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ABSTRACT. Via the global bifurcation theorem due to Rabinowitz, the
paper shows bifurcation properties of the solutions of the following non-
linear Dirichlet problem, involving a double phase operator, that is

—A%u — vAyu = Aa(z)|u|™u+ f(z,u) in Q,
u=20 on 052,

where l <m <p< N, p/m<1+4+1/N and \,v € R.
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1. Introduction

Motivated by the celebrated results contained in [4, 8, 12], we wrote this note
on a problem somehow connected with the models studied by Mitidieri and his
collaborators in these well known papers. More specifically, this paper deals
with bifurcation properties of (weak) solutions of the nonlinear double phase
elliptic Dirichlet problem

—A%u — vAyu = Aa(x)|u|™u+ f(z,u) in Q,
u=20 on 02, (P)
1
l<m<p<N, £<1+—, ANy EeER,
m N

where Q ¢ RY is a bounded domain with C2-boundary,
a,, _ 13 -2
Abu = div(a(x)|DulP~*Du)

and a is a positive weight of class C%1(€2), throughout the paper.
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Problems like (P) arise from the prototype equation
up = Apu+ Apu+ f(x,u),

where u generally stands for a concentration, Afu + A,,u is the diffusion with
coefficient a|Du|P=2 + |Du|™~2, while f(z,u) stands for the reaction term re-
lated to source and loss processes, see Cherfils and II'yasov [10] and Singer [27]
for more details. In order to describe the behavior of strongly anisotropic ma-
terials, also known as the Lavrentiev phenomenon, Zhikov first introduced the
functional

/ (a(@)|Vul? + |Vul™)dz, 1)
Q

where a is an auxiliary tool for regulating the mixture between two different
materials by hardening p and m, respectively, see for instance [29]. Moreover,
in [19, 20], in view of the Marcellini terminology, the functional (1) appears in
the class of the integral functionals, having non-standard growth conditions.
In [5, 6, 7], Mingione et al. investigate the interior regularity results primarily
for minimizers of (1) and obtained sharp results when p > m and a > 0 in
Q. A detailed historical survey of the recent developments on the subject as
well as its applications can be found in [21] due to Mingione and R&dulescu.
Recently, the double phase operator has been widely investigated to describe
the steady-state solutions of reaction-diffusion problems in biophysics, plasma
physics, and chemical reaction analysis, see [9, 29, 30] and the references cited
therein. More precisely, Liu and Dai in [18] study the existence and multiplicity
results of the sign-changing ground state solution of the problem

2
u =0, on Of. 2)

{—A;u —Apu=f(z,u) inQ
Furthermore, the detailed spectral analysis and the existence and multiplicity
of a nonlinear elliptic Dirichlet problem involving a double phase operator are
presented in [22] by Papageorgiou, Pudetko and R&dulescu. More recently, the
existence of solutions of the critical equation

— A — Apu = dw(x)[uP~2u + [uff" 2u in RY,

is proved in [24] by variational methods.

In order to state our results, we need to fix some basic notations for the
Musielak-Orlicz space. A convex, left-continuous function ¢ : [0, 00) — [0, c0).
with

0)=0 d 1 t)=0
¢(0) and  lim ¢(¢)
is called a ®-function. A ®-function is said to be positive, if ¢(t) > 0 for all
t>0.
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Furthermore, a function ¢ : Q x [0,00) — [0,00) is called a generalized
®-function, if

(1) ¢(z,-) is a O-function for all x € €
(#4) ¢(-,t) is measurable for all ¢ > 0.

From here on, ®(£2) denotes the set of all generalized ®-functions. Finally,
¢ € ®(Q) is said to be locally integrable, if ¢(-,t) € L*(Q) for all ¢ > 0.

Let £ : 2 x [0,00) — [0,00) be the function (z,t) — t" + a(x)t? for z € Q
and t > 0, with 1 <m < pand 0 < a € L'(Q). Tt is clear that & is in ®(£),
that & is locally integrable and that £ satisfies the condition (Aj), that is,

&(x,2t) < 2P&(x,t) for a.e. x € Qand t > 0.
Recall that the Musielak-Orlicz space L¢((2) is
L5(Q) = {u: Q — R is measurable : p¢(u) < oo},

where pg¢ is the modular function defined by

P&(U)=/Q€(MUI)dx=/Q[a(x)\UI“rIU\m]dw-

The space L¢(Q) is equipped with the Luxemburg norm
lulle = if {£> 0+ pe(uft) < 1.

The Musielak-Orlicz space L%(Q) is proved to be a separable and uniformly
convex (and so reflexive) Banach space.
The corresponding Musielak-Orlicz-Sobolev space is

W (Q) = {u e L5(Q) : |Du| € L*(Q)},
endowed with the norm
lullie = lJulle + [ Dulle,

where [[Dulle = [[[Dul[le-
It is well known that W1¢(Q) is a separable and uniformly convex (and so
reflexive) Banach space. Moreover,

W@ = @)

is again a separable and uniformly convex (and so reflexive) Banach space. For
more details on the Musielak-Orlicz theory we refer to [11, 14, 18] and to the
references therein.
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Thanks to the fact that a is a positive weight of class C%1(Q) and to the
Poincaré inequality, in VVO1 < (©) we consider the equivalent norm

|ull = ||[Dull¢, for any u € Wol’g(Q).

The dual space of Wg**(€) is simply denoted by Wg**(Q)*.

In order to state the main result of the paper we need to use the p-
Muckenhoupt class A, (), as introduced by Muckenhoupt in 1972 in connection
with the properties of the Hardy-Littlewood maximal operators. Following [1,
Definition 1.4.3], we say that a function w is a weight in the open set , if
w € L () and w > 0 a.e. in Q. Moreover, we say that a weight w is

a p-Muckenhoupt weight, p > 1, and we write w € ZP(Q)7 if w satisfies the

condition
1 1 Pt
sup —/ wd:c) </ wl/(lp)dz> < 0.
BCQ<|B| B |B| /s

We are now ready to state the main assumptions of the paper.
(H) a € COM Q)N A,(Q), a >0 in Q;
(f1) f = f(z,t) satisfies the Carathéodory condition;
(f2) |f(z,t)] = o(]t|™"!) as t — 0 uniformly a.e. with respect to z € Q;
(

f3) There exist a constant C' > 0 and an exponent r, with m < r < m*, such
that for all t € R

|[f(z. ) <O

uniformly a.e. for x € ), where

Let us note in passing that p < m*, since throughout the paper we require
that 1 <m < p < N and p/m < 1+ 1/N. We are now able to state the main
results of the paper.

THEOREM 1.1. Let the assumptions (H), (f1)—(f3) hold and let v = 1. Then,
when a = 1, the positive (weak) solutions of problem (P) have a bifurcation
point at (0,0). Moreover, there exists a component Co in R x Wo*(Q) of the
positive (weak) solutions of (P), such that its closure contains (0,0), and Cy is
unbounded.
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Let us also consider

a _ —2 .
—Afu = pa(z)|ulP~*u, in Q
u =0, on 012, (EP)
1
l<m<p<N, Y142,
m N

and let A; denote the first eigenvalue of (EP), see the next Section 3 for details.

THEOREM 1.2. Assume that (H) holds and let A in (P) be such that 0 < A < A1.
Let f satisfy (f1) and

(fa) There exists k such that 0 < kK < Ay — A and for all t € R
|f (2, 1)] < ra(z)|tP~!
uniformly a.e. in x € Q.

If (ug)k is an unbounded sequence in VVOL5 (Q) consisting of (weak) solutions of
problem (P) corresponding to (v)r C R, then vy, — 0 as k — oc.

The organization of this paper is as follows. Section 2 contains some defi-
nitions and key lemmas useful in what follows. Section 3 deals with the basic
bifurcation properties of the fundamental operator of (P) via the topological
degree. In particular, Section 3 contains the proof of bifurcation at (0,0) for
a problem related to (P). Finally. Section 3 presents also the proof of Theo-
rem 1.1 and Theorem 1.2.

2. Preliminaries

We assume, throughout the paper and without further mentioning, that

1
l<m<p<N, £<1+77
m N

and that assumptions (H) and (f1) hold.
In this section, we first introduce some notations, definitions, and properties
of the functional setting for (P), useful for the proofs of the main results of the

paper.
Let us introduce the operators Ay, A, : WiHQ) — Wol’ﬁ(Q)* defined
pointwise for all u, v € V[/'Ol’5 (Q) by
(A7 (u),v) :/(a(x)|Du|p72Du,Dv)dx
Q
(A (u),v) :/(|Du|m72Du, Dv)dz.
Q

Put J = AJ + vA,,, then
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DEFINITION 2.1. Let G, F': Wol’g(Q) — W5 (Q)* be defined pointwise for any
u, v E Wol’E(Q) by

(G(u),v):/Qa(x)|u\m_2uvdx, (F(u),v) :/Qf(x,u)vdx.

A function u € Wol’f(ﬂ) is called a (weak) solution of (P) if
J(u) = AG(u) — F(u) =0  in W3 *(Q)*. (4)

If (\n)n CRand (up), C Wol’g(Q) is a sequence of nontrivial solutions of (P)
such that (A, u,) — (0,0) as n — oo, then (0,0) is called to be a bifurcation
point of (P). Furthermore, if

C={(\u) e Rx Wy*(): u0and () u) solves (P)}

is a connected set in R x WO1 ’E(Q), then C is called a component of nontrivial
solutions of (P).

For more details, we refer for instance to [26]. The next embedding results
are particularly useful in what follows. Let us note in passing that the next two
lemmas continue to hold under the weaker request that a is a positive weight
of class C%1(Q).

LEMMA 2.2 ([17, Chapter 6]). The following properties hold true.
(a) LE(Q) = LO(Q) and Wyt (Q) < W () continuously for all p € [1,m];

(b) The embedding Wy *(Q) — L°(Q) is continuous for all p € [1,m*] and
compact for all p € [1,m*).

LEMMA 2.3 ([23, Lemma 2 and Proposition 1]). Consider &y(x,t) = a(x)t?. Let
L% () be the corresponding Banach space, equipped with the Luzemburg norm
|- lle, associated to the modular function

o) = [ ata)fupda.
Let Wol’gu (Q) be the Banach space, endowed with the norm || Dulle,. Then the
embedding Wy (€2) < L% (Q) is compact. Moreover,

(a) If |Dul € L& (Q), then pe,(Dul) < 1 (resp. =1, > 1) & [|Dullle, < 1
(resp. =1, > 1).

0) MDullle, = 0 < pey(|Dul) = 0 and |[[Dullle, = 00 < pg, (| Dul) — oco.
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Finally, the embedding Wy *(€2) — Wy (Q) is continuous.
LEMMA 2.4 ([17, Section 3.2]). The following properties hold.
(a) |lull <1 (resp. =1;>1) < pe(|Dul) <1 (resp. =1; >1);
(0) [lull = 0 < pe(|Dul) = 0 and [ju]| = oo < pe(|Dul) = oo.

LEMMA 2.5 ([22, Proposition 10]). The operator A% : Wy (Q) — Wy*(Q)*
is of type (S)+.

LEMMA 2.6. The operator Ay, : Wy ™ (Q) — Wy "™ (Q)* is of type (S); .
Proof. Consider a sequence (uy,), C Wy "™ (2) such that

U, — uwin Wy™(Q) and  limsup(A,, (un), u, — u) < 0.

n—oo

We claim that (A, (u), u,—u) — 0 asn — co. In fact, since u, — u in Wy "™ (Q),
in particular Du, — Du in [L™(Q)]Y as n — oo and clearly |Du|™ ! is
in L™ (). This gives at once that as n — oo

(A (w),uy —u) = / (|Du|™ 2 Du, Du,, — Du)dx — 0.
Q

Therefore, the convexity and the fact that limsup,, . (Am(un), un —u) <0
imply
0 < limsup(A,, (un) — A(u), u, —u) <O0.
n—oo

In other words,

lim (A, (un) — A(w), up, —u) =0, (5)

n— oo
that is the sequence n + (|Du,|™ 2Du,, — |Du|™ 2Du, Du,, — Du) > 0 con-
verges to 0 in L'(Q). Hence, up to a subsequence, still denoted in the same
way,

(|Duy|™ 2 Du,, — |Du|™ %Du, Du, — Du) = 0 a.e. in Q.

By virtue of [13, Lemma 3], we also have Du,, — Du a.e. in €. Furthermore,
the Brézis-Lieb theorem gives as n — oo

[Dulli = [ Dunlly = [1Dun = Dull7 + o(1).

and
lim (A, (un), un, —u) = 0.

n— oo
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Consequently, combining all the above facts, we get
o(1) = (Am(un), un — u)
:/ | D, |™2(Duy,, Dy, — Du)dx
Q

— |Du = [ |Dun | (Duy, D)
Q

= [[1Dullin + [|Dun — Dullzy — [[Dull; 4 o(1)
= [[Dun = Dull7 + o(1)

being |Du, | 2Du,, — |Du|™ 2Du in [L™ (Q)]N. Thus, ||Du, — Dul|” — 0
as n — oo, that is u, — u in Wy (Q), as required. O

We are now in a position to prove the next result.

LEMMA 2.7. Let either (fa) or (f2) and (fs) hold. Then, the operators G, F,

given in Definition 2.1, are continuous and compact in Wol’E(Q).
Furthermore, if (f2) and (f3) hold, then F satisfies

1@l <@- _ IHE ()l m ()~

. ———— m—1
>0 flul™ IDullm—0 || Dul|m

=0. (6)

Proof. Let us first prove that G and F are compact. To this aim, fix ¢
in Wy(Q), with [|¢] < 1 and a bounded sequence (w,), C Wg*(€2). Clearly,
m < p < m*, since p/m < 14 1/N. Hence Lemma 2.2 guarantees that there
exists a function w € W&’E(Q), such that w, — w in V[/Ol’g(Q)7 wy, — w in
L#P(Q), with p € [1,m*), and w,, — w a.e. in €, up to sequences if necessary.
Take any subsequence (wp, )i C (wp)n. Of course, wy, — w a.e. in Q. Thus,

a(x) [wn, |™ 2 wn, @ — alz)|w|™ 2we — 0 a.e. in Q.
Furthermore, for each measurable subset £ C €, the assumption (H), the
Holder inequality and Lemma 2.2 imply that

[, o) "2l o < allcnscey I I ol

< Crllallcos () 1w, ™ol
< Cnllalcoa(m)

being ||| < 1 and a € C%(Q). Consequently, (a(x)|wn, |™ 2wn, @), is equi-
integrable and uniformly bounded in L'(Q2). Hence, the Vitali convergence
theorem implies at once that for any ¢, with ||¢|| <1, as k — oo

(G(wny) — G(w), @) = /Q a(2) ([t ™20, — o] 20) oz — 0
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and so (G(wy) — G(w), p) — 0, since the sequence (wy, ) is arbitrary. There-
fore, as n — oo

[G(wy) — G(w)||W01,a(Q)* = \|Slﬁ51 [(G(w,) — G(w), p)| = 0.

This shows that the operator G is compact, as required. Proceeding in a similar
way, we prove that G is continuous in Wy **(Q).

Next we prove that F' is compact in Wol’E(Q). To see this, fix ¢ in VVOL5 (9}
and a sequence (uy), C Wy*(9) with u, — u in W'*(Q). Lemma 2.2 implies
that u, — w in LP(Q), with p € [1,m*). Moreover, passing eventually to
a subsequence, we can assume that u, — u a.e. in ) and that there exists
g € L®(2), such that |u,| < g a.e. in Q for all n, thanks to [3, Theorem 2.3].
Hence, (f1) gives that

fzyup)e = f(z,u)p ae. in Q.

Fix e > 0. By (f2) there exists a positive number § = §(¢), such that uniformly
for a.e. x € €,

|f(z,t)| < elt|™  for all ¢, with |¢| < 6.
In particular, assumption (f3) guarantees that uniformly for a.e. z €
|f(z, )| < Clt|"""  for all ¢, with [t| > 6.

Moreover, by (fz2) and (fs3), there exist g1 € L™(2) and g2 € L"(€2), such that
for all n and a.e. in €

[f (2, un) ] < (elun|™ " + Clun|" ™ol < Cllga|™ ™ + g2l Il (7)
When (f4) holds, there exists g3 € LP(2) such that for all n and a.e. in Q
[f (@, un)pl < a(@)|un |~ ol < a(2)lgs"~ feol- (8)
Since
[ ol + g Dlelds < g oy el + el el < o0

by (7), and

- -1
/Qa(w)lsmlp Heldz < lallco o) lgsllFm o) @]l o) < o

by (8), when either (f2) and (fs) or (f4) hold, the Lebesgue dominated con-
vergence theorem yields that

lim / (ol = / f (@ uw)pld. (9)

n—oo
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Set hn(x) = |f(z,un)el — |(f(@,un) — f(z,u))p|. Obviously, hn — |f(-,u)e]
a.e. in Q. Moreover, from the trivial fct that |h,| < |f(-,un)e| in Q, from (7)
and (8), we are able to apply once again the Lebesgue dominated convergence
theorem and get

im [ (1@ un)e] — [(F@sun) — Fla,u)p])de = / (@ w)ld.
Q Q

n—oo

Therefore, as n — oo,
sup |(F(u,) — F(u), )| = sup / |(f(z,un) — f(z,u))p|de — 0,
llell<1 llell<1

that is F' is a compact operator. Similarly, we can show that F' is continuous.

Finally, let us prove (6) under assumptions (f2) and (f3). Suppose first that
(Un)n C W t(Q), with v, # 0 for all n and with [|v,| — 0 as n — co. Set
Up = vpllvn||~t. The assumptions (f2) and (f3) guarantee that for any € > 0
there exist 6 = d() > 0 such that for any n

[ 1@ )pldn << /Q

< [ o pldz+C [ ol

[0 Ypldz + C / gl

where Qs5, = {z € Q : |u,| <5}
Fix ¢ € Wy (), with |j¢|| < 1. Lemma 2.2 and the Hélder inequality give
for all n

/ F (@, vn)pdz
Q

1
< /Q (2, v )o|da

SE/||fn|m_1<ﬁ\d$+o/“Wm_l\“nl“mﬂdx (10)
Q Q

< elBall iy 1l @y + ClTAlTe a5 Il )
< O + Collva ™™™

[[on =1

Consequently, since ¢ > 0 is arbitrary and m < r by (f3), we have

— 0, asn — oo.

/ [z, vp)odx

anllm !

This shows that the first part of(6) holds true.
To show the second part of (6), fix (uy), C Wy ™ (), with u, # 0 for all n
and with || Duy,||m — 0 asn — oo. Set Uy, = Uy | Duy||;,;,}. Since the embedding
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Wol’m(Q) — L¥(Q), with p € [1,m*), is compact, arguing as in (10), we get
for any ¢ € Wy (), with |[D¢||,, <1, as n — oo

/ [z, up)pdx
Q

1
< — T, Uy )p|dx
< ||Dun||m‘1/g|f( )¢

SE/ ‘|ﬂn|m_1<p’dac+0/ ||ﬁn\m_1|un|7_mg0’dx

Q Q

< Nl iy o) + CHRIT S Tunlyr i

< Crel| Dl 1Dl + Crl| Dty |l | D |17, ™ 1 Depll 5
< Cpe+ Cr||Dun||r7m-

1
”DunHm_l

Since m < r by (f3), we get

1
lim sup < Che.

/Qf(x, U )pdx

|m,—1
The fact that € > 0 is arbitrary completes the proof of (6) and of the lemma. O

3. Bifurcation results

Before proving Theorems 1.1, we introduce some preliminary results. We recall
that assumptions (H) and (f;) are assumed throughout the paper. By (3) the
main operator J : Wol’g(Q) — Wol‘f(Q)* is defined pointwise for u, v € W(}’E(Q)
by

<J(u),v):/a(z)|Du|p*2(Du,Dv)d:c+u/ | Du|™~2(Du, Dv)dz.
Q Q
LEMMA 3.1 ([18, Proposition 3.1]). Then, the operator J has the following

properties.

(a) The operator J is bounded (that is, J maps any bounded set into a bounded
set), continuous and strictly monotone;

(b) J satisfies condition (S)y, that is, if (un)n C Wol’g(Q) weakly converges in
W&"E(Q) to some u of Wol"g(Q) and

lim sup(J(un), Un — ’LL> <0,

n—oo
then u, — u strongly in W&’E(Q);

(¢) J is a homeomorphism.
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Properties (a) and (¢) of Lemma 3.1 yield that for any g € Wy (Q)* there
exists a unique u = K(g) € Wol’&(Q) of J(u) = g, that is u = K(g) is a weak
solution of the equation

—Aju —vAju=g. (11)
Obviously, thanks to Lemma 3.1, the operator
K - Wyt(Q)* = W3 5(Q) is a homeomorphism (12)

from the Banach space Wy '*(Q)* to the Banach space Wy*(€2). Additionally,
for any A € R, define the operator T} : Wol’g(Q) — Wol’g(Q)* pointwise for all
u, v e Wg(Q) by

(T (), v) = / A" %u — f(z,u)lvdz, (13)

where (-, ) is the dual pairing between VVol’5 (©) and I/Vol’§ (Q)*.
Now, let M1 denote the first eigenvalue of <7Am,W01’m(Q)>, that is the
problem

—Apu = Mu/™2u,  inQ (14)
u =0, on 0f2
admits a nontrivial solution in Wy (Q) and
~ Dul|™
A1 = min % (15)
ueWol’m(Q) Hu”Lm(Q)
uZ0
Let us also consider the eigenvalue problem
A, — -2 :
—Afu = pb(z)a(z)|ulP~*u, in
u =0, on 012, (16)
1
1<m<p<N, £<1+—,
m N

where a is a positive weight of class C%1(Q), the coefficient b is positive and
of class L= () and p € R. We refer to [22, Propositions 5-10] for the proof of
the next results.

LeMMA 3.2 (Eigenvalues and eigenfunctions of (16) [22, Propositions 5-10]).
Let the functions a and b be as above.

(a) There exists the smallest eigenvalue Ay p > 0 of problem (16) and moreover
the corresponding eigenfunction uyp € VVOL’30 (Q) satisfies

ury € L%(Q), and either w1, >0 or wuip <0 dn Q.
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(b) The first eigenvalue A1 p > 0 is simple and isolated, i.e. the first positive
eigenfunction corresponding to A1 is unique up to a multiplicative con-
stant and there exists a neighborhood of A, in which no other eigenvalues
lie.

Let us state the global bifurcation theorem in what follows. Suppose that
E = (E, | ) is a real Banach space. Let F : R x E — E be a continuous
and compact operator, and let L : F — FE be a linear compact operator. Take
A € R. Assume that
F(A\u) =ALu+ H(\ u),

where H(A,u) = o(||u]|) as |Ju]| — O uniformly in A, as A varies on bounded
real intervals I C R. Consider the parametric operator equation

u=F(\u), ueck. (17)

Let ¥ be the closure of the set consisting of the couples (A, u), where u is a
nontrivial (weak) solution of (17). Let r(L) denote the set of A € R, such that
there exists v € E'\ {0}, with v = ALv, i.e. r(L) consists of the reciprocals of
the real nonzero eigenvalues of L.

From now on we denote by B, and B, any open ball of F and R x E of
radius r > 0 centered at 0 € E, and (A,0) € R x E, respectively.

LEMMA 3.3 ([25, Lemma 1.2]). Let A € r(L). Suppose that there does not exist
a sub-component C of ¥ U {(A,0)}, which meets (\,0), and such that either

(1) C is unbounded, or
(ii) (X, 0) € C whenever A € (L) and X # A.

Then there exists a bounded open set O C R x E, such that 00 NV = §,
(A, 0) € O, and O contains no trivial solutions other than those in B, where
0 < € < €, and €y is the distance from X to (r(L) — {\}).

LEMMA 3.4 ([25, Lemma 1.3]). If XA € r(L) is of odd multiplicity, then ¥ pos-
sesses a mazimal sub-component C such that (A,0) € C and either

(i) C is unbounded, or
(ii) (N, 0) € C whenever X\ € r(L) and X\ # \.

We are now ready to prove the first result, applying the above results
when E = W;*(Q).
Proof of Theorem 1.1. Let us now split the proof into the following two steps.

Step 1. We claim that (0,0) is a bifurcation point of the positive (weak) solu-
tions of problem (P).
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Otherwise, if (0,0) is not a bifurcation point of problem (P), then there
exist g > 0 and ¢, with 0 < € < :\], where \; is defined by (15), such that
for any A, with |A] < e and any «a, with 0 < @ < «g, there exist no nontrivial
(weak) solutions of problem (P). Namely, from the invariance of the topological
degree,

deg(I — K o Ty, B,,0) = constant, for A\ € [—¢,¢], (18)

where I — K o Ty : Wy(Q) — Wy *(Q) and K and Ty are defined in (12)
and (13), respectively.
First fix A, with —e < A < 0. Then, define the operator

Hi(t,u) := K otTy(u) : [0,1] x Wy*(Q) = Wyt (Q).
We assert that there exists r, with 0 < r < ag, such that
if u € B, \ {0}, then u # H)(t,u) for all ¢t € [0, 1]. (19)

Otherwise, there exist sequences (un)n, (tn)n, with (un), C Wol’g(Q) and
(tn)n C [0,1], such that u, > 0 ae. in Q |lu,| — 0 in W} *(Q) and
Uy, = Hy(tn, uy) for all n. Hence,

/(a(sc)|Dun|p+ | Dup|™)dar :tn/(A|un|m b f(un)un)dz. (20)
Q Q

Fix U, = up||lus||~t. Multiplying (20) by ||u,||~™, by virtue of (6) and
Lemma 3.1, we get as n — 00

0< ||um||p—m/ a(x)|Dﬂn|pd:c+/ |\ DT, ™ da
Q Q
:)\tn/ |ﬂn\md:v+tn||un||1_m/ e, up)inda
Q Q
< )\tn/ (@™ dz + o(1) < 0,
Q

being 1 < m < p. This is impossible and so (19) holds.
Now, choosing ¢ € (0,r) and using the homotopy invariance of Hy, we
deduce that
deg(]I —Ko T)n Bea 0) = deg(H - H)\(la ')a Bea 0)
:deg(H_H)\(Oa')aBEaO) (21)
= deg(I, B, 0) = 1.

Fix now 0 < X < e. Take ¢ € L*>°(Q), with ) < 0 a.e. in £, and define the
operator T : [0,1] x Wy 5(Q) — W;*(Q)* pointwise for all ¢ € [0,1] and w,
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v e Wyt (Q) by

Ty tu).0) = [ O™ 2u+ fo.) + o),

Put
Ha(t,u) = K o Ty(t,u) : [0,1] x Wet(Q) = Wt ().

In order to show the invariance of the topological degree, we furthermore claim
that there exists rq, such that 0 < r; < ag and

if w € By, \ {0}, then w # H(t,u), for any ¢ € [0,1]. (22)

Otherwise, there exist sequences (u;);, (t;);, with (u;); € Wo*(Q), u; > 0
a.e. in Q, and (t;); C [0,1], such that |ju;|| — 0 as j — oo in Wy*(R2) and
uj = Ha(tj,u;) for all j. Hence, for any v € Wol’E(Q),

(J(u;), 0) = (T¢(t5, u5), ). (23)
Indeed, as u; — 0 in W * (), there are two possibilities either
1 ||Duj||m = 0 for all j sufficiently large; or
2 there is a subsequence (u);, such that ||[Du;, ||, # 0 for all k.

In case 1, assumptions (f3) and (f3), Lemma 2.2—(a) and the Poincaré inequa-
lity yield that

[ #eugyusds < O Bt @) < CCAIDUECAD ) =0,
Therefore,
(A 3).05) = Al Py + [ (£ + o) o
< Aoy + [ fGouusde =0

which implies that u; = 0 in Wy* () by Lemma 2.4. This contradicts the
definition of (u;);.

Put @, = uj,||Duj,|;;. The reflexivity of W, ™(Q) and the continuity
of embedding W,"™(Q) — L#(Q), with p € [1,m*), and of the embedding
W3H(Q) < W™ (), by Lemma 2.2-(a), yield that there exists & € Wy "™ (Q),
such that

Uj, —uin Wy'™(Q) and @y, — @ in LP(Q), with p € [1,m*),
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passing eventually to subsequences, if necessary. Taking v = w;, and divid-
ing || Du;, ||7v into both sides of (23), by virtue of Lemma 2.7, the variational

characterization of Xl and the fact that 0 < A < A1, we get as k — oo

||Dujk ||fn7m<AZ(ajk)a ﬁjk>

< ”Dujk ||g1_m<Ag(ajk)7ajk> + <Am(ajk)7ajk> - )‘”aijTlrfm(Q)
= ||Dujk ”;zm /Q (f(x7ujk)ujk + twujk)dx (24)

< ||Dujk||7}m/gf(m,Ujk)ujkdx — 0.

Hence, taking v = @ and multiplying (23) by ||Du;, ||t ™, Lemma 2.7 and the
fact that 1 < m < p guarantee that as k — oo

(A ),8) =l (1D 57 (A5, ) + (A, )
= i ([ I D S )n (29
+tjk,(/)|ajk |m—1 |U’jk |1_ma}dl‘>
< Nl

Now 0 < A < g < Xl. Hence, the variational characterization of :\\1 and
equation (25) imply at once that u = 0.

Moreover, in (23), putting v = @;, —@ = 4;, and multiplying by || Du;, ||5™,
using the same argument of (24), by (6), the Holder inequality and the fact
that m < p < m*, since 1 < m < p < N and p/m < 14 1/N, we obtain as
k — oo

(A (j, ), U5,) = =[] Dy, |77 (A (W5,.), W5 ) + Al | T )
Jr/Q (HDuij}nfmf(x,uJ'k)ajk +tjk¢‘ajk|m|ujk|lim)dz
< A, [I7m () +0(1)

— 0.

The fact that by Lemma 2.6 the operator A,, is of type (S;) in W, ™(Q)
implies that

), — 0 strongly in W, "™ (). (26)

This is impossible with || D, || = 1 for all k. Thus, the claim (22) is shown,
when 0 < A < e < Aj.
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Hence, since H (0, -) = KoT), choosing € € (0,71), the homotopy invariance
of H, yields that

deg(I — K o Ty, Be,0) = deg(I — Hx(0,), B.,0) (27)
= deg(I — HA(1,-),B.,0) = 0. (28)

Thus, (21)and (27) contradict (18) and so (0,0) is the bifurcation point of
equation (P) in all the cases.

The classical global bifurcation theorem in Lemma 3.4 cannot be directly
applied to the equation u = K o T)(u) because of the lack of differentiability
at u = 0 and also because of the lack of the odd-multiplicity eigenvalues of the
“double operator”. However, minor modifications and the topological degree
results (21) and (27) allow us to apply the global bifurcation theorem given
in [2, Proposition 3.5]. Consequently, the assertion of the global bifurcation
theorem for the problem (P) is still valid. Thus, (0,0) is the bifurcation point
of the positive (weak) solutions of (P), as stated. This proves the first part of
the theorem.

Step 2. Now, let us turn to the proof of the existence of the unbounded com-
ponent Cg.

For any A # 0, we first claim that (X, 0) is an isolated solution of (P). If
A < 0, similarly to the analysis of (19), we are able to show that there are no
(weak) nontrivial solutions of (P).

Fix A > 0. Assume that there exist sequences (\,), C Rt and positive
(weak) nontrivial solutions (u,), C Wg(€2), such that [Ju,|| = 0 and A, — A
as n — 0o. Therefore, multiplying the equation (P) by | Duy,||L ™, for any
n > 0 there exists N = N(n) > 0, such that for any n > N(n)

||Dun||71n_m(_A;un = Apuy) = /\n|an|m_2an + ||Dun||3n_mf(x, Up)

<(A+ n)‘an‘m_Qan + HDunH:n_mf(%un)

Similar arguments as in (25), (26) yield a contradiction. Consequently, (A, 0)
cannot meet Cgp.

Moreover, if Cy is bounded in R x Wy *(Q), it follows from Lemma 3.3 that
there is a bounded open set O C R x Wol’g(Q) such that (0,0) € O and O
contains no trivial solutions other than those in B, C R x Wol’5 (Q), withn >0
sufficiently small.

Let us now argue as in the proof of (1.11) in Lemma 1.3 in [25] (see also
the proof of [25]) to conclude that there exist 7 > 0 and the values A, A, such
that —n < A <0< A <nand i(I— K oT),0) =i(l— K oT%,0). Consequently,
(21) and (27) imply that

1=i(l—KoTy,0)=i(l— K oTx,0) =0,
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which is an obvious contradiction. Then, Cy is an unbounded component bi-
furcating from (0,0). The proof of theorem is so completed. O

Under assumption (fy), it follows from Lemma 2.7 and the definition of the
operator K that K oT) is also a compact operator in VVOLé ().

Proof of Theorem 1.2. Let (ug)r be a fixed unbounded sequence in Wol’g(Q)
consisting of (weak) solutions of problem (P) corresponding to (vx)r C RT.
For any v € Wy *(), it follows that

(Ag(ur),v) + v (A (ug),v) = /Q (Ma(@)|ukP~?up + f(z,ur))vde. (29)

We assert that vy — 0 as k — oo. Otherwise, there exist a subsequence, still
denoted for simplicity by (vx)r and « > 0, such that v > « for all k.

Now, we claim (ux) is also unbounded in Wol"go(Q).

Otherwise, if (uy)x is bounded in Wy*°(€2), Lemma 2.3(a) implies that
((Ag(ur), ur))x is bounded. Thus, (29) and assumption (f4) yield that

al|Dug || = a(Am (ug), ug) < —<Ag(uk),uk>+/(2(/\a(x)|uk|p+f(x,uk)uk)dz

IN

7<Ag(uk),uk>+2)\1/ a(z)|ug|Pdx (30)
Q
< (Ap(uk), ug).

This implies that (|| Dugl||m)x is bounded, which is impossible by Lemma 2.4
(b), since (uy) is an unbounded sequence in Wy** ().

Hence, we may assume that ||Dug||¢, > 0 for all k and that || Dugll¢, — oo,
going possibly to a subsequence if necessary. Put uy = Uk”DUkH;Jl for any k.

Then, ||uklle, = 1. By virtue of the reflexivity of Wol’go(Q) and Lemma 2.3,
there exists & € Wy'*(), such that

U —uin W (Q) and @ — @ in LE(Q). (31)

Dividing by ||Duk||éo_p and taking as test function @ in (29), from Lemma 2.7,
(30), assumptions (H), (fs) and the fact that 0 < A < Ay we get that

(Ap (), @) + villunllYe,” (Am (), @)

= ||DukH20_p/Q()\a(ac)|uk|p_2ukﬂ+f(x,uk)ﬂ)dx (32)

</\1/a(m)|ﬂk|p_117da:.
Q
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Hence,
(Ap(u),u) < )\1/ a(z)|u|Pdx
Q

and so u = 0 by Lemma 3.2. Then, similar to the argument of (32), taking
v =1 —u = u in (29), by (31), we get as k — oo

(AZ(ur), ug) < >\1/ a(x)|ug|Pdz — 0.
Q

Consequently, @y — 0 in Wol’go(Q), since the operator Af is of type (S); by

Lemma 2.5. Of course, this contradicts the fact that || Duy|¢, = 1 for all k and
shows the claim. Hence (uy)g is a bounded sequence in Wy°(€).

Then, we conclude that if (ug)x is unbounded (weak) solutions of (P), it
follows that v, — 0 as k — oo. O
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