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ABSTRACT. We prove advanced reqularity results for solutions to a
sixzth order equation arising in the mechanical Kirchhoff-Love’s type
model of the static equilibrium of a nanoplate in bending. Such reg-
ularity properties play a crucial role in the treatment, among others,
of the inverse problem consisting in the determination of the Winkler
coefficient of a nanoplate.
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1. Introduction

This work is within a line of research that intends to further the investigation
of recent models for two-dimensional nanomechanical systems, which we will
refer as nanoplates. In particular, we analyse the regularity properties of the
solutions of the direct problem describing the static equilibrium of nanoplates
as fundamental tools for the subsequent study of related inverse problems. The
modelling of nanostructures has specific challenges due to the presence of small-
scale phenomena. Indeed, classical continuum mechanics lacks its predictive
capability. In recent years, many theories have been proposed in the field
of linear elasticity to model nanostructures. Among these, we mention the
Simplified Strain Gradient Elasticity Theory (SSGET) introduced by Lam [5]
and some recent developments that address the study of the Kirchhoff-Love
nanoplate using SSGET [4, 7].

In our recent paper [2], we consider the issue of the identification of the
Winkler coefficient k& of the elastic foundation for a nanoplate from the mea-
surement of the deflection produced by a given concentrated force fd(FPp) at
an internal point Py. We also assume that the nanoplate is clamped at the
boundary and we set 2 C R? to be the middle surface of the nanoplate, hav-
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ing constant thickness t. According to the Winkler model and working in
the framework of the Kirchhoff-Love theory in infinitesimal deformation, the
transversal displacement w of the nanoplate satisfies the following boundary
value problem

0? 0w
= ((p. phoy_Z =
89:¢<9xj (( hm * Ulm)axlaIm

0 93w .
_a—xk <Qijklmnaxlaxmaxn>) + kw = fép,, inQ, (1)

w =0, on 092,
W, =0, on 09,
Wynn = 07 on 0f2.

where n is the unit outer normal to 92 and the summation over repeated
indexes ,j,k,l,m,n = 1,2 is assumed. Here, f € R, f > 0 and Pijlm7Pi};'lm
are the Cartesian components of the fourth-order tensors P,P" respectively,
whereas Q;;kimn are the components of the sixth-order tensor Q. Let us also
observe that the fourth order tensor P describes the material response in the
classical Kirchhoff-Love theory, while P, Q take into account the parameters
peculiar to the small size effect.

As main result in [2], we prove that for P,P" € W2 (Q) N H*+5(Q), and
Q € W3°(Q) N H3T5(Q), satisfying some suitable isotropic and strong convex-
ity conditions (see the assumptions ii), iii) in Section 2), if w; € HZ (), i = 1,2,
is the solution to (1) for Winkler coefficient k = k; € LN H*(Q2), i = 1,2 and
if for a given € > 0

lwy —wallL2) <€, (2)

then for every o > 0 the following Holder estimate holds
k1 — kol z2(q,) < Ce”

where Q, = {z € Q : dist(z,0Q) > o} and C > 0,5 € (0,1) are constants
depending on the a priori data and on ¢ only.

As is common when tackling inverse problems, the preliminary study of
the fine properties of the solutions to governing equations are instrumental to
theoretical results such as unique continuation estimates as well as quantitative
stability estimates for inverse problems. In this respect, in the present paper
we consider the following sixth order partial differential equation

0%u
0x,0%,,

0 O3u .
+ P (Qijklmnmm) ) =g inQ, (3)
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and we are interested in analyzing the regularity properties of its solutions
under suitable assumptions on the coefficients and the source term g. More
precisely, our main purpose is to prove the following.

Let g € H*(Q), for some 0 < s < 1 and let w € HZ(Q) be a weak solution
to (3), where P,P"* € W2°°(Q) N H?**5(Q), Q € W3>(Q) N H3*5(Q), satisfy
some suitable isotropic and strong convexity conditions (see (8)-(9) and (14)-
(15)) . Then for every o > 0, we have that

lullzs++a,) < € (lullsg) + gl ) (4)

2
where C' > 0 is a constant depending on the a priori data and on o only.

The proof of the above mentioned stability result fundamentally relies on
the smoothness property at hand. Without ambitions of completeness, we try
to give the reader an idea of the argument adopted in [2] and where the use of
regularity strongly comes into play.

It is easy to observed that if we set u = w; — ws, then u is a solution to

0%u

52
) 0x;0x,,

8xi6xj

( — (Pijim + Pl
9 du .
+ R (Q”klm”axlaxm> ) —kou = (ko — k1)w; inQ, (5)

or rather a solution to (3) with g = kou + (ko — k1)wr € H*(Q2). Thanks to
the regularity result, we may infer that u € H5+*(2,) and, combining the well
known interpolation inequality

_6 _s
lull o) < Cllull e o) lull e,

with (2) and (4), we obtain the following control on the sixth order terms by

means of the lower order ones and of measurement error, namely

6
6+s s
||u||H6(er) < ¢ (||u||H3(Q%) + ||gHH>(Q)> . £6+s (6)

By exploiting again the equation (5), the estimate (6) and standard energy
bounds, we can obtain the following estimate

2s

/ (ky — kp)?w? < Cevss .
Qs

Finally, thanks to strong unique continuation estimates, which in turn rely on
preliminary regularity results of the solutions, we end up with

/ (ky — kg)? < Ce?8 .
Qo



(4 of 14) G. ALESSANDRINI ET AL.

Our goal in this notes is to provide a detailed proof of Proposition 4.1 in

[2] .

Let us observe that, although the method of proof is based on the path
traced in [1], [3], our result improves upon the more classical ones because of
the less restrictive conditions on the smoothness of the coefficients and because
we are considering fractional exponent Sobolev spaces. Another new feature
of the present result is that we keep constructive track of the dependence of
constants on a priori data, which is a fundamental aspect when dealing with
quantitative estimate of stability in inverse problem.

2. The nanoplate model

L, L) with middle surface § represented by

Let us consider a nanoplate € x (—5, 5
a bounded domain of R? and having constant thickness ¢, t << diam(Q2). We
assume that the boundary 9 of Q is of class C*! with constants pg, My and
that

|Q| < Mlpga

where M is a positive constant.
We consider the following equation

div (div ((P 4+ P")V?w)) — div (div (div (QV3w))) = g, in Q, (7)

where, for the sake of simplicity, the compact notation in the left hand side
denotes the following sixth order elliptic operator

0? h 0w 0 Pw
Pin; ((Pijlm + Pijlm)m . (Q”’“lm"axlaxm»’

where the summation over repeated indexes i, j, k, [, m,n = 1,2 is implied.

We shall denote byAM2/,\M3 the Banach spaces of second order and third
order tensors and by M2, M3 the corresponding subspaces of tensors having
components invariant with respect to permutations of all the indexes. More-
over, the space of bounded linear operators between Banach spaces X and Y
will be denoted by L(X,Y).

On the elasticity tensors P, P*, Q we make the following assumptions:

i) Regularity

||P||W2=°°(Q,£(I\AAI2M2)) < A1pg, ||P||H2+s(g,1;(M2M2)) < Ang,
||Ph||W2v°C(Q,L(I\7H2,M2)) < Alpg, HPh”H2+s(Q7L(M27M2)) < A2p87
||Q||W3=°°(Q,L(I\7H3,M3)) < Alpgv ||Q||H3+S(Q7L(M37MS)) < A2,087

where A1, Ay are positive constants.
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i1) Isotropy

Pogys = B((1 = v)0a~0ps + V0apdys), (8)
ngﬁw = (2a2 + 5a1)0a,08s5 + (—a1 — a2 + a9)dadys,

1 1
= (b0 — 361)84;8ndtm + + 7 (bo = 3b1) (8 (Bs10mn + Djmin)

3
+@MM%m+%ﬁw>+%@m@@m+MJMH
+ Qo(0n(8510km + OimOn1) + 0in(0510km + 0jmOri)), 9)

where Q(Qg + 2@9) = 561
The bending stiffness (per unit length) B = B(x) is given by the function

Qijklmn =

t3E(z)

B@) = sa—rmy

a.e. in Q,

where the Young’s modulus F and the Poisson’s coefficient v of the material
can be written in terms of the Lamé moduli x and A as follows
() (2p(x) + 3A(2))

o) =" @

v(z) = &
2(p(z) + A(z))

The coefficients a;(x), i =0, 1,2, are given by

2

= B,u(m)tl%, as(x) = p(x)tlZ ae. in Q, (10)

ao(x) = 2u(2)ti2, ai(z)

where the material length scale parameters [; are assumed to be positive con-
stants. We denote
= Hlin{lo7 ll, 12}

The coefficients b;(z), i = 0,1, are given by

¢ 2t ,
bo(x) = 2u(x)ﬁlg, bi(x) = gu(x)ﬁlf a.e. in €. (11)

i) Strong convezity for P+ P", Q.
We assume the following ellipticity conditions on p and A:

pw(x) > ap >0, 2u(x)+3A(x) > >0 ae in Q, (12)
where g, 79 are positive constants. By (10), (11) and (12) we also have

ai(z) > ti*al >0, 1=0,1,2,

. a.e. in €, 13
bi(x) > 1B >0, j=0,1, (13)



(6 of 14) G. ALESSANDRINI ET AL.

where aff = Zap and ]} = F5a0.
By (12), (13) we obtain the following strong convexity conditions on P+ P"

and Q. For every A € M?2 we have
(P+PMA- A >t +1%)&|AP? ae. in Q (14)
for every B € M? we have
QB - B > t*1?¢|B* ae.in (15)

where &p, &g are positive constants only depending on g and 7.
In the sequel, we will refer to the set of parameters

P0, M07 M17 Qo, 7o, ta la Ala AQ

as the a priori data, whereas the dimensional parameter pg shall appear explic-
itly in our estimates.

3. Main Result

THEOREM 3.1. Let w € H3(Q) be a weak solution to (7) with g € H*(Q). For
any o > 0, we have that

lwlloss(o,y) < C (lwllms@q,) + lglm@) -

2 PO
where C > 0 depends on the a priori data, on o and on s only.

Before proving Theorem 3.1, let us state the following lemma whose proof
can be carried out by slightly adapting the proof of Theorem 3.9 in [6].

LEMMA 3.2. Let w € H3(B,) be a weak solution to (7) with g € L*(B,). We
have that w € H%(Bg) and

lollosg) < € (lwllismg) + lgllas.) )

o
2

where C' > 0 depends only on aq, Yo, pio, LA

pi()’
Proof of Theorem 3.1. By straightforward computation,

3
div (div (PVw)) = BA*w+ Y CoDw, (16)

|a|=2

3
div (div (P"V?w)) = B"A*w+ Y ChD"w,
|a]=2
5
div (div (div (QV?w))) = BA3w + Z CoD*w, (17)
|a|=3
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where B = by + 2b,, B" = qy +4ay + az; Coq, Cg involve up to the second order
derivatives of B, v, ag,a1,as and C, involve up to the third order derivatives
of bo, bl.
Let us denote
Lw = —div (div (P + P")V2w)) + div (div (div (QV3w))).
In view of (16)—(17), we may rewrite Lw in the form
Lw = BA3w + Lo(w),
with
5
Lo(w) = Z doD%w,
|a]=2

where d, involve up to third order derivative of B, v, u.
Therefore we may rewrite (7) as follows

BA3w + Lo(w) = —g. (18)

We now localize the equation by considering a cut-off function ¢ with the fol-
lowing properties. We assume without loss of generality that 0 € , Bgr(0) C
Q. Let ¢ € C§°(9) such that supp(p) C B,(0) with p = 2R and

R
0<ep(x)<1l, ¢=1 for |a:|§§,

Let us consider the function
v =we .

We have that
A3 (v) = pA%w + Fy(w, ) (19)

where
Fo(w,p) = {[QV@ - V(A%w) + ApA?w]
+4[V(Ap) - V(Aw) + 2V3%¢ - V2 (Aw) + Vo - V(A%w)]
+ 2[A%wAp + 2V (Aw) - V(Ap) + AwA?¢]
+4[VZ(Aw) - V2o + 2V3w - V3o + V2w - V2(Ap)]+
+ 4[V(Aw) - V(Ap) + 2V2w - V2(Ap) + Vuw - V(A2p)]

5
+ [AwA?p + 2Vw - V(A2 p) + wA3<p]} = Z ea D571l Dw.
|a|=0
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By (18) and (19), we have that

L(v) = BA3v 4 Lo(v)
= BlpA®w + Fy(w, 9)] + Lo(v) — pLo(w) + pLo(w)
= @(BAw + Lo(w)) + Lo(v) — pLo(w) + BFy(w, p)
= —pg + Lo(v) — ¢Lo(w) + BFy(w, ),

which leads to
A3 0g  pLo(w)

== -1 —— -+ F .
v B B + O(TU,QO)
Let us set
p(x)g(@)  p(@)Lo(w)(x
F == - = F .
@) =255 S Folw. ) (o)
‘We notice that
||w||H6+s(B§) = ”’UHH6+S(B§) < vl gro+s(Ban)

<o [ ariernora)

where with © we denote the Fourier transform of v. We wish to obtain a bound
on the last term on the right hand side of the above inequality.
In this respect we recall that

Adu(€) = (2mi)°(¢[°0(¢) ,

which leads to R
(2m0)°[¢|°0(€) = F(€). (20)

After straightforward computation, since (1 + )% < 32(1 + %) for 2 > 0,
we have

L+ 1€ o(€)1* < 32[(1 + [€1*)*[0(&)1* + (1 + [€*)*(€]°[o()])?).
Combining the above inequality and (20) we obtain that
L+ 10(6)P < CIA+ [EP)*[0(€)1* + (1 + [€7)*(IF ()]

where C' is an absolute positive constant.
Integrating the above inequality over R? we get

ol qaey < C (190 oy + 1 E Ve sy )
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From the Plancherel identity we deduce that
ol e ey < C (101 oy + 1P 1)) (21)
From one hand we have
[0 Fro+s g2y > HU”%IGJrS(B%(O)) = ||w|\12qﬁ+s(3§(0))’
on the other hand

01177 2y < N0llFrsrey < Nlwllzrs s, o)) (22)

Hence, by combining (21)-(22), we have that
lwlrerea copy < € (I0lras, oy + I1F e e ) - (23)
2

Next, we wish to bound the term ||F|| g+ (r2). We trivially observe that

pLo(w)

1l < | % | > H -
He(R?)

o, )]l ey + H (24)

He(R?)

We bound each term on the right hand side of (24) separately starting from
194]]s = |42l 7+ (r2). In this respect we recall that B(x) = (bo(x) + 2b1(x)), so
that, by (11), (12), there exists a positive constant By, only depending on I, ¢,
o, such that B(z) > By in Q. Hence we can deduce that

15 e < 5
BllLe~) = By

H ( )H |V‘PHL°°(Q +IVB| =) <C,

where C' > 0 is a constant depending on the a priori data.
We recall that

// |24 (x) (y)!dd 3
z éw Y S |2+2s :

15

5115

wYg
[ F e
L2(R™) B lsR2

where

We have that

— . 25
sy < Bolollioco (2)

-1

L2(R?)
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Moreover, we have that for any z,y € B,

(o) @ (Fo)

<2 [ o] +2[(50 - £w) o]
=2(2@) lo(x) — 9P +2 (£ - L) o)l
In view of the regularity of ¢ and B we may bound
50 £0l< 5 ()l i

Hence from the two formulas above we deduce that

‘(%) (z) — (%) (y)‘g =2 ‘%(w)r l9(z) — g(y)|* + 2C%|z — yPlg(y)[?

It follows that

<p9 (y)I? / /
T < V= dy
SR2 C/ / Ix_ ‘2—&-25 +C _y|2.s
2+c/ / 97
e B, |~T - y|2S @7)

By Fubini’s formula we have that
1
2 / e de | dy.
B, |z —y[**

=/ l9(y)
[, me =,
Let us now show that there exists a contant C' > 0 such that for any y € B,
we have that

For a fixed y € B,, we set z = y — x. Hence, by a change of variable

1 1
/ 728(133:/ —QSdz
B, 1z =yl B,() |2l

By noticing that B,(y) C B, and by standard computations based on the use
polar coordinates we have that

/ #da:g/ 1 dz < T 92(1=9) 2(1=s)
B, |t —y[* Bap(y) 2% lL—s
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Hence we have that

/ / |25dy < Cllgllz2(s,) - (28)

Combining (27) and (28) we have

v91? ) ,
|:§:| R < C([g]s,BP + ||g||L2(Bp)) . (29)

Namely, by (25) and (29),

Y9
1% < cliglia, -

We now handle the term ||Fy||s appearing in the right hand side of (24) . We
observe that, in view of the regularity of ¢, and since the expression of Fj
involves at most fifth order derivatives of w, reasoning as above we get

[Folls < Cllwllas+s(s,) -

We now analyze the term H “"L(’Tg(w) and in this respect we recall that
5
=Y doDw
|| =2
We recall that
L L L
H<P o(w) || _ HSO o(w) n {‘PO(U))} ' (30)
B s B L2(R2?) B s,R2

In view of the regularity of the coefficients we easily bound the first term on
the right hand side of (30), namely we have

|ecoe oLo(w)

1
B L2(R?) H B = BH O(U})HL2(B;J) = ||w||H5(Bp)

L?(Bp)

For what concern the second term on the right hand side of (30), we first
observe that in view of (26) we have that

B <,0£()B(w)(y)’ < ClLo(w)(x) = Lo(w)(y)| + Cla = yl[Lo(w)(y)|
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Hence we obtain

elow)]® [ |(M°T%M<w))—(“’£°Ts(m(y))\2d
B s,R2 - R2 o R2 ‘m_y|2+2$ Y

[(Lo(w)(x)) — (Lo(w)(y))]?
< C/Bp dx/ | dy

T — |2+25

+C/ dx/ ‘.’L‘— |23 dy—.[1+]2

We notice that, arguing as above, we can obtain the following bound for the
integral I, namely

L<C | |(Low)®) < Clwliss,) -

B,
We now handle the integral I;. In this respect we notice that
5

Y da(@)D%w(x) = Y dal(y) D w(y)
jal=2

|| =2

[(Lo(w)(x)) — (Lo(w)(y))> =

Y (da(@)Dw(@) + da(2)D*w(y) — da(z) D*w(y) + da(y) D" w(y))
|a|=2

5
> (da(@)(D*w(x)~ D*w(y))

|| =2

2

5

S (da(@) —da()) D w(y)

loe|=2

2
+C

2

<C (31)

where C' > 0 is an absolute constant. In view of the regularity of d, we have
that

|da () = da(y)| < [[Vdal[L~B,)lx —yl,  Vz,yc B,

Hence, by (30)-(31) we have that

[(Lo(w)(2)) = (Lo(w)(y))[*
5 5
<C Y [D%(z) = D*w(y)* +C Y |o—yl’ID w(y).

le|=2 loe|=2
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Therefore, we have

D w(a) = Dw(y)P
R R

|a|=2
[Dw(y)|*
+CZ/dx/ |a:— ‘29 dy
|a=2
> 1
ZDQ s,B, +CZ/ (/B x_y|28dx>dy
|=2 |o¢\ 2
<cC Z [Dw]? p, +C Z IDwl[|72p, < C Z IDwl]? 5,
|=2 la|=2 la|=2
It follows that
2 5
(pﬁo(w) «a
(25 <0 Y ID%ull s, + Clulyecs,) < Clolfyecs,y
S |a|=2
and hence Lo
pLolw
HB . < Cllwl|lgss,) -

Finally, we have that ||F||H9(R2) S C (”g”H*(Bp) + ||w||H6(Bp)) .

From (23) we have that
HwHHB*S(B%) <C (HwHH?’(Bp) + gl &+ (B,) + ||w||H6(Bp)) .
We now use Lemma 3.2 and we get

wllzes,) < C (lwllas(Bsr) + 9llL2(Bsr)) -

It follows that ||wHHa+s(BE) < Clgllas(Ber) + 1wl 53 (Bsr))- O
2
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