y = Nullp, ) + D 100l ) -
=1

The spaces Wol’y(')(Q) and WL?(')(Q) are defined as

_ wLTO o
w0 =cr@" Y whPO@ = whPO@) n ().

Let Q ¢ RN be a bounded domain and 7(-) € (C4(Q))"N. The following

embedding results have been proven in [12, 13].

LEMMA 2.1. If r € C4+(Q) and r(-) < max(p,(-), p*()) in Q. Then the embed-
ding )
Wl’?(')(Q) — L"O(Q) is compact.

LEMMA 2.2. If we have

Vo € Q, pilr) <7 (). (3)
Then the following inequality holds
N
lullp, ) < €D 10wl Yu € WHTO (@), (4)

i=1
where C' > 0 independent of w.Thus,

N
u Z l0iullp, .y is an equivalent norm on VT/L?(')(Q).

i=1

In our work, we need Leray-Schauder’s Theorem of existence for approxi-
mate solutions.

THEOREM 2.3. Let X be a Banach space and ¥ a compact operator of X x [0, 1]
in X such that
U(z,0) =0, VrelX.

Suppose there is a constant M such that
V(z,0) € X x[0,1] : (x = ¥(z,0) = HxHX < M).
Then, the operator ¥y of X in itself given by, for all x € X,
Uy (x) = U(x,1),

has a fized point.
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3. Statement of results and proofs

DEFINITION 3.1. We say that u is a distributional solution of the problem (1)
if ue Wyt (), and it is such that for all o € C°(%),

N N
Z/ 01 pi(m)7282-u6igad:v+/u2|u
1=1 Q Q i=1
N
+Z/8iu|8iu|pi(l)_2<pdx:/f(x)gadm.
=179 @

Our main result is the following.

pi(z)72gﬁ dz

THEOREM 3.2. Let ? ()
sume that f € L®)' ()(Q

€ (CL ()N be such thatp < N and (3) holds, and as-
)-
solution u in WHP0) )(Q).

Then the problem (1) has at least one distributional

3.1. Existence of approximate solutions

Let (f,) be a sequence of bounded functions defined in £ which converges to
fin LEO(Q).

LEMMA 3.3. Let T(-) € (CL(Q)N be such that p < N and (3) holds, and
assume that f € L p R ()(Q). Then, there exists at least one weak solution
u, € WH 70 )(Q) to the approzimated problems

N

N
=3 (105 PO 20u,) + S P2

i=1 =1

+Z@un|8 Uy,

=1

(5)
P2 = 0 in Q,

u, =0, on 99,

in the sense that

N N
Z/ |8iun|17i(w)—28iun(r“)igpd.%‘+/ unZ|Un|pi($)_2gadx
=179 Q i
N
+Z/ Oitun |Ostin
=179

P20 dy = / fap dz,
Q
(6)

for every ¢ € WHPO(Q) N L (Q).
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Proof. For fixed n € N* and for all (v,d) € X x [0,1] where X = Vi/'l’?(')(ﬂ),
we consider the operator

U:X x[0,1] - X
(v,0) = u=T(v,0),
defined by
u=¥(v,0) < u is the only weak solution of the problem (7)

where,
N
=3 9 (|0ulP )2 0;u)
i=1
_ . (2)—2 L pi@)—2) (7)
=0 | fo— ) O|0w[Pi —vY |vlP in Q,
=1 =1
Uy =0 on 01},

and this means that, u verify, Vi € WwL7o (€2), the following weak formulation

N
2
A

pi(m)d@iu@ig@ dx

N N

= O/Q (fn — Z&-v@v pi(®)=2 _ 'UZ v

i=1 i=1

p"'(””)*2)<p dzx. (8)

Now, since v, djv € LPi()(Q) — due v € X — we can get for all (v,0) €
X % [0,1] that

N
/ |1}Z lv
Q=1

pi(z)—2 Pi(®) Jp < (9)

N
pi(m)dﬂ]‘SCZ/ v
=179

and

pi(z)—2 pi(®) 1y <. (10)

N N
/|Z@-v|8ﬂ) pi(®) deCZ/ |O;v
L i=179

Therefore, from (9) and (10), we obtain

N N N
v Z |v Pi(*)=25.9 and Z d|div Pi(*)=2 gre in m Lp;(x)(Q).

i=1 i=1 i=1

Applying the main theorem on monotone operators (see [26, 6, 7, 14]) then
yields the existence of the weak solution u of the problem (7) in X. Its unique-
ness is a direct consequence of the uniqueness for the homogeneous problem
(= 0) when assuming the existence of two weak solutions to (7) and using the
independence of f from u.
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e It’s easy to verify that W(v,0) =0 for all v € X.

We’ll now provide an estimate for the solution of (7). The following should
be mentioned first: by using (3), Lemma 2.1, and (2), we obtain

i

By using (3), (4), and (2), we get

.
P do <1 Jolly

pt pt
<2+ ol <2+ el (1)

2
pi()

N
Pi(%) qp <N+ Z 0w
1=1

N
i
2,

N +
p
<OAN+Y 0wl
=1

N Py
n
< 2N + (Z |aiv||l7i(')> =2N + ”UH%(.)- (12)

i=1

Now, taking ¢ = wu as test function in (8), and using (3), Holder inequality,
Young’s inequality, the fact that p;(:) < py(-) < p*(-) in @ — due (3) —,
belonging u to LP:()(Q) (i.e. Pp.( (1) < 00), (11), and (12), we obtain for any
fixed choice of each of ¢ >0, &' >0 :

N
> / |Osul?* ) da < /
=179 Q@

N N
S/ <|fn||U|+Z|u|8irU|P1:(m)—1+Z|u||v|pi(a¢)—1> da
. i=1 i=1
N N

pé(')Hu Pi(')+ (C(g);/gaw pi () d:chg;/Qm

N N
+ (C”(g/)Z/ ‘U|pi(w) d«%"‘rEIZ/ |u|p'i(7”) dac)

i=179 i=1"9

ot

<l (1+ ol )+

+
< cfull e, + " (1 + ||v||;+(_)> . (13)

|u| dz

pi(x) dx)

N
pi(z)—2 v Z |U|pi(a:)—2
i=1

N
fn— Z aiv|aiv
i=1

<2||fn
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On the other hand, we have

N N B
;/ﬂ 1ByuP @ do > ;min{Haiqui(m), |

+
Outl[ ;) -
pi, ifHaiqu,-(.) <1

I ifHaiqui() - so that

We define for all i =1,...,N; 51—{

T P pi 3 S
> ming||ou % ol =S ol
i=1 =1

N - - +
2> oy = 22 (9wl = llowllyy,)
i=1

{i.&i=pT}

N N
— — 1 —
> oy = X Mol > (5 D 0wl )" -
=1 =1

{i.¢i=p¥l}

Then, we get

N 1 p_
Z/Q@me) dz > (NHuH?(_)) N,
=1

From (13) and (14), we conclude

- +
I, < €l - (405, )

If HuH?(‘) > 1, from (15) we have

lls " <c+c (1 + ||Uy|’§(,)) .

Then, there exists ¢ > 0 independent of n, such that

1
+ -
lull 5, < (1 + ||v||;;(,)> =

(15)

(16)

If HUH?(_) <1, we find that (16) is validated in this case only with considera-

tion, for example ¢ > 1 (The purpose is to combine the two cases HUHE}(.) > 1,

and ||u||7(_) < 1 into same result (16)).



ANISOTROPIC ELLIPTIC PROBLEMS (9 of 18)

e  We will now prove the continuity of .

Let’s fix n € N*, and let (v, 0m) be a sequence of X x [0, 1] converging to
(v, o) in this space. Then, we get

Um — v, strongly in Wl’?(')(ﬂ), (17)
om — 0, inR. (18)

After considering the sequence (uy,) defined by um, = V(vm, 0p), m € N*, we
obtain for all ¢ € Wl’?(')(Q)

N
=179
N N
—Z/Q(?ivm|6ivm|p7‘(w)_2<pdﬂc—/QUmZ|Um|p'i(x)_2apdm>. (19)
i=1 i=1

For v, o defined in (17), (18), we set v = ¥(v,0) (i.e. u is the only weak
solution of the problem (7) and this is according to the definition of W), then
we have for all ¢ € WH70)(Q)

N
> [ o
i=1 Q

pi(‘”)ﬂ&umaﬁp dx = am</ fnpdz
Q

Pi(®) =208, dx = 0(/ fnpdx
Q

N N
- Z/ Oiv|0v pi("”)*Qcpdxf / vZ|v
i=179 Q=

By (16) and the boundedness of (v,,) in Viﬂ’?(')(Q) (due (17)):

pi(z)*ch dw). (20)

:1*1
Tl = [l <c(1+||vm|?(x)> <o (21)

with ¢ > 0 independent of m. From (21) we conclude the boundedness of (u,,)
in X.
So, there exists w € X and a subsequence (still denoted by (u,)) such that

Uy — w  weakly in X. (22)
Let us now prove that,
lim J;,,, =0, (23)
m—~+00

where, fori =1,..., N

7

Ji,m:/ <|61,um
Q

pi(z)726ium - |81’LU

pi(z)ﬂaiw) (Osum, — Oyw) dz.
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After choosing ¢ = u,, —w in (19), we can obtain

N
Z/ \8ium|p"(x)_20ium(6ium — Ow) dx
=179
N
=0m fn(tm —w) — / 03V |0 vm
R > [ ol
N
- Z/ V|0 [P 72 (y, — w) dx} .
i=17%

From this, we can get

N N
Z Jim = 0m [/ fn(tm —w) — Z/ D0 |00 | "2 (U, — w) dz
i=1 Q =179
N
—Z/ U |Um
=17

N
- Z/ |0;u|P ) =20;u(8; 1, — Bsw) da.
=179

pi(x%Q(um —w)dzx

Pil@)=2(y — w) da (24)

Since fr, 0;Vm|0i0m P2, and vy, |vy, |Pi )2 are bounded in Lp;(')(Q), Uy, —>
u strongly in L"()(Q) where 7(-) defined in Lemma 2.1, the boundedness of
|8;ulPi ) =294 in LPi() (), and (22), We find that the right side of the equality
(24) go to 0 when m — +o00, then we obtain (23).

Now we put

Qi1 ={r € Qpi(xr) >2}, and Qo = {x € Q,pi(x) € (1,2)}.

We recall the following well-known inequalities, that hold for any two real
vectors &, n ((€,n) # (0,0)) and a real p > 1,

2orle g ifp>2
(I/P=2¢ = P> m) (€ —m) = 0 ey (25)
Therefore, if p;(-) > 2 in Q, we get
22-p! / 185 (U, — w)|P? @) dz
ot (26)

Pi@ =29, — |8;w p"(z)fzﬁiu] Oi (U, — w) dx < Jj m.

Qi1
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If 1 <pi(-) <2in Q, we have

/ |0; (U, — w)
Qi 2
pi(z) Pi(2)(2—pi(2))

6i Um — W
= / | ( @ (la’bum‘ + |8,L’U}|)
fis2 (|azum| + |8Zw|) 2

pi(e) g

dzx

T =3
< 2max (/ 9t ”LU)2|_ (@) dx) .
Qi 2 (|6lum| + \61w|) bk

vy
31’ m— 2 =2
</ |0 (u w)2|7 - dx)
Q2 (|0ium| + 0pw])" "

2-p;}

Xmax{</ (\8ium|+\8iw|)pi(x) dx) p) ’
Q
Q

»t

<2emax{ (7 . (5im) " } > (1 ¥ (o (10um | + |o00])) ) - (@)

Since U, w € X, and (23), after letting m — +o00 in (26) and in (27), we get
U, — w Strongly in X. (28)

So, we can pass to the limit in (19) as m — 400, and using (28), we get for all
peX,

N
i=17%
N N
=0 /fngad:v—Z/8iv\8iv\pi(w)_2apdx—2/v|v|p"($)_2godx ,
Q i=1 Q =1 Q

and this implies that w = ¥ (v, 0).
From the uniqueness of the weak solution of problem (7) then conclude that
w =u = ¥(v,0) where u defined in (20). So,

pi(x)daiwaigp dx

U (U, Om) = U, — u = Y(v,0) strongly in X. (29)

which shows the continuity of .
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Compactness of ¥: Let B be a bounded of X x [0,1]. Thus B ¢ B x [0, 1],
with B a bounded of X, which can be assumed to be a ball of center O and of
radius r > 0. For u € ¥(B), there exists (v,0) € B x [0,1] ( H’UH?(.) <r),
such that

u=VT(v,0).

Thanks to (16), we can obtain

1
Hu”?(-) =c (1 +7‘p¢) g,

This proves that ¥ applies B in the closed ball of center O and radius p — p
depend on r — in X.
Let then (u,,) be a sequence of elements of W(B), therefore w,, = ¥ (v, om)

with (v, 6,n) € B. Since u,, remains in a bounded of X, it is possible to extract
a subsequence (still denoted (u,,)) which converges weakly to an element u =

(v,0) € U(B), such that (v,0) € B x [0,1] and B were previously defined. So,
we can write

U (U, O ) = Uy, — u = ¥(v,0) Weakly in X.
Then, like getting (29), thanks to the continuity of ¥, we can conclude that

U (U, Om) = U, — u = ¥(v,6) Strongly in X.

This proves that U(B) is compact. So ¥ is compact.
Now, let’s prove that; IM > 0,

V(v,0) € X x [0,1] : v = ¥(v,0) = ||v]|, < M.

For that, we give the estimate of elements of X such that v = ¥(v, 7), then we
have for all ¢ € Wl*?(')(Q),

pi(x)ﬁaivaigo dz

N
=179
N N
= a/ (fn - Z@iv|8iv|p"(’”)_2 — UZ |U|p"(x)_2)<pdx. (30)
Q2 i=1 i=1

After choosing ¢ = v as a test function in the weak formulation (30) and drop-
ping the nonnegative term , and using Holder inequality, Young’s inequality,
Lemma 2.1, the fact that p;(-) < py(-) < p*(-) in Q@ — due (3) —, and the
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belonging of v, ;v to LPi()(Q) — due v € X —, we obtain for all £ > 0:

N
0;
A

<2l fullpyllv

Pi(®) gy

N N
pi<~>+0(€)2/ o]+ dw—i—gZ/ 00| da
=179 o1 /0

N
pi vl +C(e) +€Z/Q|aiv P da. (31)
=1

<cllfn

After choosing ¢ = 1 in (31), we get

N

where, ¢ and ¢’ are two positive constants independent to n.
Then, with a method of proof similar to (16) we can get that, there exists
C > 0 independent to n such that

pi(®) 1y < CHUHF(') +¢,

]| 5, < C- (32)

It then follows from Theorem 2.3 that the operator ¥; : X — X defined by
Uy (u) = ¥(u, 1) has a fixed point, which shows the existence of a solution of
the approximated problems (5) in the sense of (6). O

3.1.1. A priori estimates
LEMMA 3.4. Let f, p;, i =1,..., N be restricted as in Theorem 3.2. Then
(un) is bounded in le(')(Q). (33)

Proof. After choosing ¢ = u, as a test function in the weak formulation (6),
then like the proof of (32) we can easily get (33). O

LEMMA 3.5. There exists a subsequence (still denoted (uy)) such that, for all
i=1,...,N
Oiuy, — Oju a.e. in . (34)

Proof. From (33) the sequence (u,) is bounded in WLP()(Q). So, there exists
a function u € Wl’?(')(Q) and a subsequence (still denoted by (uy,)) such that

U, = u  weakly in VDVL?(‘)(Q) and a.e in Q. (35)
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We consider the function
N
On =) / (\8iun|p’i(“”)_28iun - |8iu\pi($)_28iu) (Oyup, — Oju) da,
=179

and let’s prove that,
lim ©, =0. (36)

n—-+o0o

We can write ©,, in the following form

N
> o

N
— Z/ |6iu|p"'(”’)_28iu(8iun —owu)de =1, — Jp,
i=179

pi(:”)_23iun(8iun — Ou) dx

where

m(m)—Qaiun((')iun - 81“) dz,

N

1, ;/Q u
N

J ;/ﬂ u

After choosing ¢ = u,, —u in (6), with the use of (35), and boundedness of both

Pi@)=29,0(d;u,, — dyu) da.

N N ,
(32 |un [P =2) and (3 Oiun |0iun, [Pi®)=2) in LPi¢) — p/(.) is the Sobolev
=1 i=1
conjugate of p;(-) —, we can obtain
lim 1, =0. (37)
n—-+oo

Since (djuy,) is bounded in LP:() (due (33)), then there exists a function w €
LPi®) and a subsequence (still denoted by (d;uy,)) such that

ditt, — w  weakly in LP/(®), (38)

Through (38) and the boundedness of |d;u,, [P (*)~20u, in LPi(®) we conclude
that

n——+00

N

lim 3 / 10511 [P =2 0y10, (st — w) dz = 0. (39)
=179

by combining (37) and (39), we get

N
lim g |0y,
n——+00 4 Q
i=1

Pi@) =201, (Qju — w) dx = 0. (40)
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Then, (40) implies that w = d;u. Therefore,

Oiuy, — Oju  weakly in Lri(), (41)
From (41) and the boundedness of |d;u[?(*)~29;u in LP(*) we conclude that
lim J, =0. (42)
n—-+oo

From (37) and (42) we obtain (36). Through (25) we conclude that, for all
i=1,...,N
T;n >0, (43)
where
Tim = <|8iun P20, — [O5u pi(m)_@iu) (Oiup — Oju).

Then, (43) and (36) gives us, foralli=1,...,N

T;n — 0, strongly in LY(Q).
Extracting a subsequence, still denoted by (u,,), we have for all i = 1,..., N
T;n —0 ae. in Q. (44)
Then there exists a subset Qo C  with |Qg] = 0, such that, for z € Q\Qy,
|Oiu(x)| < ocand, T;,, — 0

From (44), we have T; , < h(z) for some function h. Let us prove that there
exists a function g such that

|0sun(z)| < g(x). (45)
By inequality (25), we obtain
c ((|8Z-un| — 9P~ — 1) . if piz) > 2

=\ 10iunl 18] )2 .
¢ (Fsai) if 1 <pi(z) <2

X

and this implies (45). We proceed by contradiction to prove that
Oiun (z) = zu(z) in Q\Qo.

Assume that there exists xg € Q\Qq such that d;u,(z¢) does not converge to
O;u(xp). By using Theorem of Bolzano Weierstrass we obtain that, ;u, (xg) —
b, b € R, up to a subsequence. Passing to the limit in

<(|3iun(x0) Pi(20) =294, (o) — |Osuzo) Pi@o)*Qaiu(xo)) (Dsun (o) — Biu(o)),

we get
(1

and by using (25), we conclude that b = d;u(xg) . This leads to (34). O

Pil#0) =2 — |9;u(wo)

pi(wo)*2aiu(x0)) (b — dyul(xo)) =0,
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3.2. Proof of the Theorem 3.2 :
From (34), we obtain , for all i =1,..., N

|6iun|pi(z)_28iun — |8iu|pi(m)_28iu a.e. in Q. (46)

By (33) we can get, foralli=1,...,N
| 10,
Q
Then, (47) implies that, foralli=1,..., N
By Young’s inequality and since d;u,, € LP:()(Q), we get for all € > 0

/“aiun|pi(x)_28iun’dl’:/ |0yt [P e
0 0

P dr < e, pi() = pf)(z]_ )

P20, ) gy — / 1Osttn
Q

pi(m)%@iun) uniformly bounded in L”:()(Q). (48)

<C(e)+ 5/ |95t |P1 ) daz
<C(e)+ec i C'(e).
Then, for any fixed choice for €, we conclude that, for alli =1,..., N
(|5‘iun pi<$>*2aiun) e LY(Q). (49)
So, by (49), (46), (48), and Vitali’s theorem, we derive, for alli=1,..., N
|05t [P 20,1, — |0;ulP' @ 20;u strongly in L(£2).

Now, from (35), we conclude that
U [t [P 2 = wfulPi® =2 ae. in Q. (50)

On the other hand, since u,, € L”?‘(')(Q), we obtain for all i =1,..., N

[ Jualua -2
Q

Then, (51) implies that, foralli=1,..., N
Un [t [P 2 uniformly bounded in Lp;(')(Q). (52)

Like the proof of (49) with using that u, € LPi()(Q), we can obtain for all
i=1,...,N

P g = / [P < € (51)
Q

n0-2) € [1(Q). (53)

<un|un
So, by (53), (50), (52), and Vitali’s theorem, we derive, for alli =1,..., N

Pil@)=2 _y |y Pi@®) =2 strongly in L'(Q).

Un | U,

So, we can easily pass to the limit in (6). Thus, Theorem 3.2 was proven.
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