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ABSTRACT. This research project considers the d-dimensional Mag-
netoHydroDynamics (MHD) system defined on a sufficiently smooth
bounded domain, d = 2,3 with homogeneous boundary conditions, and
subject to external sources assumed to cause instability. The initial con-
ditions for both fluid and magnetic equations are taken of low regularity.
We then seek to uniformly stabilize such MHD system in the vicinity
of an unstable equilibrium pair, in the critical setting of correspond-
ingly low regularity spaces, by means of explicitly constructed, static,
feedback controls, which are localized on an arbitrarily small interior
subdomain. In addition, the actuators will be minimal in number. The
resulting space of well-posedness and stabilization is a suitable product
space ﬁgj/”(ﬁ) X ]A?;gj/"(Q), 1<p< 2;—31, q > d, of tight Besov
spaces for the fluid velocity component and the magnetic field compo-
nent (each “close” to L3(Q) for d = 3). It is known that such Besov
space does not recognize compatibility conditions at the boundary, yet it
provides a “minimal” level of regularity necessary to handle the nonlin-
ear terms. In this paper we provide a solution of the first step: uniform
stabilization of the linearized MHD. Showing maximal LP-reqularity up
to T = oo for the feedback stabilized linearized system is critical for the
analysis of well-posedness and stabilization of the feedback nonlinear
problem. The solution of the nonlinear stabilization problem is to be
given in a successive paper [29].
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1. Introduction. Statement of Main Results.

The Magnetohydrodynamics (henceforth referred to as MHD) equation refers
to phenomena arising in electrically conducting magnetic fluids. It is caused by
the induction of current in a conductive fluid flow due to a magnetic field and
moreover by polarization of the fluid and reciprocal changes in the magnetic
field. There is a massive literature on this subject to which we refer. MHD
has been used extensively in Plasma Confinement, Liquid Metal cooling of
nuclear reactors and Electro Magnetic Casting (EMC). The system of MHD
equations consists of the Navier-Stokes equations of a viscous incompressible
fluid flow suitably coupled by high-order coupling with Maxwell-Ohm equations
(of parabolic character) of an electromagnetic field [41, 47, 59, 60].

“Turbulence is the most important unsolved problem of classical Physics”—
Richard Feynman.

Regardless of the presence of electromagnetism, turbulence is a generic phe-
nomenon of large scale fluid flows. This is known as Hydrodynamic (HD)
turbulence. In the present project, we continue our analysis of the localized
feedback stabilization of fluids such as in [24]-[28] in general bounded 2d/3d
domains by means of finitely many controllers (with minimal number of actu-
ators), by considering at first the case of spatially localized interior feedback
controllers. We do so in a functional setting of low regularity, namely with
initial conditions for both the fluid equation and the magnetic equation taken
in Besov space of tight indices (“close” to L3({2) for d = 3). The reason for
seeking such generality (over the traditional L2-based Sobolev setting in much
of the literature of feedback stabilization of parabolic PDE-dynamics) is that
this is the “right setting” for our next step: the study of the more challenging
stabilization problem of MHD systems on general 3d domains by means this
time of finitely many, localized, boundary-based static feedback controls. That
in the boundary-based case the aforementioned Besov setting is the critical one
was demonstrated in the case of the 3d Navier-Stokes equations. It was in this
Besov setting (“close” to L3() for d = 3), that a 20-year old problem was
resolved in the affirmative [27]: That is, that the 3d Navier-Stokes equations
can be stabilized uniformly in the vicinity of an original unstable equilibrium
solution by a boundary-based, localized, static feedback controller, that more-
over is finite-dimensional (and explicitly constructed). Finite dimensionality
of such stabilizing, static, localized, boundary controller in the L?(£2)-based
Sobolev setting was shown previously in [31] only in the d = 2 case. In the
solution [31] of the d = 3 case, in the L?(Q2)-based Sobolev setting, finite dimen-
sionality of the feedback boundary localized controller requires the additional
assumption that the initial condition be compactly supported on 2. It is the
aforementioned Besov setting that allows the analysis to eliminate such assump-
tion of compactly-supported initial data. The technical reasons are as follows.
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The chosen Besov space ]~33;2/ ?(Q) introduced in [24]-[28] with tight indices
(I<p< g ford=3and 1 <p< % for d = 2) needs to satisfy two competing
requirements. On the one hand, be of sufficiently low topological level as to not
recognize the boundary conditions in LZ(Q) in (1.15) below, to be compatible
with the initial data. On the other hand, of sufficiently high topological level
as to be able to handle the nonlinear analysis of well-posedness and stabiliza-
tion of the resultant closed-loop feedback Navier-Stokes problem. Thus, the
generality of the Besov setting in the present paper is also intended to be a
testing ground to attack in the future the more challenging boundary-based
stabilization problem for the MHD systems.

1.1. Controlled Dynamic Magnetohydrodynamic
Equations

Let, at first, Q be an open connected bounded domain in R%,d = 2,3 with
sufficiently smooth boundary I' = 9€2. More specific requirements will be given
below. Let w be an arbitrarily small open smooth subset of the interior €2,
w C Q, of positive measure. Let m denote the characteristic function of w:
m(w) = 1, m(Q\w) = 0. We consider the following Magnetohydrodynamic
equations in the d-velocity field y = {y1,...,ya}, the scalar pressure 7 and the
magnetic field B = {Bi,...,Bs}. They are perturbed by exterior forces f,g
and subject to the action of a pair u,v of interior localized controls supported
on an arbitrary small subset w of 2, to be described below, where Q = (0, 00) X
Q, ¥=(0,00) xI':

y —viAy+ (y-V)y + Vr + %V(B -B) — (B-V)B = m(z)u(t,z)
+ f(z) in Q, (1.1a)

B, — v AB+ (y-V)B — (B-V)y =m(x)v(t, x)

+g(z) in Q, (1.1b)

divy =0, divB=0in Q, (1.1c)

y=0, B-n=0, (curl B) xn=0o0n 3%, (1.1d)
y(0,z) =9, B(0,z)= By on £, (1.1e)

while n is the unit outward normal on 0€2. The coefficients vy, vy, are the
positive kinematic viscosity and the magnetic viscosity, respectively. The B-
equation (1.1b) is usually written with the term v, curl curl B. We have
invoked the formula curl curl B = —AB+VdivB as well as div B = 0 in (1.1¢),
to rewrite it in a more convenient form. Furthermore, we denote the total

1
pressure ¢ in the dynamic equation (1.1a) as ¢ := 7+ 5(8 - B) and in the static

1
case Qe := Te + §(Be - Be).
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REMARK 1.1. In the preceding model, we imposed the following boundary
conditions on the magnetic equation:

B-n=0, (curl B)xn=0onX. (1.2)

Alternatively, one could consider Dirichlet boundary conditions for the mag-
netic field:
B=0onX, (1.3)

as outlined in equations (E.S) or (S.S) of [61].

1.2. Stationary Magnetohydrodynamics equations
The following result represents our basic starting point. See [3]

THEOREM 1.1. Consider the following steady-state Magnetohydrodynamics
equations in §2

_VfAye + (ye : v)ye +Voe — (Be : V)Be = f(x) in €, (1'43)
—VmABe + (Ye - V)Be — (Be - V)ye = g() in §, (1.4b)
divye =0, divB,=0 in Q, (1.4c)

Ye =0, Be-n=0, (curl B,) xn =0 onT (1.44)

1
where g, = 7T€+§(Be-Be). Let1 < g < 00. Forany f,g € LYQ), there exits a

solution (not necessarily unique) (ye, Be,me) € W294(Q)x W2(Q)x W14(Q) =
(W24(Q))4 x (W22(Q))? x Whe(Q), ¢ > d.

1.3. Translated MHD system

We return to Theorem 1.1 which provides an equilibrium triplet {y., Be, e }-
Then, we translate by {y., Be, 7.} the original MHD problem (1.1). Thus we
introduce new variables

Z2=Y—Ye, B=B—-Bc p=0—0 (1.5a)
and obtain the translated problem

2zt —ViAZ+ (Ye - V)2 + (2- V)ye — (Be - V)B
—B-V)B.+(2-V)z— (B-V)B+ Vp=mu in@, (1.5b)
B — vmAB+ (ye - V)B — (B V)ye — (Be - V)2

+(z:V)Be+(2-V)B—(B-V)z =mv in@, (1.5¢)
divz=0, divB=0 inQ, (1.5d)
z=0,B-n=0, (curl B) x n=10 onX, (l.be)
2(0,z) = yo(z) — ye(x), B(0,z) = Bo(x) — Be(x) on Q.  (1.5f)
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Figure 1: The localized interior set w.

1.4. Translated Linearized MHD system

(5 of 46)

The translated linearized problem in the variables {w,W} corresponding to

(1.5) is

wy = vfAw + (ye - V)w + (w - V)ye — (Be - V)W
—(W.V)B. + Vp = mu

Wi —vm AW + (ye - V)W — (W - V)ye — (Be - V)w
+(w - V)B. = mv
divw =0, divWw =0
w=0, W-n=0, (crl W) xn =20
w(0,z) =yo — Ye, W(0,2) = Bo — Be

in Q,

in @,
in @,
on Y,
on 2.

In line with the literature of Navier-Stokes equations, it will be convenient to

introduce the following first order operators
Ly w=(ye V)w+ (w-V)ye,
£+ W= (B, -V)W+ (W-V)B,
= (¥e - V)W —(W- V)ye,
=

,c w=[(Be-V)w— (w-V)B,],
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[,f and £+ being the Oseen operators for y. and B, respectively. With this
notation we return to the translated linearized system {w, W} in (1.6), and
rewrite it as

wy —viAw + L (w) — Ege (W) + Vp =mu in@, (1.11a)
Wy — v AW + L (W) — L (w) = mv in@, (1.11b)
divw =0, divWw=0 in@, (lllc)

w=0, W-n=0, (curl W)xn=0 in%, (1.11d)
w(0,2) =yo — Ye, W(0,2) =By — B, on Q. (1.11e)

1.5. A preliminary, qualitative statement of the main
result of the present paper

While we refer to the subsequent Theorem 2.2 (to be proved in Section 5) for
a complete, quantitative statement of the main result, here we wish to provide
a preliminary, orientative, qualitative version, to enlighten and guide further
reading.

Let 1 < ¢ < co. Let the linearized problem (1 11) in {w, W} be “unstable”

(Section 2.2) with N unstable eigenvalues {\;}7_,, M of which are distinct:

.<ReAdnia<ReAniy1 <0< ReAly <...<ReXxa<Rel. (112

Let € > 0 and set g = |Re Ay41]|—e. We shall then construct (in fact, in many
ways) vectors pi, ..., Pk and vectors uy, ..., ux in the appropriate functional
setting, K = maximal geometric multiplicity of the unstable eigenvalues, such
that the linearized MHD system (1.11) with feedback control uy = {uy,vn}
acting on w, of the form given by

uN K w(t)] )
uy = = , u (1.13)
]2 ([, )

generates a feedback semigroup Sg(t) (to be called ¢*r.«’ in Theorem 2.2),
which in the appropriate L9- or Besov functional setting possesses the following
properties: it is analytic; even more, it has LY-maximal regularity up to T = oo
(Section 7 of [29]); and is uniformly stable with decay o > O:

|SE(t)]| < Me™t >0, M > 1. (1.14)

Indeed, a known, minor modification of the proof taking Ay an arbitrarily
preselected eigenvalue, produces an arbitrarily prescribed decay rate. More-
over, using critically the property that Sg(¢) has L4-maximal regularity up to
T = oo, the technical proof of [29] produces uniform stabilization of the original
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nonlinear MHD system (1.4), in the vicinity of the (preselected) equilibrium
pair {y., Be}. For a comprehensive understanding of maximal regularity theory,
the interested reader is referred to [11].

1.6. Comparison with the literature

A detailed technical comparison with the literature is provided in [29]. Here
we quote two references. In paper [5] (where B -n = 0 on 0f2 is used rather
than B x n = 0 on 0f), the authors select localized, interior, proportional,
infinite dimensional feedback controls of the form (used in past literature)
u=—mikp(y — ye); v = —maoka(B — B.) under several additional assump-
tions on the constants k; and the characteristic functions m;. In contrast, the
L?(Q)-Sobolev treatment of [33] is based on the same decomposition technique
(described in Section 2.2 of the present paper) that was introduced in [50]. The
stabilizing feedback operator is finite dimensional of an unknown dimension,
and moreover not explicit. Additional technical and conceptual differences are
provided in [29]. Among the several critical differences, we mention in particu-
lar two. First, in the Hilbert setting of [33], maximal regularity and analyticity
of the strongly continuous semigroup are equivalent properties [46]. In the
Banach setting, in particular the Besov setting of the research of the present
authors, one needs to establish maximal regularity, as this property implies,
but it is generally not implied by, analyticity of the strongly continuous (s.c.)
semigroup. Establishing such maximal regularity property, in the present Besov
setting of the s.c. analytic semigroup that stabilizes the linearized problem is
a challenging task. This is carried out in [29, Section 7], following the strategy
in [24, 28]. Second, the finite dimensional approach introduced in [50], and fol-
lowed in both [33] and the present paper, critically requires at the very outset
a unique continuation property (UCP) result to assert the Kalman algebraic,
finite rank condition of the finite dimensional unstable component of the over-
all system. This is the “ignition key” of paper [55], the basic preliminary task
needed at the very beginning of the analysis of the stabilization of a parabolic
system. See the several illustrations in [55]. In our work, it amounts to es-
tablishing a UCP for a static, over-determined eigenvalue problem [(3.26) in
Theorem 3.3 of the present paper]. This is a delicate property which is estab-
lished by Carleman-type estimates [30], following the strategy of [53, 54, 56].
In contrast, [33] establishes a UCP for the dynamic coupled problem (3.3)
in [33], by virtue of Carleman-type inequalities for parabolic equations. To
this end, [33] “makes use of refined estimates for elliptic equations obtained
in Imanuvilov and Puel [20] and couple them with estimates for the parabolic
part of the system” [33, p. 973]. Our approach is much more direct.
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1.7. Helmholtz decomposition

To eliminate the pressure term in the fluid equation (Vp in the nonlinear (1.5b),
or Vp in the linear (1.6a)) one needs, as usual, to introduce the Helmholtz
(Leray) decomposition. A first difficulty one faces in extending the local ex-
ponential stabilization result for the interior localized problem (1.1) from the
Hilbert-space setting in [4, 6, 31], and references therein to the L setting is the
question of the existence of a Helmholtz (Leray) projection for the domain € in
R?. More precisely: Given an open set  C R?, the Helmholtz decomposition
answers the question as to whether L?(€) can be decomposed into a direct sum
of the solenoidal vector space LZ(2) and the space G9(2) of gradient fields.
Here,

LIQ) =y cCx(Q) divy =0m Q] "
={geLi(Q):divg=0; g-n=0on 00N},
for any locally Lipschitz domain Q ¢ R%,d > 2
GYQ)={y cLI(Q):y = Vp, pc WLIQ)} where 1 < ¢ < <.

(1.15)

Both of these are closed subspaces of L?. Henceforth in this paper, we assume
that the bounded domain Q@ C R? under consideration admits a Helmholtz
decomposition L4(2); i.e. that it can be decomposed into the direct sum (non-
orthogonal except for ¢ = 2)

LY(Q) =Li(Q) & GI(Q). (1.16)
The unique linear, bounded and idempotent (i.e. Pq2 = P,) projection operator
P, : L1(Q2) — LZ(2) having LZ(2) as its range and G7(f2) as its null space
is called the Helmholtz projection. Paper [27] collects results of the literature
where the Helmholtz decomposition holds true: e.g. a bounded C'-domain in
R? 1 < ¢ < oo [15, Theorem 1.1, p. 107; Theorem 1.2, p. 114]; a bounded
convex domain, d > 2, 1 < ¢ < oo [13], any open set in R?, for ¢ = 2 [10]; and
where fails (for some g # 2) [34].

1.8. Functional framework: definition of Besov spaces
B; ,(Q) on domains of class C' as real interpolation of
Sobolev spaces:

Let m be a positive integer, m € N0 < s <m,1 < g < 00,1 < p < 00, then
we define [16, p. 1398] the real interpolation space

B () = (LU(Q), W™1(Q)) (1.17a)

P
This definition does not depend on m € N [57, p. xx|. This clearly gives
W(Q) € B, () CLUQ) and  [lyllgaoy < Cllylls, o  (117H)
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We shall be particularly interested in the following special real interpolation
space of the L and W24 spaces (m =2,s=2— %):

22

B’ () = (L9(Q), W>4(Q)) (1.18)

1—%,;)'
Our interest in (1.18) is due to the following characterization [2, Theorem 3.4],
[16, p. 1399]: if Ay, denotes the Stokes operator to be introduced below
in (1.20), then

(L), p(Ar,) , ={geB27(@): divg=0, glr =0}

1 2
if - <2-=<2 (1.19a)
q P

(L2(@).D(41,) | ={geB/(Q): divg=0, g-nlr =0}

1—2.p

~ 2 1 q
=B2/r(Q)if0<2-"<>;orl<p< . 1.19b
P (62) P q 2q—1 ( )
Notice that, in (1.19b), the condition g-n|r = 0 is an intrinsic condition of the
space LZ(2) in (1.15), not an extra boundary condition as g|r = 0 in (1.19a).

~ 2 2
This way in case (1.19b), we define the subspace B;, /» (Q) of B2, /v (), which
is a critical state space in the present study.

REMARK 1.2. In the analysis of well-posedness and stabilization of the non-
linear MHD problem (1.1), with interior localized controls {u,v} in feedback
form to be carried out in the successive paper [29], we shall need to impose
the constraint ¢ > 3, to obtain the embedding W9(Q2) < L>(£2) in our case
of interest d = 3, as already noted at the end of Section 1.7. What is then
the allowable range of the parameter p in such case ¢ > 37 The intended
goal of the present paper is to obtain the sought-after stabilization result in a
function space, such as a B?L;z/ »(Q2)-space, that does not recognize boundary
conditions of the initial condition (I.C.), for otherwise it will force compatibil-
ity condition on the boundary, and hence reduce the class of control problems
under consideration. Thus, we need to avoid the case in (1.19a), as this implies
a Dirichlet homogeneous B.C. Instead, we need to fit into the case (1.19b),
where the condition g-n = 0 on I' is an intrinsic condition of the space LZ(f2),

as already noted below (1.19b). For d = 3, we shall then impose the condition

2 1 1 6
2—--<-< 3 and then obtain that p must satisfy p < 5 Moreover, analytic-

p q
ity and maximal regularity of the Stokes problem will require p > 1. Thus, in

conclusion, the allowed range of the parameters p, ¢ under which we shall solve
the well-posedness and stabilization problem of the nonlinear MHD feedback
system (9.1) in [29] for d = 3, following [24]-[28] in the space Bg;z/P(Q) defined
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in (1.19b), which - as intended - does not recognize boundary conditions is:

6
q >3, 1<p<5.

1.9. Abstract translated nonlinear model

Premise. The fluid component (z in the nonlinear model (1.5b), w in the
linear model (1.6a)) is as usual subject to the application of the Helmholtz
projector to eliminate the pressure term Vp and thus fall into the solenoidal
space LZ(Q), taking advantage of the two conditions: z=0on ¥, divz =0 in
Q, property of this space, and similarly for w. The equation of the magnetic
component (B in the nonlinear model (1.5¢), W in the linear model (1.6b))
enjoys similar properties: B-n =0on X, divB=0on Q; W-n =0 on X,
divW = 0 in @, intrinsic to the solenoidal space LZ(€2). Accordingly, we shall
apply the Helmholtz projection also to the magnetic equations which therefore
will be studied in LZ(2) as well. This will justify the definition of the operator
As 4 and N below in (1.21), (1.26).

Let 1 < ¢ < 0o be fixed. We set recalling (1.7)-(1.10)

Arqf = —PAf,
D(A;,) = W2(Q) N W4(Q) NLL(Q), (1.20)
Ay F = —P,AF,
D(As) = {F € W»(Q)NLLQ), (cwl F)xn=0onT}, (1.21)
Aoyeaf = Pqﬁz_&,f =F, [(Ye - V) +(f - V)¥el,

D(Aoy,.q) = D(A{?) C LL(Q), (1.22)
Ao . oF = PqLEeF =F, [(Be-V)F + (F-V)B,],
D(Ao,5, ) = D(A]2) C LL(9), (1.23)
Lp.f=PLy f=Pl(B.-V)f —(f-V)Bl],
D(Ly,) = D(A{?) C LL(Q), (1.24)
L, F = P,L, F =Py V)F — (F-V)yc,
D(L,) = D(4]?) C L1(Q), (1.25)

f
F

Pol(f-V)f = (F-V)F]

P(f-V)F - (F-V)f]|" (1.26)

M( )

For ’D(A;/)Z) see (1.41b) below. Aj 4 is of course the Stokes operator of the fluid

component and A4, ,_ , the corresponding Oseen perturbation operator, while
Ay q = —(WpAi 4 + Aoy, q) is the corresponding Oseen operator. Similarly,
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As 4 is the magnetic operator with A, g, 4 the Oseen perturbation operator
of the magnetic component. Next we apply the Helmholtz projector P, to
the z-equation (1.5b), recall (1.7), (1.8) and thus eliminate the pressure term,
P,Vp =0:

21— vp(PA) 24+ (PL) )2 — (PyLE B)+Py[(2-V)z—(B-V)B] = Pymu. (1.27a)
Similarly, we apply P, to the B-equation in (1.5¢) and obtain via (1.9), (1.10):

Bt — v (PpA)B+ P L, B— Py Ly 2+ Pyl(2-V)B—(B-V)z] = Pymv. (1.27b)
We combine (1.27a) and (1.27b) to obtain the following PDE problem

d |z| vePyA 0 z —PqE;L Pq,/_’,ge {1
dt |B 0 UmPyA| | B P,Ly  —PL, | |B
z P,mu
— N, ! in Q, 1.28
1B Pymu i Q ( 2)
divz=0, divB=0inQ, (1.28b)
2=0, B-n=0, curl Bxn=0in X, (1.28¢)
z2(0,2) = yo — Ye, B(0,2) = By — B, on . (1.28d)

Taking advantage of the divergence free conditions div z = 0, div B = 0 in
Q@ along with z = 0 on ¥, and recalling LZ(2) in (1.15), we see that the
corresponding abstract equation of the PDE-coupled system (1.28) is

d |z| —viAi 4 0 z N —Aoyeq AoB.gl |2
dt |B| 0 —UmAag| |B Ly, -L, | |B
N 12 B L) < Le). (1.29)
— m X . .
7B P,mv 7 7

1.10. Abstract translated linearized model

The linearized versions of the PDE-problem (1.28) and its corresponding ab-
stract equation (1.29) are, respectively

d |w| vePyA 0 w N —PqC;‘e Pqﬁge w
dt |W| | 0 u,PA||W PLy  —PL, | W
P,
g, (1.30a)
Pymu
divw=0, divW=0inQ, (1.30b)
w=0, W-n=0, cul Wxn=0in% (1.30c)
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along with the initial conditions [w(0), W(0)] = [wo, W], and

d

dt

w - —I/fAl_’q 0 w i _Ao,ye,q Ao,qu w
w| 0 —UmAa | W Ly, —L, | |W
P,
T L) x LeQ).  (1.31)
Pymu

1.11. The Stokes operator (—A;,) and the magnetic

operator (—A,,) generate strongly continuous,
analytic, uniformly stable semigroups e “1«* and
e 424t on LL(N), 1 < q < co. [17, 35, 42, 47|

THEOREM 1.2. Let d > 2,1 < q < 0o and let Q be a bounded domain in R? of
class C3. Then

Part A: On the Stokes operator (—Ay 4) and the corresponding Oseen operator

Apeg=—WiAig+ Aoy..q)

(i)

(ii)

(iii)

the Stokes operator —Ay 4 = P,A in (1.20), repeated here as
A = PAY, ¢ € D(Ary) = W(Q)NW9(Q) NLL(Q) (1.32)
generates a s.c analytic semigroup e~ 1.4t on L1(Q). See [17, 35, 47] and
the review paper [19, Theorem 2.8.5, p. 17]. For g =2, Ay 4=9 is positive
self-adjoint on L2 ().
With reference to (1.31), the Oseen operator A, 4
Ay.g=—(iAig+ Aoy q), D(Ayq) =D(A1,4) CLE(Q)  (1.33)

generates a s.c analytic semigroup e’veat on LI(Q). This follows as

1
Aoy, .q s Telatively bounded with respect to Al{;, defined in (1.41b) see
(1.22): thus a standard theorem on perturbation of an analytic semigroup
generator applies [36, Corollary 2.4, p. 81].

One has

0 € p(Ay4) = the resolvent set of the Stokes operator Ay ,  (1.34a)
Al LE(Q) — LE(Q) s compact. (1.34b)

Similarly, the operator A, 4 has compact resolvent on LL(Q).
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(iv) The s.c. analytic Stokes semigroup e~4vat is uniformly stable on LL(Q):

there exist constants M > 1,8 > 0 (possibly depending on q) such that
e

t —ot
Hﬁ(LZ(Q)) S M@ 5 t > 0 (135)

Part B: On the magnetic operator (—As ) and the corresponding perturbation
operator As g = —(WmAaq+ L)

(v) Similarly, the operator —As 4 in (1.22) generates a s.c. analytic semi-
group e~ 424t on LL(Y), which moreover is uniformly stable here: there
exist constants M > 1, § > 0 (possibly depending on q), such that

le= 2| . <Me™ t>0 (1.36a)

L3 ()
[34], repeated also in [37], [33, p. 968]. Moreover, Ay, has compact

resolvent on L4(2). For q = 2, Ay 4—o is positive self adjoint on LZ()
[34, p. 3382], [60], [14, Lemma 1]

(vi) Likewise, with reference to (1.31), the operator
AQ,q = —(I/mA27q + Ly_e), D(.Az’q) = D(A27q) (136b)

generates a s.c. analytic semigroup e“2.a* on LL(Q) and it has a compact
1
resolvent on LL (), as D(L, ) = D(A3 ;) on LL(Q) by (1.25).

Part C: On the linear diagonal principal part operator A, , of the linear
[w, W]-problem in (1.31)

(vii) With reference to (1.31), the operator

_ |vrdag 0 .
Aoq = 0 —UmAag|
LI (Q)xLE(Q2) D D(Aoq) = D(A1,4) xD(Az,4) = LE(Q) xLE(9),

(1.37)

generates a s.c. analytic semigroup e®oat on LL(Q) x LL(), which is
uniformly stable here: there exist constants M > 1, § > 0, such that

e o || ooy < Me™®, >0, YE(Q) = LE(Q) x LE().  (1.38)

Moreover, A, 4 has a compact resolvent on LL(Q) x LL(Q2) = Y1(Q).

oa
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(viii) The operator

A —A 41— —vfAig 0 —Aoyeq AoBuyg
¢ - 0 U Az, Ly, ~L,
LZ(Q) X LE(Q) D D(Ag) = D(A1,) x D(Az,4) = LL(Q) xLEL(Q) = YE(Q)
D(IT) = D((—Aoq) /?), by (1.22)-(1.25) (1.39)

is the generator of the s.c. analytic semigroup ehat on L1(Q) x L1(Q) =
Y2(Q2), has compact resolvent here, so that the problem (1.31) is rewritten
as

SR
5
I
21
=)
5
=
ss
I

[\;j,% ] on Y2(Q). (1.40)

1.12. Domains of fractional powers, D(A},), 0 < a <1 of
the Stokes operator A, and D(A3, ), 0 < a <1, of the
magnetic operator A,, on LZ(2), 1 < ¢ < oo.

THEOREM 1.3. For the domains of fractional powers D(AT ,),0 < a < 1, of the

Stokes operator A; 4 in (1.20) = (1.32), the following complex interpolation
relation holds true [18] and [19, Theorem 2.8.5, p. 18]

[D(A1,4), LE(Q)]1-a =D(AT,), 0 <a <1, 1< g < oo; (1.41a)

i particular

— D(4/2) = W(Q) N LL(Q). (1.41D)

q

[D(A1,q), L5 ()]

1
2
Thus, on the space D(AZZ), the norms

IV - HLq(Q) and || ||W1,q(Q) (1.41c)

are equivalent via Poincaré inequality.

Similarly, for the domains of fractional powers D(AS ) of the magnetic operator
Ag, in (1.21)

[D(As,4), L)1 = D(A5,), 0< @ < 1,1 < ¢ < o0;. (1.42)
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1.13. Linearized fluid and magnetic operators on the
~o 2
Besov space B., /”(Q)

Part A: The Stokes operator —A; , and the Oseen operator
Ay, 4, 1 < g < oo generate s.c. analytic semigroups on the Besov
spaces

2 .
(LE(Q). D(ALy), 1, = {g € B, ()1 divg =0, gr =0}
if 1 <2- 2 <2 (1.43a)
q p
L3O, D(A), s, = {5 € BE7(0): divg—0. g nlr —0)
~ 2 1
=B2./(Q) if0<2-Z<=.  (143b)
’ p q

Theorem 1.2(i) states that the Stokes operator —A; , generates a s.c analytic
semigroup on the space LL(Q), 1 < g < oo, hence on the space D(A; )
in (1.32), with norm | - ||D(A1,q) = [[A1,q - ||L§(Q) as 0 € p(A14). Then,
one obtains that the Stokes operator —A;, generates a s.c. analytic semi-
group on the real interpolation spaces in (1.43). Next, the Oseen operator
Ayoq = —(WsAi1 g+ Ao y,.q) in (1.33) likewise generates a s.c. analytic semi-

1
group e?vea on LI(Q) since A,,, 4 is relatively bounded w.r.t. A/? as

Lag>
1
Ao’ye}qA;q/2 is bounded on LZ(f2). Moreover A, , generates a s.c. analytic

semigroup on D(A,, ) = D(A1,4) (equivalent norms). Hence A, , generates
a s.c. analytic semigroup on the real interpolation space of (1.43). Here below,

however, we shall formally state the result only in the space ﬁgj/ »(2) for the

case 2 — 2/, <1/, i.e. 1 <p <2y, 1, as this does not contain B.C. The ob-
jective of the present paper is precisely to obtain stabilization results on spaces
that do not recognize B.C.

THEOREM 1.4. Let 1 < ¢ < 00,1 <p < ?9/9,_1.

(i) The Stokes operator —A; 4 in (1.32) generates a s.c. analytic semigroup

e~ A1t on the space Egj/p (Q) defined in (1.19b) = (1.43b) which more-
over is uniformly stable, as in (1.35),

|\e—A1,qt|\£(]§g;2/p(m) < Me™  t>0. (1.44)

(i) The Oseen operator A,, 4 in (1.33) generates a s.c. analytic semigroup
~ 2
eAveat on, the space By /"(Q) in (1.19b) = (1.43Db).
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Part B: The magnetic operator —A; , and its corresponding
perturbation A; ; = —(vm A2, + L, ) generate s.c. analytic

2q
2¢—1°

semigroups on ﬁi;z/f) (Q) for 1<p<

2 1
For0<2--<—,orl<p< 25—31, the homogeneous Dirichlet BC ¢|r = 0

of the Stokespoperator (—Ai1,q) in (1.32) is not recognized in the interpolation
characterization (1.43b). For the same range of p, then the higher level BC
(curl B) x n =0 on I is likewise not recognized, and we have as in [1, (1.15a-
b), Theorem 3.4], [16, p. 1399].

Since the operator A, , has different boundary conditions from the Stokes
operator A; 4, we use the maximal LP-regularity for the Stokes operator with
Neumann, Robin or Navier boundary conditions to conclude that the magnetic
operator Aj , has maximal LP-regularity. The magnetic boundary conditions
that we have to consider are first order boundary conditions which are com-
parable with such first order Neumann, Robin or Navier boundary conditions.
More specifically

B-n=0, (curl B)xn=0. (1.45)
Then we refer to [43, Theorem 3.1], [45, Theorem 1.2], [44, Theorem 3.1] for
maximal regularity up to T' < oco. For maximal LP-regularity up to T = oo,
along with exponential stability we quote the subsequent theorems of the same
references [43, Theorem 3.2], [45, Theorem 1.2], [44, Theorem 3.2]. Further-
more, to characterize the real interpolation space between LZ(Q) and D(A3 4)
we refer to [49] and [44, Remark 1.3] and symbolically

(LE(Q), D(A2))y 1, = {B €B277(Q): divB=0,B-n|r = 0}

- 2 1
=B27/r(Q)  ifl- LS (1.46a)

(L5(2), D(Az,4))

1-1.p

- {B €B2,/7(Q) : divB =0, B-n|r =0, (curl B) x n|p = o}

2 1
if 1 — = > =.(1.46b)
P q

From (1.43b), we have for the Stokes case, (LZ(£2), D(A14)); 1 , = ﬁg;z/p ()
5

for 1 < p < ?9/9,_1. This implies that 1 < p < 29/,_;. Then by (1.46a) we have
(Lg(Q),D(AQ,q))P%,p = ]~32;)2/P(Q). Similar to the Stokes setting in (1.43b),
this does not contain B.C. and fits to the objective of the present paper.

THEOREM 1.5. Let 1 < ¢ < 00,1 <p < ?9/9, 1.
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(i) The magnetic operator —As 4 in (1.21) generates a s.c. analytic semi-

group e~42.4% on the space ]A?;gj/p (Q) defined in (1.43b) or (1.46), which
moreover is uniformly stable, as in (1.35),

|\e—A2th£(]§if/p(Q)) < Me™, t>0. (1.47)

(ii) The corresponding operator A g = —(vin Az 4+ L) in (1.36b) generates

~ 2
a s.c. analytic semigroup eA2-a* on the space Bg;, /”(Q) in (1.46).

1.14. Space of maximal L? regularity on L{(Q2) of the
Stokes operator —A4;,, 1 <p <oo, 1 <g<ooup to
T = oc.

We return to the dynamic Stokes problem in {¢(t, x), 7(¢,2)}

or—Ap+Vr=F in (0, 7] x Q=0Q, (1.48a)
div =0 in Q, (1.48b)

¢y =0 in (0, 7] xT'=%, (1.48c)

?li—o = o in €, (1.48d)

rewritten in abstract form, after applying the Helmholtz projection P, to
(1.48a) and recalling A; 4 in (1.20) = (1.32) as

¢+ Avgp = Fy = PyF, 90 € (LE(Q), D(A1y)); 1 - (1.49)

Next, we introduce the space of maximal regularity for {p, ¢’} as [19, p. 2;
Theorem 2.8.5.iii, p. 17], [16, pp. 1404-5], with T up to co (since e~Auat is
uniformly stable):

XTI =LF(0,T;D(A1,)) NWHP(0,T; LL(Q)) (1.50)

pP,q,0

(recall (1.32) for D(A, 4)) and the corresponding space for the pressure as
T .7l wl _whl
Y, = LP0, T;WH9(Q)), WH9(Q) =W1(Q)/R. (1.51)

The following embedding, also called trace theorem, holds true [2, Theorem
4.10.2, p. 180, BUC for T = oo}, [38].

r T — W2 1, )
XTI o C XTI = LP(0,T; WH1(Q)) N W (0, T; L4(Q))
- C ([07T];B§;2/P(Q)) . (1.52)



(18 of 46) I. LASIECKA ET AL.

T

For a function g such that divg =0, glr =0 we have g € X, , < g€
T
X7, by (1.15).
The solution of Eq (1.49) is
t
o(t) = e Aralipy —I—/ e~ a1 E (7)dr. (1.53)
0

The following is the celebrated result on maximal regularity on LZ(€) of
the Stokes problem due originally to Solonnikov [48] reported in [19, Theo-
rem 2.8.5.(iii) and Theorem 2.10.1, p. 24 for ¢y = 0], [39], [16, Proposition 4.1,
p. 1405).

THEOREM 1.6. Let 1 <p,q < oo, T < co. With reference to problem (1.48)=
(1.49), assume

Fo € LP(0,T5LE()), wo € (LE(€), D(A1,4));_1 - (1.54)

Then, with reference to (1.47), (1.48), (1.49), there exists a unique solution
peXTl ., meY,] tothe dynamic Stokes problem (1.48) or (1.49), continu-
ously on the data: there exist constants Cy,C1 independent of T, F,, pg such

that via (1.52)

Colel o ) <llelixg, , +linlyg,

_2
[0,7;B2, 77 ()

= 19"z orina 0y + 14108l oo mins o)) + Iy, (1.55)

<Ch {HFoLP(o,T;Lg(Q)) + ||900(Lg(9),D(A1,q))11_p} )
1

T < oo. In particular,

(i) With reference to the variation of parameters formula (1.53) of problem
(1.49) arising from the Stokes problem (1.48), we have recalling (1.50):

the map
F, — /t e~ M1 F (7)dr : continuous (1.56)
LP(0,T;LL(Q)) — XO;W = LP(0,T;D(Ay,)) N WP (0, T; LL(S)),
T < oc. (1.57)
(ii) The s.c. analytic uniformly stable semigroup e~41.at generated by the

Stokes operator —Aq 4 (see (1.20)) on the space (LL(Q2),D(A14))
(see statement below (1.43b)) satisfies

1-4.p

e~ Arat s continuous  (LL(Q),D(A1,))

1—2.p

— XT =LP(0,T;D(A1,)) NWHP(0,T;LL(Q)), T <oo. (1.58)

p,q,0
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In particular via (1.43b), for future use, for 1 < g < 00,1 < p < %, the

s.c. analytic uniformly stable semigroup e~ % on the space ﬁgj/P(Q),
satisfies

—A1,qt . 1 2-7%/ — X7
e "tat o continuous By, 7 (Q) X g0

T < 0. (1.59)

(1ii) Moreover, for future use, for 1 < q < 00,1 < p < %, then (1.55)
spectalizes to

lellxg, , + g, < C{1F o masian + loollge-s g |
T < oo. (1.60)

1.15. Maximal L? regularity on L%(Q)) of the Oseen
operator A, ., 1 <p<oo, 1<g<oo,uptoT <ooc.

We next transfer the maximal regularity of the Stokes operator (—A;,) on
L2(Q)-asserted in Theorem 1.6 into the maximal regularity of the Oseen oper-
ator Ay, g = vy A1 g — Ao q in (1.33) exactly on the same space XI |  defined
in (1.50), however only up to T' < co.

Thus, consider the dynamic Oseen problem in {¢(¢,z), 7(¢, )} with equi-
librium solution y.:

=AY+ L(Y)+Vrn=F in (0,7] x Q=Q, (1.61a)

div =0 in Q, (1.61Db)

Y| =0 in (0,T)|xT =%, (1.61c)

Yl_g = o in Q, (1.61d)

Le(¥) = (ye.- V)Y + (¥.V)ye (1.62)
rewritten in abstract form, after applying the Helmholtz projector P, to (1.61a)

and recalling A, , in (1.33), as

Y = Ay, ¥+ Pl = —vpAy g — Aoy, ¥ + Fo,
vo € (L(Q)D(A1)),,, (163)

whose solution is

t
P(t) = eAvealepy 4 / ePvea T B (1) dr, (1.64)
0
t
P(t) = e Anatyg + / e A E, (7)dr
0

t
_ / eV 4 (7). (1.65)
0



(20 of 46) I. LASIECKA ET AL.

THEOREM 1.7. Let 1 < p,q < oo, 0 <T < oo. Assume (as in (1.54))

Fo e L7 (0,T;LE(Q)), o € (LE(Q), D(A1,9)); 1, (1.66)

where D(Ay4) = D(A,y, 4), see (1.33). Then there exists a unique solution

YeXT ,in (1.50), m €Y, in (1.51) of the dynamic Oseen problem (1.61),

continuously on the data: that is, there exist constants Cy, Cy independent of
F,, ¥y such that

< lxr, . +lllyr,

ool

011}, @)
= HWHLP(o,T;Lg(Q)) + ||A1,q¢||LP(O’T;Lg(Q)) + HWHYPT’Q

< Or{IFulpormson + Wolasoin,,_,,} (167

where T' < 0o. Equivalently, for 1 < p, ¢ < oo, (i) and (ii) below:

i. The map

F, — /t ePvea =TV E (7)dr : continuous
0 LP(0,T; L3 () — LP (0, T3 D(A,y, q) = D(A1,4)) (1.68)
where then automatically, see (1.63)
LP(0,T;L()) — WP(0,T;LL()) (1.69)
and ultimately

LP(0,T;LL(Q)) — XTI = LP (0, T;D(Ay4)) NWHP(0,T; LEL(Q)).
(1.70)

ii. The s.c. analytic semigroup e”ve-at generated by the Oseen operator Ay, g

(see (1.33)) on the space (LE(2),D(A14)), 1, satisfies for 1 < p,q < oo

p

LP(0,T;D(Ay, 4) = D(A1,4))  (1.71)

ePveat . continuous (LI(Q),D(A1,4))y_ 1, —
5

and hence automatically by (1.50)

eAveat . continuous (LI(Q),D(A1,4));_1 o X,TWJ- (1.72)
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In particular, for future use, for1 < g < 00,1 <p < %, we have that the

: . Ay, gt 22/ .
s.c. analytic semigroup e”v<:*" on the space By, /7 (€2), defined in (1.43b)
satisfies

ePveat o continuous ﬁg;,Q/P(Q) — L?(0,T;D(Ay, .q) =D(A14)),
T <oco. (L73)

and hence automatically

ePveat 1 continuous ﬁij/?(ﬂ) — XT T < . (1.74)

P,q,07

A proof is given in [27, Appendix A].

1.16. Maximal LP-regularity on L%(Q)) of the magnetic
operator (—A,,), up to 7' = oo; and of the
perturbation Ay, = —(v, A2, + L, ) up to
T <o0;1<qg< oo

Part A: We begin with the operator (—As ) in (1.21) up to T' = co. Thus, we
consider the problem

b — A =F in (0,7] x Q= Q, (1.75a)
div =0 in Q, (1.75b)
Y-n=0, (curl ) x n=0 in (0, 7| xT'=%, (1.75¢)
Yli—o = o in Q, (1.75d)
or in abstract form (refer to the W-equation (1.30a), (1.31))
71}1‘, = *A2,q¢+Foa Fo = PqF (176)
or its variation of parameters formula
t
Y(t) = e~ Azatyy +/ €_A2”1(t_T)Fg(T)dT. (1.77)
0

The following result is the perfect equivalent of Theorem 1.6 for Stokes
operator transported to the magnetic operator (—Az ), in the range 1 < p <
2q

of our interest.
2qg—1

THEOREM 1.8. Let 1 < p, g < 0o, T < oo. With reference to problem (1.75) or
(1.76), we have
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(i) the map

F, — /t e A2 p (7)dr
i continuous LP(0,T;LL(Q)) — LP (0,T;D(Az2,4)) (1.78)
so that then, by (1.76) and (1.78)
Py € LP(0,T;LL()) continuously (1.79)
with respect to F, € LP(0,T;L2(Q)).
29
q—1

~ 2
generated by the magnetic operator —As 4 in the space B,ZIE, /"(Q) (recall
(1.46) ) satisfies

_A2,qt

(i) Let 1 < g < 00,1 < p < 5 The s.c. analytic semigroup e

e~ A2+ continuous ]A?;gj/l’(ﬂ) — LP(0,T; D(Ag,q))NWP(0, T; Lg((Q)))
1.80

Part B: We now consider the perturbation A ; = —(VmAaq + L;ﬁ), however
up to T' < oo.

With reference to the W-equation in (1.30a),we consider the uncoupled part
Um =1

Vi~ MY+ Ly =F in (0,7] x Q= Q, (1.81a)
div =0 in Q, (1.81b)
Pen, (curl ) xn =0 in (0,T]xT =%, (1.81c)
bl,_g = o in Q, (1.81d)
or an abstract form (refer to (1.31))
th—A2,q¢—L;e¢+Fo, Fo:PqF
= A, g + Fy, (1.82a)

recalling Az in (1.21), L, in (1.25), Az, in (1.36b). Let 1o = 0. We write
the variation of parameters formula of the problem (1.82) in two ways.

t
z/J(t):/O €A2’q(t_T)Fg(T)dT

t t
_ /0 e A2al=7) (L L= ) (r)dr + /O e AN (Ddr (1.83)
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THEOREM 1.9 ([29, Theorem 1.8]). Let 1 < p, ¢ < oo, T' < oo. With reference
to problem (1.81)-(1.83), we have

(i) the map (recall Theorem 1.4B )

F, — /lt ez (7)dr -
contimfous LP(0,T;L1(Q)) — LP (0, T;D(Asz,q) = D(Az,4)) (1.84)
so that then, by (1.82a)
Py € LP(0, T, LL(Q)) continuously (1.85)
with respect to F, € LP(0,T;L2(Q)).
2q

2 —1°
generated by the operator Az g = —(vm Az + L, ) in (1.36b) in the space

ﬁi;z/” (Q) (recall (1.46)) satisfies

AZ,qt

(i) Let 1 < ¢ < 00,1 < p < The s.c. analytic semigroup e

e?zat . continuous ]?3)3;2/”(9) —
LP(0,T; D(Az,q) = D(Az,4)) NW'P(0, T LE(2)).  (1.86)

1.17. Maximal LP-regularity on L%(Q)) x LZ(Q2) of the
operator A,, in (1.37) up to 7' = oo, and of the
operator .(&q =A,,+1Iin (1.39) up to
T <o0,1<p, q<o0.

THEOREM 1.10. (i) Consider the abstract problem

dh
T Acgh+F, A, =

_VfAl,q 0
0 —VmAQ)q

= {h } eYL(Q)=L(Q) xLL(Q) (1.87)
2
recalling A, 4 from (1.37). Then, for hog =0

t
Foh() = [ et IR (rrs
0
continuous LP(0,T;Y2(Q?)) — LP(0,T;D(Ao4)).

(1.88)
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(i) Consider the abstract problem

df ~ ~ _Aoy q AoB q
— =AL+F, A, =A, II, 11 = e e 1.89
dt q + ) q q + LBﬂ 7[/276 ( )
recalling the operator II in (1.39). Then, for fy =0 and T < oo,
t
F—f(t) = / e E=TR(T)dr
0 ~
continuous LP(0,T;YL(Q)) — LP(0,T;D(A,) = D(Asq))-
(1.90)

Proof. (i) is an immediate corollary of the maximal LP-regularity of the
Stokes operator (—A; 4) up to T' = oo in Theorem 1.6 and of maximal
LP-regularity of the magnetic operator (—Asz ) up to T' = oo in Theorem
1.8(i).

(ii) follows from (i) by perturbation [12, 23, 58], as II is A;/ g- bounded in
Y2(Q), see (1.39). O

2. Spectral decomposition of the linearized problem

2.1. Preliminaries

We return to the linearized [w, W]-problem (1.40) defined by the operator Aq
on Y2(Q2) = LI(Q2) x LZ(Q2). We have seen in Theorem 1.2(viii) that &q in
the generator of a s.c. analytic semigroup ehat on Y2(Q) and, moreover, it has
compact resolvent on YZ(2). The assumption for the problem investigated in
the present paper to be relevant is that: the generator z&q of a s.c. analytic
compact semigroup is unstable on LZ(02) x LZ(Q2) = Y1(f), in the sense that

there are IV unstable eigenvalues A1, A2, ..., An of A,

. < ReAni2 S Re Ani1 <0< Re Ay <...< Re Xy < Re M\ (2.1)

where the eigenvalues of &q are numbered in order of decreasing real parts. For
each unstable eigenvalue \;, i =1,..., N, let

4;
@ ={[5)] L e e 22)

be the /;-linearly independent (normalized) eigenfunctions on Y¢(2) =LZ(92) x
L2(Q), where ¢; denotes the geometric multiplicity of \;, and let A; be the
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/

Figure 2: The eigenvalues of &q

(unstable) eigenvalues of the LZ(€2) x L4 (2)-adjoint 1&;:

Ay®i; = \i®;;, B, €DA,), i=1,....N, j=1,....4, (2.3a)
T . ~ . e
Al =N @, €D(Ay), &= [ *J] : (2.3b)

177
ij

We recall the linearized problem (1.31) in the notation of (1.40)
d lw| ~ [w P,mu _|w
o] =Rl [ o=l e

The properties of the operator &q are collected in Theorem 1.2(viii). Accord-
ingly, its eigenvalues satisfy their location property in Fig 2. Denote by Py
and P} (which actually depend on ¢) the projections given explicitly in [22,
p. 178]

1 ~ N1
Py=—5— (/\I - Aq) d\: Y1(Q) onto (Y2)% € Y2(Q) (2.5)
T Jg
1 -1 ,
* = _A* . q * q
Pi=—57 | </\I Aq) dh: (Y(Q)* = Y7 (Q)

onto [(Y)%]* C YI(Q).  (2.6)

where € (respectively, its conjugate counterpart €) is a smooth closed curve
that separates the unstable spectrum from the stable spectrum of Aq (respec-
tively, 1&;) As in [4, Section 3.4, p. 37], following [50], [51], we decompose
the space Y2 = YZ(2) = LL(Q2) x LZ(Q) into the sum of two complementary
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subspaces (not necessarily orthogonal):

Yi=(YOr e (Y)h: (YOR =PyvYE (YO)y = — Py)YE;
dim (YO)Y =N (2.7)

(superscript u = unstable; superscript s = stable), where each of the spaces
(Y2)% and (Y2)% is invariant under A,, and let

Ay n = PrAg=Aqlivayy: Ajn = — Pnv)Ag = Aglva)y, (2.8)

be the restrictions of ;‘iq to (Y2)% and (Y2)% respectively. The original point
spectrum (eigenvalues) {);}52, of A, is then split into two sets,

o(Ae ) =N 0B n) = )N (2.9)

and (Y2)% is the generalized eigenspace of 1&;‘ ~- The system (2.4) on Y =
L2(Q) x L2(€) can accordingly be decomposed as

n=ny+<¢n nNnv=PFPyn, {y={U—-Pn)n. (2.10)

After applying Py and (I — Py) (which commute with 1&,1) on (2.4), we obtain
via (2.8)

w(0)
W(0)

" ~ P,(mu)
on (Y1)y : iy — Ay nmin = PN

] ;o nn(0) =Py ] (2.11)

P,(mv)

on (W) : ¢y — A3 yCy = (I — Py)

Pq(mu)] .
q(mv) |

En(0) = (= Py) |

w(O)] (2.12)

respectively.

Main Results. We may now state the main feedback stabilization result of
the linearized problem (2.4). The proof is constructive. How to construct the
finitely many stabilizing vectors will be established in the proof.
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We anticipate the fact below that, for 1 < p,q < oco:

(Y1)} = space of generalized
eigenfunctions of A, (i.e. A%)
corresponding to its distinct

unstable eigenvalues

(L5(2), D(A1q))

1-%.p

L=D(Ag,), 0<a<1

c CLI(Q). (2.13)

[D(Al,q)aLg(Q)h_

recalling (1.41a).

REMARK 2.1. The original assumption
. < Re Any2 < Re Any31 <0< Re Ay <...< Re Ay < Re A\ (2.14)

at the beginning of Section 2.1 is intrinsic to the notion of ‘stabilization’, where
by then one seeks to construct a feedback control that transforms an original
unstable problem (with no control) into a stable one. However, as is well-known,
the same entire procedure [50] can be employed to either stabilize an originally
unstable system into a stable one with an arbitrary preassigned decay rate or
else to enhance at will the stability of an originally stable one (Re A1 < 0).

2.2. Uniform stabilization with an arbitrary decay rate of
the ny-dynamics (2.11) by a suitable
finite-dimensional interior localized feedback control
uy = [UN, UN]

Here below in Theorem 2.1 as well as in Theorem 3.2 below, we say the Finite
Dimensional Spectral Assumption (FDSA) is satisfied to mean that for each

of the distinct eigenvalue A1, ..., Ay of A, algebraic and geometric multiplicity
coincide. Thus, the restriction Ay in (2.11) is diagonalizable. In this case Kato
[22, p. 41] calls the operator A, ny semisimple.

THEOREM 2.1. Let 1 < q¢ < oo. Let Ar,..., Ay be the unstable distinct M
eigenvalues of Ay and let w be an arbitrarily small open portion of the interior
with smooth boundary Ow. As established below in Theorem 3.2 under the
FDSA (and in Theorem 4.2 [29] in the general case), there exist constructively
infinitely many interior vectors [uy,...,ux| in (Y2)% C LL(Q) xLL(Q), u; =
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[u},u?] such that the rank conditions
(u, ®%)e - (uk, P}
(ulv(I)fQ)w s (qu(I);Q)w
rank ) ) =/{;; b; x K for eachi=1,..., M,
(a1, ‘I’fzi)w oo (ur, ‘I’fzi)w
(2.15a)

hold true with K =sup {¢;:i=1,..., M} where

ui| el
won(F ) e
i 1/ L8 (@)L (w)

That is, the matriz in (2.15a) is full rank.
Then: Given v > 0 arbitrarily large, there exists a K-dimensional interior
controller u = uy = {uk;,u3} acting on w, of the form given by

HERE ) G
k=1
w = luﬂ € (Y9)% c LL(Q) x LL(Q) = Y4(Q), ux(t) = scalar (2.15¢)
Uk

see (3.10) below, with the vectors uy, = {u},u?} given in (3.10) below under the
FDSA (and in Theorem 4.2 of [29] in the general case) via the rank conditions
(2.15a), such that, once inserted in the dynamics (2.11) yield the estimate

M8 O)llLe @) xwz @) + v OlLg (w) <12 @)
< Cre™ " [[Pnngllns oy xrz(oy > t =0, (2.16a)

where the LL()-norm in (2.16a) may be replaced by the (LE(Q2),D(A1,4)); 1 -

norm , 1 < p,q < oco; in particular the ﬁi;Q/p(Q)-norm in (1.19b), 1 < ¢ <
o0, 1<p<

q .
2 —1°

lnn ()l 522, + llun(?)

T
By P (w)xBg, P (w)

< Cye 1PN 70|l 522/,
a,p

@xB2, 7 ()

(B Yr gy £2 0 (216D)

Here, mpy is the solution of Eq (3.12) under the FDSA (or (4.15) of [29] in
the general case), i.e. (3.7) corresponding to the control u = uy obtained in
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(2.15¢). Moreover, such controller u = uy in (2.15c) can be chosen in feedback
form: that is, with reference to the explicit expression (2.15¢) = (3.10) foru, of
the form p(t) = (Mn(t), Pr)w for suitably constructed vectors px, = {pi,pi} €
((Y9)%)* € LL(Q) x LL(Q) depending on ~y. In conclusion, 1y in (2.16) is
the solution of the, feedback equation on (Y21)% (see (2.7))

K
Ny —Agnny = PP <m< (nN(t)vpk)wuk>>7

k=1
uy, € (YO)% € LE(Q) x LL(Q), pr € (YH)%)* C LI(Q) x LY (Q) (2.17)

o

rewritten (since it is linear) as

ny = A"ny, nn(t)=e*"Pyny, ny(0) = Pymg. (2.18)

The proof will be given in Section 4.

2.3. Feedback stabilization of the original linearized
n = {w, W}-system (2.4) by a finite dimensional
feedback controller u = [u, v]

THEOREM 2.2. Let 1 < q < oo. Let the linearized operator &q have N possibly

repeated unstable eigenvalues {\; }§V=1 of which M are distinct. Let € > 0 and

set vo = |ReAny1| — €, see Fig 1. Consider the setting of Theorem 2.1 so

that, in particular, the feedback finite-dimensional control u = uy is given
K

by u = uy = z:(m\,(t),pk)u;C and satisfies estimates (2.16a), (2.16b) with
k=1

v > 0 arbitrarily large, for vectors p,...,pr € ((Y9)%)* C LL () x LY (Q)

and vectors uy,...,u; € (Y)% C LL(Q) x LL(Q) given by Theorem 2.1, as

established in Section 4. Thus, the linearized problem (2.4) specializes to (2.19)

with 1 = [{;{;} and Ny = Pyn
i ] = 2 i < )
_ g+ P, <m (i(nN@),pk)wuk)) ==k |j]. @19

k=1

Here A, = A, is the generator of a s.c. analytic semigroup on either the

space LI(Q) x Lg(Q), 1 < ¢ < oo, or on the space (LL(2),D(A1,4))
(LE(2), D(Az,4)),

1 ><
1*;&0

1 < p,q < oo, in particular on the space ]~33;,2/P (Q) x

1
7;’177
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]~33;)2/”(Q),1 < q,1 < p <2y, 1, recall (1.19b). Moreover, such dynamics
n (equivalently, generator A, ) in (2.19) is uniformly stable in each of these
spaces, say

l[e*r 0| (@) xLa (o)

= [In(t; m0)llLz ) <12 (0)

two
W(t, Wo)

- w
< Cype ! M0/l () xL2(02) > M0 = {Wﬂ , t>0.

(2.20)

L3 (QxLE(Q)

Yo = |ReAny1| — € or, for 0 < 6 < 1, and § > 0 arbitrarily small

A A
Ae’q eAFt'rIO = ‘ Aqu n(tﬂ?o)
2 2
4 L3 (Q)xL3 () & L (Q)xL(Q)
e
070796*7(% qu Mo , Mo € 'D(A?q) XD(Aqu), t>0,
- L*72,q L (Q)xL&(Q)

Cro0.6¢ " IMollps ()yxpz(oy» t =0 > 0.
(2.21)
In (2.21), we have recalled the fractional powers of the (-Stokes) operator A 4
n (1.20) = (1.32), and similarly for the magnetic operator As 4 in (1.21). As

in the case of Theorem 2.1, we may replace the LL(Q) x LL(2)-norm in (2.20),
1 < q < oo, with the (LE (), D(A1,q)), 1, x (LZ(Q), D(A2,4)), 1 ,-norm
1 < p,q < o0, in particular with qu /”(Q) X ]§(21;,2/”(Q)—n0rm, see (1.19b) or
say

€530 L2210 -2y = 120 05

ezl
Wt Wo)lllgz,77r 0)<82, 77 @)
< Cye WH%H 2

27 @)

t>0, (2.22)

2P @)xBL @)
Yo = |Re An+1| — €, see Figure 1.

The proof is given in Section 5.
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3. Algebraic Rank Condition for the n,-dynamics in
(2.11) on (Y%(Q2))% under the (preliminary)
Finite-Dimensional Spectral Assumption

Preliminaries. Let M be the number of distinct unstable eigenvalues of &q
(or A}). For each i = 1,..., M, we denote by

¢ 114
e _ i S A
(Pl = { L[’ij} }j—l A®ha { [ :j] }j—l

the normalized, linearly independent eigenfunctions of &q, respectively 1&;‘, say,
on

YI(Q) =LiL(2) x LL(Q) and
(Y1()" = (L1(Q)) x (L(Q))' = LI (Q) x L (), é + ql ~1, (3.1)

(where in the last equality we have invoked the identity (A.2) in Appendix A
of [27]) corresponding to the M distinct unstable eigenvalues A1, ..., Aa of A,
and A1, ..., A\ of A} respectively,:
A,®i; = \i®;; € D(A,) = D(A1,) x D(As,)
= [W>9(2) N W (Q) NLL(Q)] x [W(Q) NLL(Q)] (3.2)
Ar®; =\ ®;; € D(A])
= [W24 () n Wi (Q) N L (Q)] x W27 () N LT (Q)]. (3.3)
recalling (1.20), (1.21), (1.39):

Ai
/ / \ {; = geometric multiplicity

* * *
(I’ilv ‘I)in T (I’ili

The Finite Dimensional Spectral Assumption (FDSA)

As noted at the beginning of Section 2.2, we henceforth assume in this section
the Finite Dimensional Spectral Assumption (FDSA). This means that for

each of the distinct eigenvalues Aq,..., Ay of &17 algebraic and geometric
multiplicity coincide:
(Y2)%, = Py YL(Q) = span{®;; }'_;
(Y2)5ki = Piri(LL(Q) x LL(Q))" = span{®};}/;; (3.4)

j=0
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Here Pn ;, Py ; are the projections corresponding to the eigenvalues A; and i
respectively. For instance, Py ; is given by an integral such as the one on the
RHS of (2.5), where now ¥ is a closed smooth curve encircling the eigenvalue
A; and no other. Similarly for Py ;. The space Y, = range of Py, is the
algebraic eigenspace of the eigenvalues \;, and ¢; = dim Y ; is the algebraic =
geometric multiplicity of \;, so that £1 4+ fo 4+ ---+ €3y = N. As a consequence
of the FDSA, we obtain

(Y2)% = Py [LL(Q) x LL(Q)] = span{®y; 111, b s (3.52)
(Y9 )% = (Y) % = Py [(LL(Q)" x (LL(Q))*] = span{®];}11, . (3.5b)

Without the FDSA, (Y2)% is the span of the generalized eigenfunctions of
&q, corresponding to its unstable distinct eigenvalues {)\j}jj‘il; and similarly
for ((Y2)*)% (see the subsequent section). In other words, the FDSA says
that the restriction Ag,N in (2.11) is diagonalizable or that *&éﬁv is semisimple
on (Y2)% in the terminology of [22, p. 41]. Under the FDSA, any vector
n € (Y2)% admits the following unique expansion [22, p. 12, Eq. (2.16)], [6,
p. 1453], in terms of the basis {‘I’ij}iﬂilé;l in (Y2)% and its adjoint basis [22,
p- 12 {@ 1L, Joy in (Y8 )K= (YO

ijFi=1,j=1
M.,
. Lo . 1 ifi=h, j=k
(Yg)N on= lzj: (TI’ ‘PZ])‘I’”, (q)ijv q’hk) = { 0 otherwise, (36)

that is, the system consisting of {®,;} and {®},},i=1,..., M, j=1,...,4;,
can be chosen to form bi-orthogonal sequences. Here (, ) denotes the scalar
product between (Y4)% and (YZ)% [22, p. 12]. i.e. ultimately, the duality
pairing in © between LZ(Q) x LZ(2) and (LZ(Q))* x (LZ(92))*. Next, we return
to the ny-dynamics in (2.11), rewritten here for convenience

on (Y2)k sy~ Bgm = P [t na0) =P [0 6

P, . . .
The term Py [ Pq:iﬂ expressed in terms of adjoint bases.
q

Let mu € LY(w), mv € LY(w), ¢ > 1. In the computation below, we notice that
Py ®;; = ®}; as ®; € D(A;), so that ®]; is invariant under the projections
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Py Similarly, Pyo;; = o5, Pyl =4F;. With (f,9), = / fg dw, we obtain

Mt *
v o [0 = 52 (e [ (2] e

M,¢; (
i,j=1

uﬂ}zié:z;)v)] : {gij 2y,

M,0; «

_ mu goij &

- Z mu ? * 15
ij=1 i
M2

= ZZ (0, @), @i, u= m (3.8)

ij=1
so that the dynamics (3.7) on (Y%)% becomes by (3.8)
M, L;

~ * .
on (Y2 sny — B = 3 (w @ity u=[t]. o

i,j=1

Selection of the scalar interior control function u = uy in finite
dimensional separated form (with respect to K coordinates).

Next, we select the control u = uy of the form

K 1
m =S, = H € (Y% € LL(Q) x LL(Q) = Y2(Q),
k=1

pr(t) = scalar  (3.10)

so that the term in (3.8) in (Y2)% specializes to

(YO 5 P [Pq(mu)]Mz’gj ZK: uj &*. s, 1)
oc/N N Pq(mv) —= | = W20 HEk ij- .

Substituting (3.11) on the RHS of (3.7), we finally obtain

M,l; K 1
~ u
on (YO)i iy — Al yny = ) {E ([u’;] ,<I>;‘j> uk(t)}%. (3.12)
i,5=1 k=1 k w
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The dynamics (3.12) in coordinate form on (Y2)%.

Our next goal is to express the finite dimensional dynamics (3.12) on the N-
dimensional space (YZ)% in a component-wise form. To this end, we introduce
the following ordered bases 8; and [ of length ¢; and N respectively:

61' = ['I’il, ceey ‘I’i&] : basis on (YZ)UN,Z

B=pB1UBU---UPBn (3.13)
= [‘1’117...,@1@1,(1)21,...,@2@27...,@]\41,...7‘1’]\4@1\4] : basis on (Yg)?\;

Thus, we can represent the N-dimensional vector ny € (Y2)% as column
vector Ay = [ny]s as,

Mt
Ny = Z Ny ®ij

ij=1
L 1,1 1,6 i1 it M,1 M,n
and set Ny =col NN . s IN oo s Moo s M e s N eI

REMARK 3.1. The eigenfunction ®;; = {;;,1;} belongs to LL(Q2) x LL(Q)

as well as to D(A,) = D(A; ) in (2.8). Thus, by real/complex interpolation,
see (1.43)/(1.41a) they also belong to

(LL(Q), D(Ary), 1, % (L4Q), D(As,)), 1,
as well as to [D(Ay,4), LI(Q)],_, x [D(A2,4),LL(Q)],_,
=D(AT,) xD(A3,), 0<a <1 (3.14)
; : n2-%/p R2-%/p
in particular, ®,;; = {pi;, %} € Bgp " (Q) x By, "7 (), see (1.19b) = (1.43b).
Thus, exponential decay in CV x CV of the CV x CN-vector 7, translates at

once into exponential decay with the same rate in any of the spaces LZ(Q) x
L5 (), (L3 (), D(Arg))y 1, X (L3(2), D(Azq)), 1 ), D(AT,) x D(Az,), in

particular, ﬁg;z/P (Q) x ﬁg;z/l’(ﬂ) for the vector 1, viewed as a vector on any
one of these spaces. This remark applies to 1, (t) and uy(¢) in Theorem 2.1,
equations (2.16), (2.17) as well as Theorem 2.2, equations (2.20)-(2.22).

LEMMA 3.1. In CV, under the FDSA with respect to the ordered basis 3 :

{'I’ij}i]\i1,§i:1 in (3.13) of normalized eigenfunctions of Ay y, we may rewrite
system (3.7) = (3.12) recalling (3.10) as

(An) = Al = Ui (3.15)
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where
Alq 0
Ao lo
A= . : of size N X N,
0 Al
I; : identity matriz of size £; X £; (3.16)
(u17 (I):l)w s (uK7 (I):l)w
(u, ®%)w ... (ug, ®PhH)w
U, = . 2 . . ’ i X K;
(ul, (I’;k&)w e (U.K, (I’;k&)w
U, M1
U, R M2
U=| . |:NxK; ag=1|.|:Kx1; (317
Um K

where (f,9)w = /fg dw and we take K > £;, i = 1,...,M. Thus (3.15)

w
gives the dynamics on (Y2)% as a linear N-dimensional ordinary differential
equation in coordinate form in CV.

Proof. Recalling the basis f; in (3.13) and the definitions of U; in (3.17), we
can rewrite the term in (3.11) with respect to this basis as

{PN [ﬁzggzﬂ }ﬂi = Usfire : £; x 1; (3.18)

Then with respect to the basis 8 in (3.13) and recalling the definition U
in (3.17), we can rewrite the term (3.11) with respect to this basis as

Uy Uitk
Pymuw)]\ _ (V2| (U
Unr Unmitk

Finally, clearly &;N in (3.12) becomes the diagonal matrix A in (3.16) with
respect to the basis 3, recalling its eigenvalues in (3.2). O
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The following is the main result of the present section.

THEOREM 3.2. Assume the FDSA. It is possible to select vectors uy,...,ug €
LY (w) x L (w), w; = [u},u?], see (3.10), ¢ >1, K=sup {{;:i=1,..., M},
such that the matriz U; of size {; x K in (3.17) satisfies
rank [U;] = full = ¢; or (3.20a)
(ulv@;l)w s (qu(I):l)w
(u, @) - (g, Ph)w
rank ] ) =Vl ; x K foreachi=1,..., M,
(u, @7 ) oo (0, B )
(3.20b)
. ui| el
(u;, ®71), = ([u;] . l ; (3.20¢)
J 1/ L (w)xLg(w)
In fact, the vectors ®7,..., ®7, are linearly independent in LY (w) x LY (w).

Proof. Step 1. By selection, see (3.2) and statement preceding it, the set of
vectors @7, ..., @7, is linearly independent in L2 () x LY (Q), ¢ is the Holder
conjugate of ¢, '/, +'/4 =1, for each i = 1,..., M. We want to show that
the set {®}),..., @}, } remains linearly independent on L (w) x LY (w), after
which the desired conclusion (3.20a) for the matrix U; to be full rank, would
follow for infinitely many choices of the vectors uy,...,ux € LL(w) x L% (w).

Claim: The set {®},,...,®], } is linearly independent on LZ (w) x LY (w),
foreachi=1,..., M.

The proof will critically depend on a unique continuation result [54] see
also [6, Lemma 3.7, p. 1466]. By contradiction, let us assume that the vectors
{®),..., @}, } are instead linearly dependent on LZ (w) x LZ (w) , so that

Zifl
=D @, in LY () x LE () (3.21)
j=1

We shall then conclude by [6, Lemma 3.7] and [53] below, that in fact
@7, = 0 on all of Q as well, thereby making the system {®};, j =1,...,4;}
linearly dependent on 2, a contradiction. To this end, define the following
function (depending on ) in L% (Q) x LY (Q)

o = |Y ;@ — B}, | €LL(Q)xLI(Q), i=1,....M.  (3.22)
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so that ®* =0 in w by (3.21). As each ®7; is an eigenvalue of AZ (or (1&}1‘1\,)*)
corresponding to the eigenvalue );, see (3.3), so is the linear combination ®*.
This property, along with ®* = 0 in w yields that ®* satisfies the following
eigenvalue problem for the operator A} (or (Aj v)*):

A®" =3&", div® =0inQ; & =0inw, by (3.21). (3.23)

with the over-determined condition ®* = 0 in w. But the linear combination
®* in (3.22) of the eigenfunctions ®;; € D(A}) satisfies itself the Dirichlet B.C
®*|,, = 0. The crux of the proof consists in showing the following Unique
Continuation Property: that statement (3.23) with an over-determined con-
dition implies, in fact, ®* = 0 on all of Q, so that by (3.22), the vectors
{®},...,®},,} are linearly dependent in €2: i.e. on LZ () x LI (Q), a con-
tradiction.

The proof relies on the explicit PDE-version of statement (3.23). To avoid
introducing additional notation for the adjoint problem 1&;, we shall provide a
proof for the original operator:

AP =28, div®@=0inQ, &= inw (3.24)
= ®=0o0n. (3.25)

The PDE-version of the implication in (3.25) is given by the following result.

THEOREM 3.3 ([30]). Let w be an arbitrary open, connected smooth subset of
Q, thus of positive measure, see Fig 1. Let {p,&,p} € W29(Q) x W24(Q) x
Whe(Q), q > d, solve the original eigenvalue problem (3.24) (static version of
problem (1.6))

VDAY + (Ye - V) + (¢ V)ye — (§ - V) Be — (Be - V)
+Vp =2y in €,

(3.26a)

U AL+(¢ - V)Bet+(ye - V)E = (£ V)ye — (Be - V) = X in €,
(3.26D)

divp=0, divE=0 in Q,
(3.26¢)

0=0,¢&n=0, (curl §) x n =10 onT.
(3.26d)

along with the over-determination condition

=0, £€=0 inw. (3.27)

Then
=0, £=0, p=constin. (3.28)
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The same proof applies, mutatis mutandis, to the adjoint problem (3.23),
with the over-determination ®* = 0 in w. As already noted the conclusion is
that problem (3.24) implies

®* =0 in LZ (Q) x L ();

that is @), = a1®}; + ae®fy + -+ ag, 18}, _, in LY (Q) x LI (),
(3.29)
i.e. the set {®]),...,®}, } in linearly dependent on LZ () x LY (). But
this is false, by the very selection of such eigenvectors, see (3.2) and statement
preceding it. Thus, the condition (3.29) cannot hold.

The required unique continuation result is established in [30], following the
scheme in [53, 56]. The original proof is done in the Hilbert setting but we may
invoke the same result because ®* has more regularity and integrability than
required since ®* is an eigenfunction of Aj. Thus the claim is established. In
conclusion: it is possible to select, in infinitely many ways, interior functions
u,...,ux € L4 (w) x LY (w), u; = [u},u?] such that the algebraic full rank
condition (3.20) holds true for each i =1,..., M. O

REMARK 3.2. The general case without the FDSA uses a controllability char-
acterization of the pair {J, B}, Jordan form [21, p. 204], [32, Ex. #7, p. 102], [8,
p. 212], [9, p. 165], [7, Theorem 3.2.4, p. 148]; and moreover, is computationally
intensive. We refer to Section 4 of [29)].

4. Proof of Theorem 2.1: uniform stabilization on
(Y1(2))% with arbitrary decay rates of the
ny-dynamics (2.11) by a suitable finite-dimensional
interior localized feedback control uy = [uy, vy]

Step 1: Following [50] the proof consists in testing controllability of the linear,
finite-dimensional system (3.7), in short, the pair

{J,B}, B=U: NxK,K=sup {{;i=1....,M} (4.1)

U=[Uy,...,Uu]"™, U; given by (4.12) of [29] in the general case (or by (3.17)
under FDSA). J is the Jordan form of A% with respect to the Jordan basis
B =p1U---UQPBu, Bi being given by (4.6a) of [29]. But the rank conditions
(4.13) of [29] in the general case precisely asserts such controllability property
of the pair {A;N = J, B}, in light of Theorem 4.1 in [29] in the general case,
or Theorem 3.2 under FDSA.

Step 2: Having established the controllability criterion for the pair {&g N =
J, B} then by the well-known Popov’s criterion in finite-dimensional theory
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(arbitrary spectral allocation), there exists a real feedback Wonham’s matrix
@ = K x N, such that the spectrum of the matrix (J 4+ BQ) = (J + UQ) may
be arbitrarily preassigned; in particular, to lie in the left half-plane {\ : Re A <
—v < —Re An41}, as desired. The resulting closed-loop system (corresponding
to (3.15) under FDSA)

(i) = Jiy = Uly, (4.2)

is obtained with CV-vector iy = Q7 y, Q being the K x N matrix with row
vectors [p1, ..., DK, ui = (fly,Pr) in the CN-inner product and hence decays
with an arbitrary preassigned exponential rate v > 0

An(B)len < Cie™ iy (0)len , £ 2 0. (4.3)

But the N-dimensional vector ny € (YI)% C LZ(Q) is represented by the
CN-vector fy = [nx]s, where in the general case of Section 4 of [29], 3 is a
Jordan basis of generalized eigenfunctions of &q, N (= A"N) corresponding to its
M distinct unstable eigenvalues. Such basis is given by = g1 U Sy U---U By,
where a representative §; is given in (4.6a) of [29] in the general case. The
whole basis can be read off from (4.15) of [29] in the general case. In the
special case of Section 3 where the FDSA holds, the basis 8 in (Y2)% is given
by the eigenfunctions of the ‘&7\7 corresponding to its M distinct eigenvalues, see
(3.13). But such eigenfunctions/generalized eigenfunctions are in D(&q), hence
smooth. Thus, the exponential decay in (4.3) of the coordinate vector 7 in CV
translates in same exponential decay of the vector 1y (¢) € (Y2)% not only in
the LZ(€2) x L2 (Q)-norm but also in the D(A,) = D(A; ) x D(Aq,4)-norm, see
(1.39), hence in the (Lg(Q),D(ALq))l_%’p X (Lg(Q),D(A27q))1_%7p-norm, in

particular in the ]~33;,2/P (Q) x ﬁgﬁ/" (€2)-norm, recall (1.43b). See also Remark
3.1. Thus, returning from CV x CV back to (Y4)% x ((Y2)%)*, there exist
suitable py,...,px € ((Y9)%)* € LL (Q) x LE (Q), such that % = (1, pr),
whereby the closed-loop system (2.17) corresponds precisely to (4.15) of [29]
via Py P,(mu) written in terms of the Jordan basis of eigenvectors 8 in (4.6a)
of [29] in the general case.

Thus not only do we obtain in view of (2.17), (2.18) and (4.3)

s |5
||,’7N( )HL(.,(Q)XLU(Q) € NTo L2(Q)xLI(Q)

< Che " [ Pumollps yxpaey s =0, (4.4)
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2q

v > 0 arbitrarily preassigned, but also, say 1 < ¢ < 00,1 < p < 5 1
q-—

||77N (t) ||}’_5’§;72/p (Q)X§§;2/p () -

A¥t
€ 2-2/p 52-%/p
By T (Q)xBg,p T ()

PN”O‘

< Cye 1Pnmoll 522/, t>0. (4.5)
q,p

@xB2, P @) =

Hence with uy = @7, we obtain not only

IMn )Lz @) xrz @) + TuvOllns wyxwe @) = 18 (OllLe (@) x1e @)
+1QnN (O)llLe () xre @)

< (1Q1+1) [ Py

L () XL (Q) <Cye HPNTIOHLg(Q)XLg(Q) (4.6)

but also, say

78O0 522y + 1 Ollgz0 ) 520

< Cye | Py | o, 20, (47)

(@)xB2,77 (@)

REMARK 4.1. Under the FDSA, checking controllability of the system (3.15)
is easier. To this end, we can pursue, as usual, two strategies.

A first strategy invokes the well-known Kalman controllability criterion by
constructing the N x KN Kalman controllability matrix

B, LB ... JV'B
N—1
K =[B,AB,A’B,..., AN "'B] = B 2B ... Jy B . (4.8)
By JuBum ... Jy 'Bu
B = col [Bl,B27...7BM:|’ Bi:Uizéixﬂi (49)

of size N x KN, N = dim (qu)’x/, Jz = )\ZIZ : Ez X &7 Bz = Ul : 61 X @i, and
requiring that it be full rank.

rank [C = full = N. (4.10)
In view of generalized Vandermond determinants, we then have
rank £ = N if and only if rank U; = ¢; (full) i =1,..., M, (4.11)

precisely as guaranteed by (3.20a). A second strategy invokes the Hautus
controllability criterion:

rank [A — NI, B] = rank [A — \;I, U] = N (full) (4.12)

for all unstable eigenvalues A;, 1, ..., M, yielding again the condition that rank
[U;] = ¢;,1,..., M, as guaranteed by (3.20a).
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5. Proof of Theorem 2.2: Feedback stabilization of the
original linearized 1 = {w, W}-system (2.4) by a finite
dimensional feedback controller u = [u, v]

Step 1: According to Theorem 2.1, the finite-dimensional system 7, in (2.11)
is uniformly stabilized by the finite dimensional feedback controller u = uy
given in the RHS of (2.17) with an arbitrary preassigned decay rate v > 0,
as given, either in the LZ(2) x LZ(Q})-norm as in (2.16a) = (4.6), or in the
(Lg(Q),D(ALq))l_%m X (Lg(Q),D(A27q))1_%7p—norm, or in particular, in the

B 2_2/17 n 2_2/10 3

By, /7 (Q) x By, '7(Q)-norm as in (2.16b) = (4.7).

Step 2: Next, we examine the impact of such constructive feedback control uy
on the ¢ -dynamics (2.12), whose explicit solution can be given by a variation
of parameter formula,

Cn(t) = eFaniey (0) + / Fin =0T = Py)Py(mun(r))dr.  (5.1a)

in the notation AZ)N =(- PN).&I, of (2.8).
We now recall from Theorem 1.2(viii) that the operator &q in (1.39) gen-
erates a s.c. analytic semigroup not only on LZ(Q) x LZ(Q) but also on

(LE(2), D(A1,q)); 1, X (L5 (), D(A2,)),

~ 2

Bg; /p(Q). Hence the feedback operator A, = A in (2.19) similarly gener-
ates a s.c. analytic semigroup on these spaces, being a bounded perturbation
of the operator A,;. So we can estimate (5.1a) in the norm of either of these

~o_2
1 in particular on Bi,p /"(Q) X

spaces. Furthermore, the (point) spectrum of the generator 1&2 N on (Y2)%,

satisfies sup{Re o (A y)} < —[An+1| < —70 by assumption. Thus, we have

AZ,NtH < Me b ¢ 0. 5.1b
He LB B ey S T (5.10)

We shall carry our the supplemental computations explicitly in the space

~ 2 ~ 2
Bg; I (Q) x Bg;, /v (Q) for the case of greatest interest in the nonlinear analysis

of Sections 9 and 10 of [29]. In the norm of Egj/"(ﬁ) X ﬁﬁ;%’ (), we obtain
from (5.1a) since the operators (I — Py), P, are bounded

IEn @l < [|eiten ) + / t lux(r)|dr (5.2)

IEn Ollge-70 g g3y < O 1€ (0)

’6&27N(t77)

ls oy o o
By, P(Q)xBg, P (Q)

t
+C / e dr | Py (5.3)
0

_2/ ~o_2 .
i P(@)xB;, P (@)
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recalling (5.1b) and estimate (2.16b) or (4.7) for [juy]| in the 153;2/%) X

~ 2
Bg;/‘“(w)—norm. Since we may choose v > ¢ by Theorem 2.1, we then obtain

as Cn(0) = (I — Pn)ng by (2.12):

HCN(t) Hf,’i;z/p Q) Xﬁi:j/:ﬂ Q)

ot el — e—(v—0)t
e P e L
a,p

Y= P (@)xBl, P ()

< Ce ! ||1]0||]§2, vt > 0. (5.4)

2 ~o_2
P (@)xBL P @)

Then, estimate (5.4) for ¢ (t) along with estimate (4.7) for 1 (¢) with v > g
yields the desired estimate (2.21) for n = ny+¢{ in the B?Ij/P () ngj/P (Q)-
norm:
In(6)l52 2,
S ||<N(t) ||]~3(21;)2/p (Q) X§3;2/P (Q

< [Croemt + Coe™| Imolla-
a,p

(@)xB2, 77 ()

) + ||77N(t)||]~3§;2/p (Q)ng;z/p Q)

2 ~9_2
P @)xBi, P (@)

S C’Yoe_%t HT/OHE?f (5.5)
a,p

2 ~9_2
" ()xBi, P (Q)

and (2.22) is proved. Computations similar to these from (5.1a) to (5.4) apply
also in the LZ(Q) xLZ(Q2)-norm for ¢ 5 (¢), as the operator &q in (1.39) generates
a s.c. analytic semigroup on LZ(€Q) x LZ(Q), as noted in Theorem 1.2(vii).
This, coupled with estimate (2.16a) for ny(t), yields estimate (2.20) for the
n = ny + ¢x with LL(Q) x LL(Q)-norm. Computations such as those in
[6, p. 1473] using the analyticity of the semigroup e*#! show the alternative

estimates (2.21) of Theorem 2.2. Theorem 2.2 is established.
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