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Local Vs Nonlocal De Giorgi Classes:

A brief guide in the homogeneous case.
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We devote this paper to celebrate Enzo’s T0th birthday.
A dear friend who loves beauty in all its aspects: beautiful sport cars (his
legendary Saabs), beautiful music, fine wines and, above all, beautiful
Mathematics such as his splendid results with Pohozaev.

ABSTRACT. We give a brief and concise guide for the analysis of the
local behavior of the elements of local and nonlocal homogeneous De
Giorgi classes: local boundedness, local Holder continuity and Harnack-
type inequalities. In the local case, we promote a simplified itinerary
in the classic theory, propaedeutic for the successive part; while in the
nonlocal case, we gather recent new developments into an unitary and
concise framework. Employing a suitable definition of De Giorgi classes,
we show a new proof of the Harnack inequality, way easier than in the
local case, that bypasses any sort of Krylov-Safonov argument or cube
decomposition.
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1. Introduction

Since the work of De Giorgi [8], that answered positively to the 19th Hilbert’s
Problem on the regularity of minima of the calculus of variations, those sets of
weakly differentiable functions in L? satisfying the energy inequalities

/BT IV(u— k)| do < <Rv_r>”/BR (1 — k)s|? do (1)

have been called De Giorgi classes, see the pioneering book [25], and have been
object of intense study ever since. The most notable advantage of studying the
local properties of elements of the De Giorgi classes relies in the fact that these
same properties are hence shown for functions satisfying an energy inequality,
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instead of minimizing a functional or satisfying an equation. In this respect,
the method is very flexible (see for instance [11] for a relaxed definition and
its links with Moser’s method [35]), and can be used to encompass a theory of
regularity for solutions to equations and minima of functionals.

Issues of Definition

When different growths are into play, a definition of De Giorgi class, and
the subsequent development of a regularity theory encumbers, as soon as the
homogeneity in (1) is lost. For instance, when an equation/functional has
an unbalanced growth, as in the case of parabolic equations (see for instance
[6,9]), or elliptic non-standard/Orlicz growth functionals (see for instance
[24,31,32,34,37]), the sole energy inequalities parallel to (1) are not sufficient
to give a complete regularity theory, since solutions may be unbounded; see [10]
for the parabolic case with 1 < p < 2, and [19,33] for the elliptic cases. This
calls for a new definition of De Giorgi class, or energy class (see [5] for the
non-standard case); and this is exactly the case of the nonlocal De Giorgi classes
(see [7] for a complete account). Roughly speaking, a crucial ingredient in the
theory of regularity for functions satisfying (1) is the assumption Wllo’f (), that
bestows a fundamental tool called Discrete Isoperimetric Inequality (see (2.8)).
Now, when considering the set of functions v € W;'”(€) satisfying the natural
parallel estimate to (1)

v
[(u— k)i]gvs,p(BTp) < ( Il(w — k)i”ZL)”(Bp)—’_

1—T1)ppsp

_ p—1
(= k)t

:
—— (v =k 2
gl e, [ R @)

even when all the quantities on the right-hand side are bounded, the afore-
mentioned Discrete Isoperimetric Inequality isn’t anymore at stake for every
s € (0,1), p > 1, and functions satisfying (2) are only proved to be bounded
(and Holder continuous for s close to 1, see [7]). Nevertheless, local weak
solutions and minima of the respective equations/functionals, enjoy stronger
energy estimates than the sole (2), see (34). The presence of an additional term
on the left-hand side (see Section 3) replaces the use of the aforementioned
Discrete Isoperimetric inequality, and allows for a complete theory of regularity.
In this work we start from this new definition, formerly given in [7] (see (6.1) at
page 4792 with Ry = co there) and we describe our itinerary to study the local
behavior of the elements of such a nonlocal De Giorgi class. In particular, we
show that with the tools provided in [29] for the weak Harnack inequality, it is
possible to have a full Harnack inequality for elements of this generalized class.
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What about boundary data?

Roughly speaking, since an inequality as (1) can be given with balls B, in-
tersecting the boundary of a domain Q C RY, then it is possible to define
boundary De Giorgi classes. Solutions to Dirichlet/Neumann/Mixed problems
with elliptic PDEs of p-Laplacian type and minima of functionals can then be
embodied in their global fashion into this new formulation (see for instance [10]
chap. X, or [20]), and the regularity of the boundary 9 plays a pivotal role in
the scaling of the estimates, and therefore in the theory of regularity. In this
work we refrain from describing global problems, in order to focus on the essence
of the method of De Giorgi irrespective of any boundary condition. Regarding
the nonlocal case: here the elements of De Giorgi classes need to be elements
defined in all RY, but the class is defined in a way to encompass solutions and
minima of “local” formulations of the respective problems; see subsection 3.1
for more details.

Structure and style of the paper

In Section 2 we study the local properties of elements of local De Giorgi classes,
starting from the local boundedness, then Holder continuity and finally the
Harnack inequality and its consequences. Along the same track, in Section 3
we carry on an analysis of the local regularity for elements of the nonlocal De
Giorgi classes. Conversely to the usual way, in Section 2 we give less preliminary
details (being a more classical subject) and we construct the various tools
needed inside the proofs themselves; while in Section 3 we stress the details in
the computation of the estimates, in order to clarify the novel method.

Notation

e We say that a constant vy depends only on the data if it depends only on
{N,p,s,%}, where 4 are given in the definitions of De Giorgi classes. When a
constant v depends on a quantity ! which is different from the aforementioned,
we will write v(l). Constants may be different from line to line.

e When considering an open bounded set Q C RY, we will denote its Lebesgue
measure by |2|. To say that Q is an open bounded set, we adopt the notation
Q cC RY. For a,b € R we use the short notation (a —b)?~* := |a —b|P~2(a —b).

e For a measurable function u, we define the essential infimum and supremum
as inf u and sup u respectively, in the set of consideration. Given a function
u: ) — R, a number a € R, we will omit the domain when considering sub or
super level sets, denoted by [u < a] = {z € Q: u(z) < a}, and when there is no
risk of misunderstanding. Finally, if u € W,.?(Q) for @ cC RY, we denote the

partial weak derivatives with 9;u = du/dz;, and its weak gradient with Vu.
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2. Local De Giorgi Classes

DEFINITION 2.1. A function u € Wllof(Q) is an element of the set DG;t('“y,Q)
if there exists a positive constant i such that for any level k € R, the inequality

Y

IV(u—Fk)g|Pde < 7/ |(u — k)+|Pdz, (3)
~/ng(ac0) (1=0)Pp? JB, ()

is satisfied for all balls B, ,(x0) C By(zo) C Q. The De Giorgi class DG, (%, Q)

s the intersection

REMARK 2.2. If u € DG, (¥,9Q), then —u € DG} (7,9Q).

Now we prove the set inclusion

DGp(7,9) € Lig.(€)

loc
that is to say, elements of the De Giorgi classes are locally bounded “functions”.
The underlying idea is that the membership v € DG, (7, 2) provides a reverse-
Poincaré-inequality. Hence, by chaining this reverse-Poincaré-inequality with
the embedding W'? < LP" it is possible to obtain a precise decay on the
LP-norms of the truncations of u. See diagram in Figure 1 for a sketch of the
idea.

THEOREM 2.3. Let u € DG;,E(’)/, Q) and o € (0,1). Then, there exists a constant
7, depending only on the data, such that for every pair of balls By,(x0) C By(xo)
contained in 2, we have

1
1 b
sup ug < ’y(][ uidx) : (4)
B, (o) (1 =0)NJB, (z0)

Proof. Without loss of generality we assume x is the origin, since estimate (4)
is invariant under translations. Moreover, once (4) is proven for u € DG} (¥,9),
then by Remark 2.2 the statement for u € DG (%,) is recovered from (4)
since sup(—u)4 = supu_.

Let u € DG} (,9) and for a number k € R to be chosen later, we define
for n =1,2,... the sequences of nested concentric balls {B,} and {B,}, and
increasing levels {k,} such that

1—0
B, = Bpn where Pn=0p+ on—1 P
Bn = B, where p,= %

1
2n71

ke =k — k.
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We next introduce the Lipschitz cut-off function

1 for [z < pny1,
5 —lx n41 - -
En(x) = 5Zn,p,|”+‘1 = (f,g)p (P —|z[)  for ppy1 < 2] < pp, (5)
0 for |z| > pp -
We observe that
2n+1
Véllew s < 7—.
H g Hoo,B,,L — (l—U)p
Observe further that (3) for such balls and levels displays as
» 2(n+1)p~ »
IV(u = Ens1) 4l 5, < m”(u = knt 1)+ B, -

Since [(u — kn)1€n] € WEP(B,,) we can extend this function by zero outside B,,
and apply the Gagliardo—Nirenberg-Sobolev embedding

[l

Yo e WHP(RY),  (6)

RN < v||Dvl|, gy, with p* = N_p’

in the aforementioned ball. We let Aip = [(u — k)+ > 0] N B, and apply
Holder’s inequality to get the chain

1= B 1, < 110 B 6all?
p/p” |A+ |p/N

< = k)4 &nll 205 1Ak, L0 .

<A IV1 ~ knn)+ I AT

B |p/N
Kkn+1,0n

2P
s _ P +
<7 ((1 — g)PpP I(u k”"‘l)"‘”ILBn) |Akn+1;pn

Next, on the right-hand side we aim to bound with terms involving again the
LP-norm of u: hence we estimate

;B" :/ (u— k)t dx

n

p/N

(= Fn) 4 |

kP
> / (ki — b g1)Pda > S—|Af .
BnNu>knt1) onp 1“"knt1,0n

Hence,

N+p)

o (%5

1 1+2
e v (IR ON NP
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If we set

1
n::kip (U_kn)ﬁdlﬁ b:2w7 and a:p/N’
B

from (7) we obtain

bP 14
Y1 <yv—-Y 79 8
”H_fy(lfa)?” n ( )
Now, we show that each time we have a recursive relation as (8) above, the
logical implications

]. n
Yo baZ nfoo

hold true. In our case, observe that this will imply (4).

The fact that {Y,,} is infinitesimal follows from the first implication in (9),
that we deduce by induction. Case n = 0 being trivially satisfied, we apply (8)
to evaluate

(n

ny l+a n 3 ta 1 o _(n+1)
Yoir <Y < (073Y ) < (bR Y )oY,

Last term in parenthesis is smaller than one if Yy < y_éb_a% .
This concludes the argument. Hence, finally getting back to estimate (8)
with a = p/N, we will have Y, =0 if

1 » _N2
Yo—kp]ipu+dx<b Py

N
P

(1 _U)Nv

which is satisfied as soon as we set

N2

ﬂ 1/p
bpfyp ][ )
k= —= ul dx .
((1—U)N B, *

Therefore, lim, o ¥, = 0 and thus (u — k)4 =0 in B,,, as required from (4).
The scheme of the proof is exemplified in the following diagram. O

The next Lemma transforms a certain information in measure into a precise
bound (almost everywhere). Roughly speaking it asserts that, in a ball B,
if the relative measure of the set where u is greater than a certain level k is
sufficiently small, then u is smaller than k/2 in half ball. It is usually referred
to as Critical Mass Lemma (see [3]) or De-Giorgi type Lemma (see [10]). We

begin by fixing a ball Bs,(z¢) C £ and numbers
T = sup u, p~ = inf wu, w:/ﬁfu*:essoscu.

)
Ba,(x0) B2y (z0) Ba, (o)
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The Chain to L°° bounds

I = Ent1)+llp,Boss

|

Embedding

|

Energy Estimates

|

Recurrence relation for ||(u — k,)+/p.B,:

You < Chrylte

|

limy, 400 (v — kn)+||z,3n =0

Figure 1: A general scheme for L™ estimates.

LeEMMA 2.4 (Critical mass lemma). Let u € DG} (%,%), and Ba,(z0) C Q.
For every a € (0,1), there exists v(a) € (0,1) depending only on the data and
a, specified in (14), such that if for some number M € (0,w) the measure
information

|[[u>pt — M] N By(x)| < v(a) |B,l (10)

is at stake, then
u<put—aM a.e. in By (20). (11)

Similarly, if u € DG, (¥,9) and the measure information
|[u<p™ +M]NBy(x)| < v(a)|B,l (12)

is valid, then
u>p~ +aM  ae. in Bg(zg). (13)

Proof. We start by proving (10)-(11), as usual assuming z; is the origin. Let
us consider the sequence of balls {B,}, {B,} and the cut-off function &, with
o = %, as introduced in (5). We define the increasing levels {k,} and the nested
sets {A, } along with their relative measures Y;, as follows

(1—a)M

kp=pu" —aM — o

A, =u>k,)NB,, Y,=
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The membership u € DG; (%, ) implies, since B,, C Q,Vn € N,

2Py
pp

IV (= k) 17 5 < == B2,

Similarly to the proof of Theorem 2.3 we chain estimates (3)with the embed-
ding (6), but this time we look for a recurrence relation for the super-level
sets A,:

[(l—a)M

P
on+1 } [Ant1] = (knt1 — kn)P | Apta]

<l = kn)sEall” 5
< = k)&l 2. 5 1A

< IV[ ~ k)&l 5 1AnPY

Y2
< (220w - ksl 5, ) 14007

p
n p
<25 (g) 1
p n

The previous estimate provides, in relative measure,

_ Anga| _ 9277 MPA,|P/N ot Dp

Yoy = <
T Banl T opr Byl [(1-a)MP
2 AN Y
~pr(l—a)r \Bn|1+p/N‘ a7 = (1—-a)r
Hence, as in (8) the limit {Y,,} — 0 is valid as
t—M|NB 1—a)N/P
vy = > 0B U=a)" ¢ (0,1) (14)

1B, N ,YN/p4p(%)2

thanks to the assumption (10). This shows (11). Finally, in order to show (13)
we denote by p~(—u) = inf(—u) and we observe that

[u>p" = M]| =|[-u< —p" + M| = |[-u < p~(-u) + M]|.

Now, we consider Remark 2.2 and the first part of the Lemma ((10)=-(11)) to
obtain
—u < pt(—u) —aM a.e. in - B,/s(y),

which in turn implies (13). O
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Lemma 2.4 furnishes an information almost everywhere. Here below we show,
using the method of [28], that we can select a representative of u € DG, (¥, )
that is lower semi-continuous.

DEFINITION 2.5. For Q C RY open, let u : Q — RN be measurable and
essentially bounded below. The lower semi-continuous reqularization of u is

" = ess lim inf =1 inf
() Lim in u(y) ggyeg}(wo)u

where x € ().

1
loc

As usual, for v € L], () we can denote the set of Lebesgue points of u by

L:={zreQ:|u(z)| < oo, lim lu(z) — u(y)|dy =0},
rl0 B, ()
and apply the Lebesgue Differentiation Theorem (see [17]) to state that |£]| = |€].

THEOREM 2.6. Let u € DG, (7,9). Then u(x) = u.(x) for almost every x € Q.
In particular, us is a lower semi-continuous representative of u.

Proof. Tt is simple to see that for each point = € £ the inequality u.(z) < u(z)

is valid, as

Ux(x) = limess inf v < lim w(y)dy = u(x).
(2) 710 By(zo)  — ml0)B (2¢) (y)dy (2)

Now, to show the reversed inequality, let us pick xg € L, let us define the value

u(zp) = lim u(z) dx,
0 Br(zo)

and let suppose by contradiction that wu.(xo) < u(xp). Fix R > 0 such that
B, (z9) C Q and let u~ and M be two numbers satisfying

essinfu = pu~ <wuu(wo) < p~ + M < u(xo).
Br(x())

Next, referring to Lemma 2.4, we choose a € (0,1) such that
wo +ab > u(zg).

Since a is fixed, Lemma 2.4 determines the number v depending only on a, M, 1~
and other geometric data such as N, but independently of p. We claim that
there exists a radius p € (0,7) such that

0<|[u<p™ +M|NBy(xo)| <v|B,l,
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because otherwise for all 0 < p < r we have

/ (o) — u(y)|dy > / u(zo) — (= + M)dy
By, (x0)

[u<p=+M]NB,(xo)
2 v|[u(zo) — (u~ + M)]||B,| > 0,
contradicting the membership z¢ € £. Finally, our choice of a and (12) results

in the point-wise bound u > p~ + aM > u,(xg) for almost every z € B
This implies

ep(0)-

ux(x0) < lrlﬁ)l %srs(;rgu = uy(z0). O
REMARK 2.7. Similarly, if u € DG;('?,Q) then there exists an upper semi-
continuous representative of u. It is enough to observe that Lemma 2.4 implies
a property (10)-(11), and by defining the upper semi-continuous regularization
of u € DGp(7,), it is possible to run the same machinery of Theorem 2.6.
In general, for a u € DGp(§,1), it is not given for granted that the lower
semi-continuous representative of u coincides with the upper semi-continuous
representative of u. This will be the aim of the next Theorem. We will
show indeed much more: elements of DG,(%,€?) have an Holder continuous
representative. We denote this property by the arrow

DGy(7,Q) = C(Q).

loc

Our first main tool to show the announced inclusion is a crucial inequality,
that is called in literature the De Giorgi Discrete Isoperimetric Inequality
(see [10] chap X for a simple proof, and [8] for the original). Differently from [20]
and [10], here we use the approach of [25]- that is-, to derive this inequality
from the Poincaré inequality

/ o (v), | do < ’yp/ Volde, WoeWU(B,), withy=+(N)> 0. (15)
B, B,

This approach is more flexible than the one in [10], in those metric contexts
where one postulates the validity of a Poincaré inequality as (15); see for
instance [1] for the general theory and [2] for an application in the context of
mixed boundary conditions.

LEMMA 2.8 (Discrete Isoperimetric Inequality). Let Q C RN be an open set,
and B, C Q. Let u € WLL(Q) and 0 < k < h two real numbers. Then, there

loc

exists a constant v > 0 depending only on N, such that

N+1
(h— k) |An| < TZ |Vl de,
k?A,P‘ Ak,p/Ah,,p

where Ay, = B, N [u(x) > h).
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Proof. We consider the truncation

0 u < k,
w=su—k k<u<h, we WhH(B,).
h—Fk u>h,

We observe that

(h— Bl Ay, |
(W), = |B|/“’d B,

so that we can estimate from below

| =l [ =), |

P h,p

— [l = )y, d
Apnp

h—k)|A
>/ (h—k)— LAkl
Ah,p |BP|
| A p|
=(h—k) [1— L Ap .
Byl ’
Applying Poincaré’s inequality (15) to w, we obtain
B, -4
VP/ |Vw|dx > vp/ |Vw|dz > (h— k)|An,, {M} :
Ak,p/An,p B, |Bp‘

and since Vw = Vu in the set [k < u <[] we obtain the desired result

B
(h = k)[Anp| <vp [|B||_p|] / |Vu| dz. O
P Agp/An o

The aforementioned discrete isoperimetric inequality is an essential tool, for
functions in DG, (%, 2), to prove the Growth Lemma (see [3], [26]) or Shrinking
Lemma (see [10]). This Lemma roughly states that if the relative measure of
the set where u is smaller than a level k is greater than some given constant
6 € (0,1), then, by shrinking k to ek, the relative measure where u is greater
than ek can be reduced as much as we wish.

LEMMA 2.9 (Shrinking lemma). Let u € DG (5,9), Bay(wo) C Q and assume
that, for some 6 € (0,1)

w
< wt = 510 By(awo)| > 015, , (16)
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Then, for all v € (0,1), there exists € € (0,1) that can be determined a priori in
terms of the data and 0, independently of w and p, such that

|[u> p" —ew] N By(xo)| < v|B,|. (17)
Similarly, if u € DG, (¥,9) and

W 5
[u> p™ + 510 By(xo)| > 015y, (18)

for some 0 € (0,1), then for all 7 > 0 there exists € € (0,1) such that
|[u<p™ +&] NBy(xo)| < 7B, (19)

Proof. As before, we assume x( is the origin and we address first the case

(16)-(17). Set

w

kS:/’ﬁ__?a

Ag=[u>k]nB, forse{l,..., s}

with s* to be chosen later. We start by applying the Discrete Isoperimetric

Inequalities 2.8 for the levels k = ks < ! = k11, using (16) we have for every

s>1 w
[w< K10 Byl > lw < ut = 1N Byl > 0], .

as k1 = ut — 5. Hence the Discrete Isoperimetric Inequalities 2.8 gives and

then Holder inequality we get

W

vp

A\Ast1

s”f(/B

Now, by taking the p-power of both sides and using (3) , with (1 —o0) = %, we
obtain

T l=

|v<u—ks>+pdx> Ay — AT

P

wP P pP ||(u_ks)+|p,3p _
> A" < op o P22 N Ag — A P71
VPN wP -
= Gp2sp [As = A [P

Dividing by ;’—Z and taking the ﬁ—power of both sides to get

_P_
A7 < (5)7T 07T A = Al Vs € (L. 5h
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Next, we sum over s. We observe that the right-hand side can be controlled by
a telescoping series, which in turn is controlled by |B,,|.

s* P s*
_p_ _p_ Y\ p-1 _N_
s" |Age 1|7 T < Z |Asa]P7 T < (5) o pr-1t Z |As — Asia]
s=1 s=1

(3)7 - < (G1m)

IN

From this, we have

- ]ﬂBp' < (5*)1;p (g) |B,| < v|B,|

2s*+1

Agesa] = |fu > ot -

for s* small enough and ¢ = 2= D Finally, if u € DG, (%,9) and we
assume (18) using Remark 2.2 we can directly see that —u € DG} (%,Q)
satisfies (16) and thus

|[—u > pt(—u) —ew]| N B,| <v|B,|.
which is (19) as u*(—u) = sup(—u) = — inf u. O

Now we have all the necessary tools to prove that elements of DG, (%, )
“are” Holder continuous.

THEOREM 2.10. Let uw € DG,(4,Q). Then there exist constants v > 1 and
a € (0,1) depending only on the data such that for every pair of balls B,(xo) C
Br(zo) C Q,
p «@

essoscu < (—) €sS 0SC U. 20

B, (x0) 7 R Br(o) ( )
Proof. We center x( at the origin as usual, and we have the following dichotomy:
either
w

<ut -
v <p =3

1
1N Bl > 518, (21)
or )

o w
lfu>p™ + 5} me| > i‘BpL
because put — ¢ = p~ + £. Assuming the validity of (21), Critical Mass
Lemma 2.4 determines v > 0 depending only on the data. By the Shrinking
Lemma 2.9 there exists a number ¢ > 0 depending on the data such that (21)
implies
[u > pt — 27D N B,| < v|B,|

Now, Lemma 2.4 provides the measure-to-point information

u< pt =272y almost everywhere in B,s.
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Hence,

supu < sup u— 27 CEFy(2p)
B2 B2y (z0)

and as —infp, , u < — infp,, u we have
w(p/2) < (1—=27)w(2p) := dw(2p),  being § € (0,1),
which is, in turn, equivalent to
w(p/4) < du(p). (22)

In general, if w : Rt — RT is a nondecreasing function satisfying for
7,0 € (0,1) the relation

w(tp) < dw(p),  Vp>0, (23)

then there exists a number « € (0,1) depending only on § such that for any
0 < p < R the inequality

o) < 3(5) vt (24)

holds true. We prove this last assertion, since (24) with w = essoscu will imply
the claim within the assumption (22). Let us choose n € N such that

MR < p< R,

and let us remark that the right-hand inequality implies that

Now, since w is nondecreasing, iterating through (23) we obtain
w(p) <w(t"R) < 0"w(R).

Setting o = ﬁzm we have § = 7@ and thus,

§w(R) = 7" (R) < ;(g)awm,

from the previous remark on 77. This implies our claim. For an illustration of
the main steps, see the “Shrinking Machine” in Figure 2 here below. O
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The Shrinking Machine

Choose v € (0,1)
universal from Lemma 2.4

/

~

[u < p* =510 B,| > 5|B,|

[u> p* = $10B,| > 5|B,|

|

|

u € DG (,Q) and
Lemma 2.9 with § = 1

[u > p~ + $]NB,| = 51B,]

|

|

[lu> pt —ew] N B,| < v|B,

u € DG, (%,) and
Lemma 2.9 with § = %

|

|

u € DG, (7,9) and Lemma 2.4

[u < u~ + 2] N B,| < v]B,|

|

|

u € DG, (7,9) and Lemma 2.4

sup u < u+ - —
Bp/2 2 ¢

cw
inf u>pt 4+ =
BP/2 H 2

Figure 2: The working principle of the proof of Theorem 2.10.

2.1. Selecting a continuous representative.

Theorem 2.10 is, usually, the end of the story. However, it does not imply
that every element u € DG,(9,) is locally Holder continuous, but rather
than it is possible to select locally (in the equivalence class of u) a continuous
representative. In order to clarify this point, we can simply consider the function

(2) = 1, ze€(-1,0)0U(0,1),
N0, z=o0.

Function v is a local weak solution to —Av = 0 in (—1,1), and therefore it
is a member of DG2(1,(—1,1)). It is clear that, up to redefinition on the
zero-measure set {x = 0}, we can define a continuous representative v, that is
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also C'*°, as claimed by the classical theory.

Here below we show how the estimates of Theorem 2.10 can be used to
construct, for each u € DG, (¥, ), its continuous representative. We will follow
the strategy of [18] in the context of Campanato spaces.

Let zg € 2 be an arbitrary point, let B,(x,) C Br(xo) C Bp(zo) C Q be
such that R < d(0Bp(xo),09)/4 and let us fix

Uoo = ||l Lo (B (20)) -

Now, the estimate (20) provides (for each z¢ € Q and) for each 0 < r < p the
bound

i ] < esocu <) p/mT. (29
B, (z0) B, (z0) B, (zo)

Let us set, for £ < h natural numbers,
p=R27%  r=R27"  fi(x0) :][ u(y)dy .
B,k (%0)

First we observe that the functions fi, : Bj(x9) — RT are continuous, since the
integral is absolutely continuous w.r.t. to the domain of integration. Now, (25)
implies

| fr(@0) = fr(wo)| < ()27,
that is, for each assigned zo € €2, the sequence { fi(zo)} is Cauchy. Hence, by
pointwise convergence, we can define a function @ : 2 — R with

u(xg) = lim u(y) dy = lim Zo) .
(20) T (y) dy k:Toofk( 0)

It is not hard to show that this definition is purely local, and it does not depend
on the number R chosen. Indeed, if Ry < R is another radius and i € N, there
exists k € N, k > i such that 2= **DR < R, < 27*R and

’][ u(y) dy —][ u(y) dy’
Bz—iR(l'O) BQ—iRz(-’EO)

<Uftan) = Aol + [feo) ~ f, u | <5tz

using again (25). Actually, the convergence of {f;} is uniform, and therefore
the limit @ is a continuous function. Indeed, it is enough now to let r tend to
zero in (25), in order to get

\ f =)

< (oo, R) p* .
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Recalling the relation of k with p, besides passing to the supremum over x on
the left-hand side, we infer that the convergence of {f} is uniform. Finally,
we invoke Lebesgue’s Theorem, the uniqueness of the limit, and conclude that
the constructed continuous function 4 coincides almost everywhere u in 2.
The results of Lemmata 2.4-2.9, and therefore Theorem 2.10 hold true locally
for @ without the prefix “essential”, and (20) describes, for @ the decay of its
oscillation.

In this final part of Section 2 we take advantage of the oscillation esti-
mates and the phenomenon of expansion of positivity to show that elements of
DGy (7, Q) satisfy a Harnack inequality. This inequality was first proved in [13],
see [16] for a survey on the topic. The version we report here is the one of [10].
See also the pioneering papers [35] and [38], in case of solutions to divergent
form equations.

THEOREM 2.11. Let u € DG,(%,Q) be nonnegative. Then, there exists a
constant v > 1 depending only on the data, such that for every ball By,(xo) C €,
we have
u(y) < inf . 26
() <~ pf (26)
Proof. Let xg € Q such that u(zg) > 0. Consider the following change of
variables
u T — Tg
) T — 0
u(xo) p
so that v(0) = 1 and v € DG,(9, Bs). In particular, the following estimate
holds true for all B,(z*) C By,

V(v = k)£l 5 (v = &)= 5, (o) -

v
< '
or(z*) = (1 —o)prp

Thanks to this transformation, in order to prove (26), we just need to find a
constant v > 1 such that v > v in B;.

The Trick of Krylov-Safonov [23]

We perform a stratagem that will allow us to find a (small) ball around an
unknown point, where the supremum of v is bounded above by a power of the
radius of the ball itself.

Let s € [0,1) and let us consider the increasing families of numbers
M, =supv, N,=(1-135)""
where, 5 > 0 is chosen later. Since v is bounded over By, then the set {M,} is
also bounded and satisfies

My =supv=1= Ny, lim Mg <oo, lim Ng=oc0.
Bo s—1 s—1
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Therefore, the equation My = N, has roots, and we denote the largest root by
s*. Now, since v is lower-semicontinuous in By we can find a point z* € By«
such that

Mg =v(z*)=(1- s*)fﬁ

Also, as s* is the largest root, we can notice that for R = 1_28* we have

Mg < sup v < Ny =20(1—5%)77. (27)

B 14s* (1}*)
2

A lower bound, somewhere

Now we use the oscillation estimates 2.10 to find a lower bound for the function
v somewhere inside Bj.
Using Theorem 2.10 for all 0 < r < R and for all x € B,(z*) we have

o) =te0 = | (5) |
< c[zﬁ(l —*)F (;)a] using (27)

We choose r = ¢*R with €* independent of s* and small enough such that
2°(1 — s*)"Pe*™ < $(1 — 5*) 7P to obtain, from the previous inequality,

v(z) = —v(x) 2 (175*)76—1}@*) = %(1—5*)7ﬁ =M, Vze B,(z"). (28)

N | =
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Propagation of Positivity

Now that we have a lower bound in a small ball centered in z*, our interest
is to propagate this lower bound (at the price of a suitable decay) until we
cover completely B;. The strategy goes through Lemma 2.9: first we recover
from (28) a measure-theoretical information in B,(z*), that is

* * 1
|Br(2®)| = [[v > M] N B, (2")] > 5|By|.
Then we observe that (29) implies for a ball of four times that radius

1
[0 > M]N Bay(2)] > |lv > M] 0 Br(a%)] 2 5|8 | = ) )

As number 0 in Lemma 2.9 is arbitrary, we apply it with p = 4r and 6= 24%

to (29), then there exists € € (0, 1) such that

I[v < 26M] N Byy ()| < 9| Bay| .

In order to get a point-wise estimate, we apply the Critical Mass Lemma 2.4 to
obtain
v(z) = €M, Va € Bap(z¥).

Repeating this process on the balls from Bgj,.(z*) to Baj+1,.(x*) we get
v>&M ae. in Byjii,(2*).

After n iterations, the balls Byn+1,.(x*) expand to cover B for n large enough
such that ) .
2 < 2n+1r _ 2n+16*_TS < 4

for which,

1
28" M = 28" | 2 (1 - sYP —w()| = (1 —sF)7FP
< (2%)"ef <28 (1—s,) " =2+

The remainder of the proof consists in freeing up the lower bound & M from
the qualitative parameter s*, that originated in the Krylov-Safonov argument.
The constant €* is independent of s* but, in fact, dependent on 5. We select 3
to be big enough that é"(1 — s,)™? = 1 and

1 _
€”M:€"§(1—s*) F=y

Therefore, v > €*M > ~ in By, which leads to the desired result. O
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REMARK 2.12. It is possible to prove the Harnack inequality (26) without using
the fact that elements u € DG, (9, Q) admit an Holder continuous representative
satisfying the oscillation estimates of Theorem 2.10, see [10] Chap X. The Holder
continuity is used only to ensure the lower bound (28), that can be achieved with
the help of the combined use of a suitable Local Clustering Lemma (see [12])
and the measure-to estimate Lemma 2.4.

Here we have preferred to use Theorem 2.10 for the sake of its simplicity,
and to show more approaches: in the next Section 3, we will derive a Harnack
inequality for the fractional counterpart of DG, (¥; 1) without the use of the
oscillation estimates.

Finally, for the purpose of applications, inequality (26) contains all the
information needed. The usual formula indeed, can be recovered easily from
the right-hand side inequality (26) and lower-semicontinuity. An attentive read
might reveal that these two ingredients are actually all we need, disregarding
the membership to the De Giorgi class.

COROLLARY 2.13. Let u € DG,(%,Q) be a non-negative function. Then, there
ezists a constant v > 1 depending only on the data, such that

1 .

— sup u <u(xg) <~vy inf wu

7 B, (o) By (o)
Proof. By contradiction, assume that

sup u > yu(zg) > 0.
Bp(mo)

Now, by lower- semicontinuity of u (2.10), there exists . € B,(x¢) such that
u(zy) > yu(zo).

We apply the Harnack Inequality (26) on u(z,) and obtain

1
u(zo) < —u(zy) < inf u<ulz
(@) < Zu(w.) < inf u < u(ao)

as o € By(z.). O
COROLLARY 2.14. Let u € DG,(%,RY) be bounded below. Then, u is constant.

Proof. If we consider the function v = u — infgy u > 0, then v € DG(%,RY).
Let 29 € RN be such that v(zo) > 0 and an application of (26) leads us to

v(zp) < WBir(li )v.
P 0

Now, we can take p — oo and obtain

u(zo) — iRnl\fu < 'y%Ran {u - iRanu} =0. O
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2.2. How big is the class DG,(},Q)?

In this brief subsection we show that our treatment embodies homogeneous local
weak solutions to p-Laplacian type equations with measurable and bounded
coefficients, and quasi-minima of the Calculus of Variations whose prototype
functional is

F(u,Q) :/ |Vul|P dx .
Q
To prove the first assertion, let us consider equations as
—div (A(:v,u7 Vu)) =0, in Q C R, (30)

where, Q CC R and for u € Wllo’f(ﬂ), the functions A (-, u, Vu(-)) are measur-
able and satisfy the structure conditions

{A(m,u, Vu) - Vu > A|Vul?, (31)

|A(z,u, Vu)| < A|Vu|P~!

with the ellipticity constants 0 < A < A. We are interested in the local
behavior of solutions to (30)-(31), irrespectively of possibly prescribed data.
This motivates the following definition.

DEFINITION 2.15. A function u € Wi)f(Q) is a local weak sub(super)-solution

of (30)-(31), if
/ Az, u, Vu)Vodr < (>)0
Q

for all non-negative test functions ¢ € WP (K), for every open set K such that
K cco.

LEMMA 2.16. Let u be a local weak sub(super) solution of (30)-(31). Then
there exists a constant 4 > 0 depending only on the data {N,p, \, A} such that
u € DGE(7,9).

Now we turn our attention to the quasi-minima of functionals. Let us
consider the functional

Flu,Q) = /QF(:E, u, Vu) dx , (32)

where F(z,u, z) ia s Carathéodory function satisfying

MzlP < F(z,u,Vu) < Alz|P, 0<A<A. (33)
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DEFINITION 2.17. A function u € VVlif(Q) is a sub-quasiminimum for the
functional F if for every function 0 > ¢ € WHP(Q) with support supp(p) =
K C Q, we have

Flu, K) < QF(u+ ¢, K), Q=>1.

Similarly u is a super-quasiminimum for F is the previous relation holds true
for every 0 < o € WHP(Q). A quasi minimum is at the same time a sub-
quasiminimum and a super-quasiminimum.

LEMMA 2.18. Let u € W,-P(Q) be a sub(super)-quasiminimum for the functional
F above. Then there exists ¥ > 0 depending only on the data {N,p, \, A} such
that u € DGE(5,9Q).

REMARK 2.19. Finally, local weak solutions to equations as (30)-(31) are quasi
minima of suitable functionals, as (32)-(33), see [20] Chap VI; while, when the
functional F is differentiable in a suitable sense, the equation satisfied by the
minima, called Euler-Lagrange equation, is of the same kind of (30) (see for
instance [20]).

3. Fractional De Giorgi classes

In this section, we consider nonlocal De Giorgi classes: a particular subset of
the fractional Sobolev space, whose elements satisfy a fractional Caccioppoli
inequality. We will show that the elements of these classes are locally bounded
and have an Holder continuous representive which satisfies an Harnack inequality.

Let Q € RY be an open bounded set, p > 1 and s € (0, 1) such that sp < N.
In order to consider fractional De Giorgi classes, the candidate members have to
belong to a suitable space of functions (similarly as in Section 2 for the Sobolev
spaces), called the fractional Sobolev space and denoted as

WeP(Q) = {u € LP(Q) and M € LP(Q % Q)}
z—y

For u € W*P (), the term

[Wlwer (o) (// uta N+ps|pdxdy>;

is called the Gagliardo semi norm of w. Similarly to the local case, we can define
WSP(Q) as the closure of C2°(£2) in W*P(Q). One can prove that C§°(RY) is
dense in W*P(R™M), but it is not true for a general open subset §). For the proof
and more information about fractional Sobolev spaces, we refer to [15] and [27].
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Many estimates derived for the Section 2 have a similar analogue in the
fractional case, the main difference being the presence of a new term, called the
“tail” of the operator, which takes into account the long-distance behavior of
the function. For a point zo € RY, a radius R > 0 and a measurable function
u : RN — R, its tail is defined as

Ju(z) P~

Tail(u, zg, R)P ' = RP* / NTps

RN\ Br(wo) [@ — o

The quantity at the right hand side can be infinite, in general. As we aim at
precise quantitative estimates, we introduce the space

p—1
LPYRY) =S u:RY - R measurable : / Mdm <00 ¢,
ry (14 [z])VFes
so that every such tail as above is a finite number.

DEFINITION 3.1 (Fractional De Giorgi classes). A function u € LP~1(RN) N
W#P(Q) is a member of DG;EP(*}, Q) if there exists a constant 4 = (N, p,s) > 0
such that for every k € R, 7 € (0,1) and ball B,(xo) C Q the estimate

(u(@) —k)x(u(y) - K)F
P +
=B+ f, o S

x =yl

v P
< W”(U - k)ﬂ:HLp(Bp(mo))

4

T

1w = k)]l 11 (8, g Taill (w — k), w0, p)P " (34)

1s satisfied. Finally,
DGSvP(’% Q) = DG;r,p(ﬁ/, Q) N DGsi,p(P% Q) .

REMARK 3.2. Roughly speaking, what diversifies our definition of De Giorgi
class DG, ,(%,€) from the one of [7] is the fact that integral of the second
term on the left hand side is taken in the unbounded set RY. However, this
minor adjustment allows us to use a new method, adapted from [30], which
is far simpler and more readable: in particular, it does not employ the usual
clustering lemmas nor Krylov-Safonov covering arguments.
REMARK 3.3. As in the local framework, if u € DGIP(’?,Q) then —u €
DGy ,(7,9). This is because again by taking —k we get (—u + k) = (u—k)_.
As in the local framework, the first property that we aim to show, in order
to construct a complete regularity theory, is

DGs,p(;Ya Q) g Llosc(Q) .

To this aim, we recall a classical fractional embedding.
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LEMMA 3.4 (Fractional embedding). Let o € (0,1). Then there ezists a constant
v > 1, depending only on the data, such that for every u € W*P(B,), compactly
supported in B(1_q),, there holds

N—sp

Bﬂ
WD g, T [ i
< dxdy + ———— w(x)|"dry . (35
7{//3 - N+S,, v T [ o) (35)

Now, we can prove the local boundness.

THEOREM 3.5 (Local Boundness). If u € DGip(’y, ), then for all By(zo) C Q,
€ (0,1) we have

1
sup ug < ’y(a){ <][ ull dz) + Tail(uy, o, crp)} (36)
Bsp(z0) By (o)

where (o) > 1 depends only on the data {N,p, s}, and o.

Proof. Let us define, for some k£ € R to be determined later and n € N, the
sequence of decreasing balls

pn = plo + 457) By = By, (w0)
= oo ond 4 Bn=Bou(wo)
P = Lot By, = B, (xo)
ﬁn _ pn+?:lpn+1 Bn _ Bﬁn (ﬁo)7

where B, 11 C B, C Bn C Bn C B, and the sequence of increasing levels
kn =k(1—277).

Let fn be a cut-off function such that 1p < &, < 1p and such that
V&L < (1 0) . Now we estimate (34), with positive truncation (v — kpt1)+,
between B,, and B

To apply precisely Definition 3.1, first observe that

i (2n+3a— 4 6(1— ))

230+ 7(1 — o)

n+1

so that, with the notation of Definition 3.1,

(1-0)
on+3

1—-72>
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Using this remark, we get

, 2n(N+P5)'y
[(w = k1) 4]0 (a,) < pr(l— )N~

L1 22D it — )0, o)) [ — ) [ (37)
1 n+1)+5> 20, Pn n)+le(B,) (0
where we have used the fact that p, > 5= and

A2n(P=1)
1w = kna)+llpags,) <~ 1w = Ka) 4117, 5, -

Now, we choose the level k such that

Sp

p—1
) Tail(uy., o, 0p)

> Tail((v — knt1)4,To, pn)  (38)

2

k> o~ »-1Tail(u, 2o, 0p) > (
op

so from (37) we recover

2n(N+ps),7

[(u— kn+1)+]€vs,p(gn) < m”(u - kn)+H2p(B") : (39)

Now we consider the cut-off function &, use the Holder inequality and the
embedding (35) over the balls B,, and By,

o
prn—>pn ~ (L—0o)p
to obtain
/ (= Fipga) 4 P dz = / (= Epgn) 4 nl” d
Bt Bpy1

N —ps

Np Ps
< / [(u = Epg1)+-6n| V=75 da [Bry1 N {u > kg ¥
By

{[ % (= o) 0(x) = (0= k)G

jz — gV

(40)

! = Per () dx U by
WW/EJ(U(@—MH)A &h(x)d }|Bnﬂ{ >kng} N

On the first term of the right hand side in (40) we estimate, adding and
subtracting (u(y) — kn)+&n ()

(= k)4 (@) = (u = Fn) 60 ()]
< Al(u(@) = kn)s = (u(y) = kn)+ 780 (2) + 7 (uly) = k) En(z) = Ea()]”



(26 of 50) F. CASSANELLO ET AL.

So that it becomes, using the Lagrange theorem on &,

//B2 u—ky)n(z )71(\7+ps n)+&n ()] dady

o 1 o i(ﬁmn%mwmw
B2 T — ps

%; i) G )
A *;évffﬁ‘ 2

2"p
//;2 ‘m y|N+(S l)p d:|

<= ksl + 2 [ (uly) - kaywp/’dx}
- L p B, yEB B, |:L. - y|N+ * 1)

< liu - k)4 ]2, + 2{; (/ (u(y) = k)%, dy) pg;np]

L B,
N (1)
I P psp Lr(Bn)
Combining (41) and (40) we get
p 2" p
.Lwlw— Ma|(m<w{hu—mpkm+pWMu—mnmﬂaj
on(sp) s
pP(1 —o)sp / |(u(w) = "+1)+|pdm}|Bnﬂ{qun+1}|N

SV{WU—MMKW+
on(sp)

’ <z¢—-kn>+n§y(3n{

P pPs
+ pP(1 — g)P I — kTL)"F'LP(Bn)}'Bn N{u > kni1}| ¥,

and using (39) we arrive at

1w = ks 1)+ 705,

~y 2n(N+ps) » y2"P ¥ P %

L 2RO

1+ 35
1 oyve ok = o) I (42)
— 0 S p SN
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having used

k p
=)+ Wi, > [ (ko> (s ) 1B {u b},

Bnﬂ{uzkn+1}

Now we call 3 =38 >0, b= 2N+P)(146) > 1 and

(U - kn pp
v, :][ (4= k)Y i = I )+zr (8. ’
B | Bul

n

so that we get in (42), multiplying and dividing in the right hand side by |B,,]|
and remembering that 2V|B,, 11| > | B/,

o"
Yoi1 < Y

(1 —o)N+pskx

We now want to use the same argument of (8): to this end we choose k so that
the condition

g gL
Yb:ﬁ Uid.’l}g (MW) b BZkP

P

is satisfied. This means that & has to be chosen so that

> (rayem) 0 (f, o) =0 (f, )’
P (75 X = o w X
(lia)Ners Ber Y Ber

Recalling (38) our final choice of k is

1
k:=~(0) (ﬁ ul dx) —l—U*:fplTail(qu, To,0p),
P

then, we have Y, — 0 as n — oo, which means uy < bk = k in B,, or
equivalently (36). O

REMARK 3.6. Constant (o) deteriorates as soon as o | 0 or o 1 1.

To Continuity and Beyond

In this subsection we show the arrow

DG, ,(%,Q) = Cp2(Q),

loc
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for some a € (0,1), meaning with this that elements of DG; ,(%,Q) admit
an Hoélder continuous representative. From now on we consider v € L2 (£2),
By,(zo) C €, for some radius p > 0 and [ > 2 to be defined. Let

pt> sup w, pm < inf w, w>pt—p. (43)
By (w0) Bup(wo)

The choice of this constant [ is of great importance in the fractional framework.
In fact, all of our results present a dichotomy, in the sense that either the tail is
big, or we can have our result. In the last part of the work we will choose [ so
that we can negate the possibility of a big tail and have a guarantee that the
result holds.

We show here a measure-to-point property, analogous to Lemma 2.4, for the
nonlocal case.
LEMMA 3.7 (Nonlocal Critical Mass Lemma). Suppose that u € DG;p(’y, Q),
and for any a € (0,1) there exists a constant v € (0,1), depending only on the
data, such that

[u> p* — ew] N By(w0)| < v|B,| for some € € (0,1) (44)
and "
1771 Tail(u — p+) 4, w0, 1lp) < ew. (45)
Then
u<pt — aew a.e. in By s(xo). (46)

On the other hand if u € DG;p(’Ay, Q), for any a € (0,1) there exists a constant
v, depending only on the data, such that if

|[u < pu~ + ew] N By(xo)| < v|B,| for some € € (0,1)

and op
1771 Tail(u — p~ ) -, @0, 1p) < ew.

Then
u>p” + aew a.e. in B,s(xo). (47)

Proof. We will prove (44)-(45)-(46), the other case being the same, thanks to
remark 3.3. Define the sequence of decreasing balls as in Theorem 3.5 with
o = 1/2 and the sequence of increasing levels

T — aew — d-aew .
2”

kn=p

For n € N let {, be a cut-off function such that 15, ., < §, < 1z and
V&L < 2%. Finally we define the set A,, = [u > k,] N B,,.
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Now we estimate

1—a)ew]?
{( 2n+3 ] [Ant1l = (Bnga = kn)P[Anga| < [[(w = kn) &l 5.

< l(u — kn)+fn||]zp*(,§ )|An|LNS by Holder’s inequality

<t <u—kn>+57<m> ~ (k&

z—y NP

2(N+sp)n

/B (u — k) €2 () dx} (48)

n

pP

where in the last passage, we used the fractional embedding (35). We now work
exactly as in (41) to arrive, from (48), at

[(1 — a)ew

p
pe 2
on+1 :| |A"+1| < ‘A"| My |:[(u - kn)-ﬁ-}g,p + poP H(u - kn)-&-“ip(én)

np

P - mrgeas] )

Bn
Now for the first term in the right hand side we consider (34) and estimate it

as in (37), the only difference being that now k1 — k, = (12_”%, to have

[(u = kn)+]5p (50)
2mry fygn(p—l) ) R »
Spsp{<1+WT&II((U—]CHJ'J)_’_’JZO’/)”)I’ ||(u_kn)+||LP(Bn) .

We estimate the tail, considering p/2 < p,, < p, Vn € N, so we have

— kn p—1
Tail((u — kn+1)+, To, pn)P " = ﬁip/ ) (u(@) +1)4 e
RN\B,

|z — xo\NﬂjS
_ asp (u(x) = kpg1) dr 4+ 557 (u(x) = kpy1) p
= P N4ps 0Tt Pn . Nips T
RN\ By, (o) |$ - l'0| Bip(zg) \Bn |Jf — ],‘ol
(U(z)*/fr)ﬁjl . (ew)P—1
< prle(p) / e da + piPe(p) S 2
RN\By,(z0) |7 — $0|N+p‘ RN\ By, (w0) |;z:—x0|N+”‘

—1
+ A‘sp/ (U(m) - kn“l’l)z—)‘—

pn R N+ps
Biy(zo)\Bn T — 0]

< A= Tail (1 — )4, w0, 1) + A ()P 4 ()P < (ew)? !

where we also used (45), that (v — k,41)+ < ew in Bj,(z), and [ > 2 so that ~y
is independent of [. Inserting this result in (50) delivers

, ,72np »
[(u—Fkn)+ 5, < (W) [[(w— k’n)+||Lp(Bn)
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and again putting this in (49) provides

(1—a)ew]” sy 2NFsp)n 1 )
|:2”+1 ‘A"+1| < |A”| " psP (1 — a)P—l ”(u - kn)+HLp(Bn) :

Now, let us just consider that
1w = En) 170 5,) < (W)’ Hu > kn} N Byl = (ew)”|An]
to finally have

27 (N+5P) y (e)P

1432
psP(1 — a)p—1 [An

(1—-a)ew]”
{Qnﬂ |[Ans1] <

Putting all together, dividing both sides for |B,,|, remembering that 2"| B, 41| >
|B,,| and calling b = 2V+P(sT1) and B = £, we arrive at

‘An+1| 'Ybn 1
Y1 = < y 1+
T B T @ —aln

and again we are in a recursive situation as in (8): this time, to estimate the
first step Yy, we recall that assumption (44) gives us

1

l[u >t — ew] N B, (o)| a 5 5
Yo = < =H B2 —
0 |B,] =7 (1 — a2 T

observe that v > 1 so that v € (0,1). Hence, Y,, — 0 when n — oo and (46) is
proved. U

REMARK 3.8. The previous lemma can be reformulated in a more general way
for a nonnegative function u € DG;p(&, ), in fact, in this case we can rescale
u to (u — p—) and assume g = 0. Then, for any k& > 0 we can always choose €
so that k = ew, finally take h € (0,1) so our statement take the form of:
if

|[u < k] N Bpy(x0)| < v|Bp,| and R T Tail(u_, 2o, p) < k

then
u > ak a.e. in By, /o(x0) for a € (0,1).

Next, we prove a Shrinking Lemma,

LEMMA 3.9 (Nonlocal Shrinking Lemma). Let u € DGIP(’?,Q) and let us
assume that for some e € (0,1/2) it holds

Hu < pt —ew] N By(z0)| > a| B, for some o € (0,1).
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Then, there exist (1), depending only on the data and I, such that, for any
o € (0,1/2) chosen, either

[T Tail((u — pt) 4, w0, lp) < oew,

or

(o
1Bl

On the other hand if u € DG (7,9Q) let us assume that for some € € (0,1/2)
it holds

|[u >ut —oew]N Bp(xo)| <

[[u>p~ + ew] N By(xo)| > | B, for some ac € (0,1). (51)

Then, there exist (1), depending only on the data and [, such that, for any
o € (0,1/2) chosen, either

7571 Tail((w — p~ ), 2o, lp) < oew, (52)

or
DoP~1
l[u < 5~ + oew] N By(xo)| < %\BA :
Proof. This time, we show the proof for u € DG (4, 2), the other case can
be done again using remark 3.3. We use (34) over balls B,(xz¢) C Ba,(zo)
for (u — k)_ with k = 4~ + cew. Observing that in By, C Bj,(zo) we have
(u—k)— < oew and we get

IR R RIS
B2(x0)

|z -y

< o= [(aew)szp + (0ew)| Bay| Tail((u — k), 20, 20)? "

.
< low)|By| (53)

where we enforced the tail condition (52) to compute

Tail((u — k) _, x0,2p)P !

_ p—1 p—1
m )P oew
SW’”/ wz)wpsdeme/ Ao
RN\ Ba,(z0) |T — o] RN\ B, (z0) |T — |
p—1
w— f_
< wps/ % dz
RN\ B, ,(z0) | — Xo|
_ p—1
+p” / (uui_z)vlps dz +~(oew)’™!
Bu,(20)\Bap(wo) |T — Zo]

< AP Tail((u — p ), 20, Ip)P " + y(oew)P~ < y(oew)P L.
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Now, on (53), we estimate the left hand side from below as

// (u(x) — k) (uly) — k)" dudy
B2(x0) |

z—y[N

— k-1
=/ = u(o) | ) ) e
B, (xo)N[u(z) <p~ +oew /2] By (zo){u(y)>p~+ew} [T — Y]

(1 —o0)ew)rt

N+ps dy

z€B, (xo) /Bp(wo)ﬂ{uw)>u+6w} |z —y|

= 77(1 — U)p*1|B/,(.T0) n [U(ZL‘) <u + o'ew/?” (54)

where we used (51) and the fact that for z, y € B,(zo) |z — y| < 2p at the third
inequality. Using (54) in (53) gives us (as 1 — o > )
_ ~yo?
[By(a0) 1 [ule) < ™+ 0eo/2)] < 271, .
which is the thesis. O

REMARK 3.10. Let number v be determined, by the only data {N,p, s, 4}, from
Lemma 3.7. Now, if we choose

_ av ﬁ< 1 p%l< 1
7T\, =\21) =3

then the assumption in (44) is verified. Hence Lemma 3.7 implies that either (45)
is valid or the reduction

sup u < pu 4 acew
B, /2(x0)

holds true. A similar reasoning applies with (51) and (52).
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REMARK 3.11. Similarly as in Theorem 2.6, it is possible to prove that u €
DGE,(4,9) has a lower(upper) semi-continuous representative (see for instance
Thm 9 in [22], or more in general [36]). Being the reasoning similar to the one
Theorem 2.6, we prefer to show directly that elements of DG;‘;(&, Q) have an
Holder continuous representative. A proof of this result can be found in [7]; see
also [4], [21] (here p = 2), [30] for a different proof.

THEOREM 3.12 (Oscillation estimates). Let u € DG, ,(%,9Q). There exist [ > 2
and 6 € (0,1) depending only on the data {N,p,s} such that, if B,(zo) C
Blp(.%‘o) C BR(J)()) C Q, then

osc u < wd pi = p(20)7 VieN,
Bpi(zo)

where

w= 2||“||L°°(Bﬁ(zo)) + Tail(u, xg, R).

Proof. We can consider xy = 0 without loss of generality. We are first going to
prove that
osc u < dw, for some ¢ € (0,1). (55)
B2
Let us recall (43) and assume p™ — 1~ > 1w; as indeed otherwise (55) holds
true with § = 1/2.
Thanks to our assumption, we have the following dichotomy

w 1
|[u<ﬂ+_Z]OBP|Z§|BP|ﬂ (56)
or )
o w
[u>p +Z]OBP‘Z§|BP" (57)

If (56) holds true, then using both the Shrinking Lemma 3.9 and the Critical

=
Mass Lemma 3.7, as in Remark 3.10 with a = 1/2, taking o = (4”BW) »=1 that
depends only on the data, we have that either

l_%Tail((u—qu)Jr,O,lp) >0%; (58)

or ow
supu < pt— —. (59)

B2 8

We see that from (59) follows (55), in fact

_ L ow _ o
oscu<sup—p <pm———p < |(1-=-|w<bw,
BP/2 Bp/g 8 8

for § = max{i,l — %}
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The trick now is to give a condition on ! such that (58) does not happen.
Indeed

Tail((u — p*)4,0,1p)P 7"

' fup w1
< (Ip)P? / dx + ————dzx
e, [2| V7 r\B,, af P

< (l )Ps -/ |u|:0*1 d +/ |U‘|p71 dx + p—l(l )—sp:|
< (lp s dw s dr +yw P
L/R¥\By E Bi\Bi, ER

< (Ip)P* | R™P*Tail(u,0, R)P~! +Wwp_1(lp)_ps]
ps
< (lf)> WP Pt < qwPTt.
R
So we just need to take [ so that
_ s ow 4 e
ety —<=1>|— . (60)
4 o

If, on the other hand, (57) is valid, then we can repeat the procedure by
using Lemma 3.7, in particular (47), and, taking again ! so that (60) holds
true, observe that in this case Tail((u — pu~)_,0,1p)P~! < ywP~! by a similar
argument, we obtain

. _ ow

inf u>p” +—

BP/2 8
so that ow
oscu<put —infu<pt —p —— <éw.
Bp2 B2 3

In this way, (55) is proven.
Now, we want to iterate this result. We denote by
J— B B. =B + _ ~ —inf
Pi= T i=Bp,  p =swu, o =infu,

f i

and we want to prove that

oscu < 8w =: w; VieN,, (61)
by induction. The case i = 1 being done in (55), suppose this is true for all
n € {1,...,i}: we prove it for i + 1. We assume again u;” — p; > w;/2, because
otherwise (61) is valid, as

f(g)ierclu_oBsicu_ gW =t 5 S 0w =t Wi
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We have again the following dichotomy

W 1
\[u<ﬂj—sz¢\z§|Bi|, (62)

or
Wi 1
[l > i + 10 Bi| = 5B (63)

Suppose (62) is true, then again using the Shrinking Lemma 3.9 and the Critical
Mass lemma 3.7, now on balls B; := B,,(x¢) C © we either allow

I Tail((u = 1)+, 0, pia) > 0 (64)
or aow;
sup u < sup  u<pf - ——. (65)
Bi+1 Bp/(Q'H»llifl) 4
From (65) follows (61) because
osc u < sup u Ty i - (A -oa)wi Wi
o= BiE My = My 1 My = 1 = Wil -
To make sure (64) does not happen consider that
Tail((u — )+, 0,1p;)P
_ -1 i _ -1
u . u .
S(lﬂi)s”[/ %d“z:/ .
s, o 2 )5 e, ol

The first term is estimated exactly as the previous case, while for the second
term we use the inductive hypothesis (61) to deduce

(u—p)s < thl —pi < /J;rfl —pj_y Swj—1, forze Bj1\B;

_ -1 WP~ L
/ 7@ xlﬂ))s de < y—1- 1 .
J 1\B; ‘LL’| p]

so that

Combining these estimates gives us

: — s Wi s
Tall((u - :uz—'i_)-ﬂoalpi)p ! < (lpl)p V(ZZ)ps +7(lpl)p
p =
i sli+1=5)(1-p)
— 4 p—1 e
=Y i) T 21 [(i—5)ps
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The summation of this last inequality is bounded if we choose [ so that

Setting

satisfies (60) again.
The case when (63) is true is similar. This finally proves (61). O

THEOREM 3.13 (Hélder continuity). Let u € DGy ,(%,82). Then, u has a Holder

continuous representative. Moreover, for xo € Q, R > 0, such that By (xg) C Q
there exists a constant v, depending only on the data, such that

l [e3
os¢c u:= sup u— inf u< yw(p~> (66)
By (z0) B, (zo) By (o) R

where w = 2“”||Lw(Bﬁ(z0)) + Tail(u, zo, R) and p € (0, R/1), for some | > 2.

Proof. Consider again xo = O. Fix a ball By C (2, and [ by the conditions in
Theorem 3.12. Then by Theorem 3.12 for the ball Bg := BR/Z C B CQwe
have

osc u < wd*
Bryai

for § € (0,1), which corresponds to (23) for suitable parameters. The procedure
can be repeated now using the general principle offered by (23)-(24). O

REMARK 3.14. Observe that up until now we have used (34) without the need
for the second integral of the second term in the LHS to be over RY. In the
following section, we will use the definition in its full strength.

Fractional Harnack-type Inequalities

We prove now that elements of the De Giorgi classes satisfy a nonlocal version
of the Harnack inequality. Our idea is reminiscent of the method of Moser and
Trudinger, for we combine the estimates of the supremum with a weak-Harnack
inequality (see [14], for boundary-value problems). We begin with the latter,
following the steps of [29] .
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PROPOSITION 3.15 (Weak Harnack inequality). Let u € DG ,(9,2) be non-
negative in B,(xg) C Q. Then , there exists a constant n € (0,1), depending
only on the data, such that, Vo € (0, %), we have

inf  w+ (O‘)% Tail(u—, zg, p)

Bop/2(2g)
T
> 77{ <][ uP~ ! (x) da:) —|—Tail(u+,xo,ap)} . (67)
Bap(mo)

In order to prove this Proposition, we first require some preliminary lemmata.
These are, in fact, measure shrinking lemmata, really similar to Lemma 3.9, in
that it involves the RHS of (34). It is here that the difference of our definition
with [7] plays its role: see the proof of Lemma 3.16. The first lemma measures
he level set of u with its local average.

LEMMA 3.16. Let u € DG ,(,9)) be non-negative in Br(wo) C Q. Let k>0,
o € (0,1/2) and p > 0 such that B,(zo) C 2. Then there exists a constant
v > 1, depending only on the data, such that either

(0)7°T Tail(u_, z, p) > k

or
Sl

u < k|NBgs,(x <
o= 0 Benleol = oot my,

| Boy|

where avg(up_l)Bap(mo) is the integral average on B p(z,)-

Proof. Using the definition (34) on B,,(z0) and By, (zo) and operating as in
(53), with the fact that now (v — k)_ < k and the hypothesis on the tail, we
have

(u(@) — k) (u(y) —k)F" kP
/ / N+ps - dydz < 1\7—&-231) sp ‘ng| : (68)
Bop(z0) Y Bop(zo) |x - y| (U) P

We bound (68) from below: let us consider the fact that uﬁ_l <v(u-— k:)i_l +
~vkP~! and hence

(ule) ) ()~
//B%;p(m |z —yVHP ey

(u(@) = k)= [2 (ug )P~ — kP71
//B?,puo) (20p)N+es ey

- (Zp)lps (/];gp(mg)(U(x> ~h- dz) (]{eap(xo) ul)™ dy) ka;sIBapl .

Y
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So now from (68) we get

v kP
(op)Ps

. (/Bap(mo)(u(m) —k)_ dx) (avg(u" ") B, (20)) < B, (69)

(op)Pe

Now, just observe that

/ (u(z) — k)_dx = / k —u(zx)dx
Bap(afo) Bop(zo)m[uSk]

k
2/ k‘—u(x)d:vz/ k——dx
By p(zo)N[u< 5K Bop(z0)N[u< Lk 2

k

> a0
2

1
Bap(xo) N [u < Qk]‘

so (69) becomes

1 fp—1
‘Bap(xo) Nlu< k}‘ < i By, - O

27— avg(up—l)ng(zo)

Next lemma is similar to the previous one, however the measure of the set
is estimated by a nonlocal integral.

LEMMA 3.17. Let u € DG ,(¥,12)) be non-negative in Br(xo) C Q. Let k>0,
o€ (0,1/2) and p > 0 such that B,(xg) C Q. Then, there exists a constant
v > 1, depending only on the data, such that either

(0)7°T Tail(u_, zg, p) > k,

or

kP!
{u <k} N Boy(wo) 1Bl

| <
Tail(uy, xg,0p

Proof. Again, the proof starts the same as Lemma 3.16, so that we recover
again (68). The difference lies in the estimate from below. Again we employ
that 2" < ~y(u— k)7 +~kP~1, but we also consider that when |y — zq| > ap
and |x — x¢| < op, one has

|z —yl < |z — 0| + |y — wo| < op+ |y — 20| < 2|y — 20
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so that we get

u I
/ / (é?fps ' dady
Bop(zo) JRN —yl
— p—1
[t m,(u&)s D
By (o) JRN\B,, | —y""
— k) [ (y )P = fp—1
/ / )-[5( +2V ]dxdy
Bop(2o) JRN\ By, (2ly — o)V Hes
> —[Tail(uy, xo, o)™ 1]/ (u(z) — k) dz
(UP) Bop(x0)

dy
_ 'ykp (/ —~Ns ) |BU ‘
’N\B,, |y — o P07

: - kP
[Tail(uy , 20, 0p)P 1] / (u(x) — k)— de — ———|By,| .
i Bo (o) (op)ps 7"

= (op)re

This gives us

(Tail(us 0,007 [ (ula) = K)- do < 98| Bay],

Bﬂp(mo)

the right hand side is estimated as in 3.16 so that we arrive at

Boy(w0) A {u < k)| < i B, | 0
7pit0 -2 = [Tail(uy, zg,op)P= 1] 77"

Proof of proposition 3.15. Consider v be the constant fixed in the Critical Mass
lemma and choose a = 1/2, in the formulation of Remark 3.8. Let us choose k;
and ko as

(avg(u’ ) g, (20| 7T [Tail(u, 2o, 0p)P~ v\ 71
ki := £ and kg = .
2’)/1 2’)/2

Then, taking «; and v, as determined in Lemma 3.16 and Lemma 3.17 respec-
tively, we observe that k; and ko satisfy

K k!
%711 <v and - 127 —5 < V.
(aveg(u?=1) B, (20)) [Tail(u, zo,ap)P~1]

So, by the critical mass lemma, we have that in both cases either

o TTaill(u_,z0,p) > ki  i=1,2 (70)
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or L
u > EZ in B,,/2(20)- (71)
Summing on (70)-(71) for i = 1,2
sp ki+k
inf  w+or-TTail(u_,zg,p) > 1+ Kz ,
Bop/2(z0) 2
o - =
inf  w+or-TTail(u_,zg,p) > n[(f ul’ ! dx) +Tail(uy, xg,0p) | .
Bop/2(zq) Bsp(z0)

Having chosen 7 the biggest between the two constant ﬁ and ﬁ that depend
only on the data. O

With the aid of Lemmata 3.16-3.17, we can prove the following nonlocal
version of the Harnack inequality. A first proof, for solutions to equations, can
be found in [14].

THEOREM 3.18 (Harnack inequality). Let u € DG, ,(7,82) be non-negative in
Bgr(zg) C Q. Then, there exists a constant v > 1, depending only on the data,

such that, for all p < %, we have

ps

T 1
inf w4+ (,0) Taillu—_,x9,R) > — sup wu. (72)

B, /2(x0) R Y B,/a(z0)

Proof. We employ the estimate (36), for the restricted range o € (1/3,2/3), so
that v depends only on the data.

1
sup u < 'y{ <][ uP (1) da;) p+Tail(u+, Zo, ng)}

ng(ﬂ?()) Bp(xo)

s, -
Sv{ (][ u® () dfﬂ) +(op)?=T [/ %dm

B,(z0) By (z0)\Bop(wo) ‘,I - l'0|

p—1 =
+/ %7% dm] ’ }
RN\B,(20) & — Zo|
1

< fy{ (][ uP () dx)

B, (z0)

1

1 =
" {(UP)N/B (20)\Bop( )upil(m) dx+Taﬂ(u+’x0’p)pl} }
p\To aplTo

1

oI o
= 7{ <][ (@) dx) + [N][ uP~ ! (2) dx + Tail (uy, zo, p)p—l] }
Boleo) 7B (w0)
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1

1
1 1 1
'y{ <][ uP(x) dx) ’ + (N][ uP~ () d;v) ’ +Tail(uy, xo, p)}
By (o) 7" J By (o)
: :
< 'y{ < sup u) <][ uP~ () dx)
B, (w0) By (zo)

1
1 =T
+ (N][ uP~ () da:) +Tail(uy, zo, p)} , (73)
g Bp(fEO)

where we have used that u € LS (), |x — z¢| > (0p)V*P* in B,\ By, and that
(a+b)? < v(a? 4+ b?) for a, b, ¢ > 0. Now, we define the following increasing
sequence of balls

IA

po=Tp By = By, (70) = Brp(0)
pn = p(T + ZJ 1 jT)) and By, = By, (z0)
poe = p B = B, (w0) = By(xo).

If we denote by S, = supg_u, apply the inequality (73) to the radius p, and
pn+1, along with the Young inequality, we obtain

: (]i et dx) ﬁ

1

1 =
T ((7.1\7]53 u " () dm) +Tail(u, o, Pn+1)}
n+1

1

Sn S ’YGS'rH»l + '7{ ’1
P

< veSpy1 + 7{67’?7']\[ (]i uP~ () dx) +Tail(uy, o, pnﬂ)} . (74)
n+1

For the tail of u, we use this estimate:

Tail(uy, zo, pn_H)
1

ufl” ! p=1
O ey dx
RN\Bn+1 |z — o]
—1 1 _1_
uh} uP p=d
_ +
= ( — s A +Pn+1/ N—&-psdx)
RN\ B ‘x | Boo\Bn+1 ‘x - IO|

—1 1
ub 1 p—1
< (pps/ t s de + — / up_ldm)
RNM\B., |z — zo|" ¥ Prit1 J B\ Buia

1
. 2l -1 Pt
< ~Tail — P4 d .
< yTail(uy, 2o, p) + N <]{3NU 9€>
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Hence, inequality (74) becomes

1

p—1
Sp < yeSpt1 + V{GP_ZTN (]é uP~ ! (x) dfv) +yTail(uy., o, p)} -

Choosing €, 7 = % and iterating backwards from n to 0, delivers

Sy < 'y<;>n5n - v(i 2—f) { (]im uP~1(z) dx) plj—&—Tail(u+, o, p)} .

Now we just let n — oo and obtain

sup u < 7{ (][ uP~ () dx) . +Tail(u+,x0,p)} .
B, /2(z0) By, (x0)

Finally, we just use (67) to have

sp

sup u < 7{B inf w4+ (g) Tail(u,xo,R)}

B, /2 (w0) n p/2(x0)
which is our thesis. O

REMARK 3.19. We recovered Harnack’s estimate (72) and the oscillation esti-
mates (66) independently. However, The Harnack’s estimate can be used to
derive the oscillation estimates and vice versa.

3.1. How big is DG, ,(7,2)?

Also in this case De Giorgi classes DG (7, 2) encompass weak solutions to a
group of partial differential equations modeled after the fractional p-Laplacian
and minima of suitable functionals of the Calculus of Variations. We are going
to give just a quick glance at this topic: our presentation here is far from being
complete. In order to give a “nonlocal” formulation, the introduction of the
following space is necessary:

WP (Q) = {u :RY — R meas., uin € LP(Q),

(a) — BEZLOE  piievy @)

Let us denote Cq = R2V \ (RY \ )2 for ease of notation.
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DEFINITION 3.20. Let Q@ C RY be a bounded open set. A function u € WP(Q)
is said to be a sub (super) minimizer of the functional

E(u; Q) // Y)|IPK (z,y) dzedy,
Ca

in Q, where the kernel K : R*N — [0, +00) is a measurable function satisfying
for some A >0

1 A

A|$—y|N+pS = (xay) (ya )7 |£E—y|N+pS7

(75)
if E(u; Q) < E(ut9;Q), for any non-positive (non-negative) measurable function
¢ : RN — R supported inside .

With a little bit of extra care in the manipulation of the second term at the
left-hand side of (34), the membership of minima of £ to the class DG (¥, )
can be ensured.

LEMMA 3.21 (See [7], Proposition 7.5). Let u € WP(Q) be a sub(super) min-
imiazer for E(u; Q). Then, there exists a constant 4 > 0 depending only on
{N,s,p,A} such that u € DG;EP('A)/, Q).

Similarly, (nonlocal) weak solutions to fractional p-Laplacian equations are
defined. Here, the definition is local, because the testing procedure allows
functions compactly supported in §2, but the solutions must be defined in the
whole RY.

DEFINITION 3.22. Let @ C RN be an open bounded set. A function u € W*P(Q)
is a weak sub (super)-solution to equation L(u) = 0 locally weakly in Q, if for
any nonnegative (non-positive) function p € WP(RN) such that supp(p) C €,

L [ @) = w2 @) = um) pta) ~ o)K@ 9) dady < 0. (76)

Again, the membership to DGfet,p of weak solutions to £(-) = 0 in 2 can be
ensured.

LEMMA 3.23 (See [7], Proposition 8.5, [30] Corollary 3.2). Let u € W*P(Q) be a
weak sub(super) solution to L(u) = 0 locally weakly in Q. Then, there exists a
constant 4 > 0 depending only on {N, s,p, A} such that w € DGE (7, 9).

Proof. Let u be a weak sub-solution to £(u) = 0 and let us suppose as usual that
o = 0. We consider two radii 0 < r < R and a cut off function £ € C§° (B%),

such that 0 < ¢ <1, & =11in B,, |[V¢ <4/(R — r). Here we observe that by
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Lagrange’s Theorem and the convexity of Br, the increment of £ between two
points x,y € Br can be evaluated by

K@%—ﬂwP<(smwva)p)@_yp<7<uéyop

z€BR

Now, let us fix a level k € R, write wy = (u— k)4 and A" (k,p) = [u > k| N B,,.
By testing (76) with the function ¢ := {Pw; and using the symmetry of the
integrand we obtain

0> [ u@) —u)P o) = u) € (@) ~ 04 (1) K ) dody
=[] ) =)o)~ )0 )~ P () )
| )0 €0 0) €0 () K )
=2 f [ ) ) ) (€ (0) € () K ) ey

+ Q/BR /]RN\BR |U(l') — u(y)|p*2(u($) — u(y))é‘?w+($)K(I’y) dl‘dy
=h+1, -

First, we consider the contributions from I;. If z,y ¢ A" (k, R) then wy(z) =
w4 (y) = 0. If otherwise € AT (k, R) and y € Br\A™'(k, R) then

[u(z) = u(y)["~>(u(@) — uly))(EPw (z) — w4 (y))

= &(@)|ws (@) +w_(y)[" wi(2)

> 1P (x) wh () + 7 P (@)l (y)w ().

The case where the role of z and y is switched, which is y € AT (k, R) and
x € BR\AT(k, R), cannot happen since we are restricting the evaluation on the

set [u(x) > u(y)].
Finally, when z,y € AT (k, R), we can reformulate the expression as
u(z) — u(y)[P~* (u(z) — u(y))(EPwi(z) — EPw(y))
= (wy(2) —wi (y)PH(w (z) —wi P (y)). (78)
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Here we have to consider the two cases £(z) > £(y) and {(z) < £(y) separately.
Assuming the former, we easily estimate (78) by

(W (2) = wi ()P~ (w17 (2) — wi &P (y) = €7 (2)|w () —wi ()" (79)

Vice versa if £(y) > £(x) we write (78) by summing and subtracting w. (x)£P(y)
we obtain

(W (2) = wi ()P~ H(wi P (2) — wi€P(y))
= |wi(2) — wi (Y)PE () + (e (2) — wi(y))P " wo (2) (67 (z) — €7 (y))
=A+B.
The use the Young’s inequality

y

a? — b <ead? +
ep—1

(a—0b)P fora>b>0,e>0,

with a = £(y), b = &(x) and € = (wy(z) — w4 (y)) /2wy (x), allows us to arrive
again at a similar expression

o (2) = wi (Y)PEP(y) — (wo(2) — wi(y)" ™ wi(2)(E7(y) — € (@)
> %ép(y)lm(x)—m(y)\p—fl max{w (z)”, wy (y)"Hé(z) £ ()" - (80)

Hence, since both expressions in the estimates (80) and (79) are larger than

%max{fp(w),Ep(y)}\w+(x)—w+(y)\”—”fl max{w, ()", w (y) HE (@) - W),

we estimate the piece of I; taken on A1 (k, R) x A" (k, R) with this quantity,
irrespectively of the values of £. By virtue of these inequalities and (75) we
estimate I; with

- dxdy
ez ff |0+ @t o)
A+(k,R)x BR\ A+ (k,R) lz -yl

» » B » dxdy
+ //A s oy BEE N () WP
dxd
B // max{u?, (), w} (4)}&(x) — &(y) [ — i
A+ (k,R)x A+ (k, R) |z — y

dxdy
=y NP

> /]I;RXBR |w+(l‘) — w+(y)|p mln{f(ﬂ?)p,f(y)p}

ol )

_ //B » max{wi(x),wi(y)}wcmdy, (81)
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where the first integral of the right-hand side has been reconstructed in the
whole set from the sum of the first and the third term of the left-hand side.
The properties of £ allow to estimate from below the positive integrals on the
right-hand side on the smaller set B, x B, and from above the negative one,

E(x) — &)l
// max{wﬁ_(m),wﬁ_(y)}i‘ (=) N(+2“|; dzdy
BrxBrnlu(z)>u(y)] |z =y

p [§(x) — @I
< o, ], e e

v / p dy
<— w (m)/ — —dx
(R—r) Jp, T B o — y| VD

RA=s)p

=7 7(]% o (w4 ||Z£p(BR) .

In conclusion, (81) becomes

p—1
w’ (y)
+ Ba |l‘ N+p

—
ROA=s)p
- m‘|w+‘|iP(BR) - (82)

vl > [w+]€vﬁ,p(Br) JF/B

Now we consider the contribution from I5 in (77). It is here that the energy
estimates diversify from the ones of [7]. We divide the cases

= [l ) ) (0() ) (3K o) oy
(u() —u(y)»~*

> wy (x dy| dz

_/B . )U[RN\BRMu<w>>u<y>J R y]

r

U — u(z))P L
f/ wy(x) {/ (uly) J(\H?Zs dy} dx .
B, [RN\Br]n[u(y)>u(z)] |2 — Y|

On the one hand,

ulx) —u p—1
/ wy(x) [/ (u(z) J(Vygz))s dy} dx
B, [RN\Br]n[u(z)>u(y)] | — Y|

= /B ] w () { /R . (uii)__yjbz(\fygﬁl dy] da

27_1/ w4 () [/ wp_lj(vy)dy] dx,
B RM\Bg |z —y|" TP

T
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since we are necessarily considering z € AT (k, R). On the other hand, for the
same reason,

U —u(z))PL
[ w]f ) =D iy o
B, [RN\Bg]n[u(y)>u(z)] |2 — ¥l
p—1
wh™ (y
<[ ww|[ s a
B, RN\Bg |z — y|

R N+ps wﬂ)__l(y)
< —_r I/
_’Y<R—’l"> LT w+(x) |:/]RN\BR ‘le—i-ps dy:| d.]j,

using that for x € B, and y € RV\ Br we have |x|fly‘ < RIET‘ So, on both hands
we have the estimate

V1 2/ w4 () [/ mdy} da
B RN\Bg |z —y|" "

R N+ps/ |:/ wi—l(y) :|
— w(z —————dy| dz.
(RT> B, +(@) RN\Br |Z/\N+pS

In conclusion, this estimate and (82) lead inequality (77) to

RO ) ( R ) N+ps wﬁﬂ (y)
Y lwillie iz +7 / w+(@) dv [/ de]
=y Ol T 77 5. O fes

P—l(

()
> [Wiliyen(s,) +/B w () /BR W@W

W (y)
B, RN\By |2 — |

-1
P

w?(y)
= [wy]?,, +/ w (x)/ —— 7 dydx.
+iws.r(B,) B, + R |x7y|N+p

Estimates (34) are proven once we take r = 7p and R = p, for some 7 € (0,1)
and p > 0, and we rewrite the second term on the left-hand side in terms of the
tail. Remark (3.3) finishes the job in the case of super-solutions. O

Acknowledgements

The first part of these notes has been written during parallel Ph.D. courses
held in the Universities of Florence and Bologna, whose warm hospitality we
acknowledge. Moreover, we thank S. Mosconi for a careful discussion regarding
Section 2.1 and A. Tannizzotto and N. Liao for precious suggestions on the second



(48 of 50) F. CASSANELLO ET AL.

part of these notes, during the conference “V Workshop on Trends in Nonlinear
Analysis”, sponsored by the University of Cagliari. The authors acknowledge
the partial funding of GNAMPA (INdAM), and the relative Departments of
Mathematics of affiliation.

[1]

(13]
(14]
(15]

(16]

REFERENCES

A. BJORN AND J. BJORN, Nonlinear potential theory on metric spaces, Tracts in
Mathematics, vol. 17, Eur. Math. Soc., 2011.

T. BOHNLEIN, S. CIANI, AND M. EGERT, Gaussian estimates vs. elliptic regularity
on open sets, Math. Ann. (2024), 1-48.

L.A. CAFFARELLI AND X. CABRE, Fully nonlinear elliptic equations, Amer. Math.
Soc. Collog. Publ., vol. 43, Amer. Math. Soc., 1995.

F.M. CASSANELLO, F.G. DUzGUN, AND A. IANNIZZOTTO, Hoélder reqularity for
the fractional p-laplacian, revisited, preprint arXiv:2409.19057, 2024.

S. CiaN1, E. HENRIQUES, AND I.I. SKRYPNIK, The weak Harnack inequality for
unbounded minimizers of elliptic functionals with generalized orlicz growth, Adv.
Calc. Var. (2024), doi:10.1515/acv-2024-0032.

S. Ci1aANI, V. VESPRI, AND M. VESTBERG, Boundedness, ultracontractive bounds
and optimal evolution of the support for doubly nonlinear anisotropic diffusion,
preprint, arXiv:2306.17152, 2024.

M. Cozzi, Regularity results and Harnack inequalities for minimizers and solu-
tions of monlocal problems: a unified approach via fractional De Giorgi classes, J.
Funct. Anal. 272 (2017), 4762-4837.

E. DE GIORGI, Sulla differenziabilita e 'analiticita degli integrali multipli regolari,
Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. Natur. 3 (1957), 25-43.

E. D1 BENEDETTO, On the local behaviour of solutions of degenerate parabolic
equations with measurable coefficients, Ann. Sc. Norm. Super. Pisa CI. Sci. 13
(1986), 487-535.

E. D1 BENEDETTO, Partial differential equations, Birkhauser Boston, 2010.

E. D1 BENEDETTO AND U. GIANAZZA, Some properties of De Giorgi classes,
Rend. Istit. Mat. Univ. Trieste 48 (2016), 245-260.

E. D1 BENEDETTO, U. GIANAZZA, AND V. VESPRI, Local clustering of the non-
zero set of functions in w' (), Atti Acc. Naz. Lincei. Matematica e Applicazioni
17 (2006), 223-225.

E. D1 BENEDETTO AND N.S. TRUDINGER, Harnack inequalities for quasi-minima
of variational integrals, Ann. Inst. Henri Poincaré 1 (1984), 295-308.

A. D1 CastrO, T. Kuusi, AND G. PAvrATUCCI, Nonlocal Harnack inequalities, J.
Funct. Anal. 267 (2014), 1807-1836.

E. D1 NEzzA, G. PALATUCCI, AND E. VALDINOCI, Hitchhiker’s guide to the
fractional Sobolev spaces, Bull. Sci. Math. 136 (2012), 521-573.

F.G. DUzGUN, S. MOSCONI, AND V. VESPRI, Harnack and pointwise estimates for
degenerate or singular parabolic equations., in: Dipierro, S. (eds) Contemporary
Research in Elliptic PDEs and Related Topics., Springer International Publishing,
Cham, 2019, pp. 301-368.



(17]
(18]

(19]

29]
(30]

(31]

(32]

(38]

LOCAL VS NONLOCAL DE GIORGI CLASSES (49 of 50)

L. EvaNs AND R. GARIEPY, Measure theory and fine properties of functions,
CRC Press, 2015.

M. GIAQUINTA, Multiple integrals in the calculus of variations and nonlinear
elliptic systems, Ann. of Math. Stud., vol. 105, Princeton Univ. Press, 1983.

M. GIAQUINTA, Growth conditions and reqularity, a counterezample, Manuscripta
Math. 59 (1987), 245-248.

E. GiusTl, Direct methods in the calculus of variations, World Scientific (2003).
M. KASSMANN, The theory of De Giorgi for non-local operators, C. R. Acad. Sci.
Paris, Ser. I 345 (2007), no. 11, 621-624.

J. KorvENPA A, T. Kuusi, AND G. PALATUCCI, Fractional superharmonic
functions and the Perron method for nmonlinear integro-differential equations,
Math. Ann. 369 (2017), 1443-1489.

N.V. KRYLOV AND M.V. SAFONOV, A certain property of solutions of parabolic
equations with measurable coefficients, Math. USSR Izv. 16 (1981), 151.

A. KUFNER, O. JOHN, AND S. FucCIK, Function spaces, vol. 3, 1977.

O.A. LADYZHENSKAYA AND N.N. URAL'TSEVA, Linear and quasilinear elliptic
equations, Academic Press, New York, 1968.

E.M. LANDIS, Second order equations of elliptic and parabolic type, Amer. Math.
Soc., 1997.

G. LEONI, A first course in fractional Sobolev spaces, Amer. Math. Soc., 2023.
N. L1Ao, Regularity of weak supersolutions to elliptic and parabolic equations:
lower semicontinuity and pointwise behavior, J. Math. Pures Appl. 147 (2021),
179-204.

N. Li1ao, Harnack estimates for nonlocal drift-diffusion equations, preprint,
arXiv:2402.11986 (2024).

N. Li1ao, Holder regularity for parabolic fractional p-Laplacian, Calc. Var. Partial
Differential Equations 63 (2024), no. 22.

G.M. LIEBERMAN, The natural generalization of the natural conditions of La-
dyzhenskaya and Ural’tseva for elliptic equations, Comm. Partial Differential
Equations 16 (1991), 311-361.

B. MAJRASHI AND V. VESPRI, On the reqularity of anisotropic p-Laplacean
operators: the pursuit of a comprehensive theory of reqularity, Bruno Pini Math.
Anal. Semin. 14 (2023), 240-262.

P. MARCELLINI, Un exemple de solution discontinue d’un probleme variationnel
dans le cas scalaire, Ist. Mat. U. Dini (1987).

P. MARCELLINI, Regularity of minimizers of integrals of the calculus of variations
with nonstandard growth conditions, Arch. Rational Mech. Anal. 105 (1989),
267-284.

J. MOSER, On Harnack’s theorem for elliptic differential equations, Comm. Pure
Appl. Math. 14 (1961), 577-591.

K. NAKAMURA, Local properties of fractional parabolic De Giorgi classes of order
s, J. Funct. Anal. 285 (2023), 110049.

I.I. SKRYPNIK AND M.V. VOITOVYCH, b1 classes of De Giorgi—Ladyzhen-
skaya—Ural’tseva and their applications to elliptic and parabolic equations with
generalized Orlicz growth conditions, Nonlinear Anal, 202 (2021), 112-135.
N.S. TRUDINGER, On Harnack type inequalities and their application to quasilin-



(50 of 50) F. CASSANELLO ET AL.

ear elliptic equations, Comm. Pure Appl. Math. 20 (1967), 721-747.

Authors’ addresses:

Filippo Cassanello

Department of Mathematics and Computer Science
University of Cagliari

Via Ospedale 72

09124 Cagliari, Italy

E-mail: filippocassanello99@gmail.com

Simone Ciani

Department of Mathematics
University of Bologna

Piazza Porta San Donato, 5
40126 Bologna, Italy

E-mail: simone.ciani3@unibo.it

Bashayer Majrashi

KAUST (King Abdullah University of Science and Technology)
Thuwal, Jeddah 23955-6900, Saudi Arabia

E-mail: bashayer.majrashi@kaust.edu.sa

Vincenzo Vespri

Dipartimento di Matematica ed Informatica “Ulisse Dini”
Universita di Firenze

Viale Morgagni 67/a

50134 Firenze, Italy.

E-mail: vincenzo.vespriQunifi.it

Received November 2, 2024
Accepted January 9, 2025



