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Pairs of positive solutions of a
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ABSTRACT. We establish the existence of multiple positive weak solu-
tions of the quasilinear elliptic Neumann problem driven by the mean
curvature operator

—div(Vu/v/1+ [Vul?) = Aw(z) [ulP?u in Q,
—Vuv/y/1+|Vu|2=0 on 0.

Here, Q is a bounded reqular domain in RN, with N > 2, p € (1,1%),
w 15 a sign-changing weight function, and A > 0 is a parameter. Our
findings provide the existence, for sufficiently small X, of two positive
solutions, the smaller in C*(Q), the larger in BV (), which respectively
bifurcate from (A, u) = (0,0) and from (A\,u) = (0,+00). This way we
extend to a genuine PDE setting some results obtained in [22, 23] for
the corresponding one-dimensional problem.
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1. Introduction and statements

In this paper we shall establish the existence of pairs of positive weak solutions
of the model problem

Vu
— | = w@) |u/P%u in Q,
V( 1+|Vu|2> (@) lul

S AT — on 9,

V14 [Vu?
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where

(h1) Q is a bounded domain in RY, N > 2, with C%' boundary 0Q and unit
outer normal v to 02,

(ho) p € (1,1%), with 1* = &=, is a fized exponent, w € L%(Q) is a

non-zero function, and A € R is a parameter.

In a quite similar fashion, but at the expense of an additional, somewhat
cumbersome, technical effort, we could also deal with more general differential
equations involving quasilinear operators —divA(z, Vu) patterned on the mean
curvature operator —+div(Vu/y/1+ [Vul?), like in [4,9,24], and functions
f(x,u) modelled on the power function |u|P~2u, like in [13,22,23,25]. Yet,
while the extensions of our results along these directions will sometimes be
indicated, the corresponding proofs will always be omitted in order to avoid
obscuring ideas and blurring arguments.

As it is natural for Problem (1), two notions of weak solutions shall be
used here, bounded variation solutions and classical weak solutions, the precise
definitions being given in Section 2. The introduction of bounded variation
functions when investigating prescribed mean curvature problems has become
rather customary since the early seventies [10] and reveals absolutely imperative
in the present context. Indeed, we shall show in a moment that, already in the
one-dimensional case and even for Holder continuous weight functions w, if
(1) admits a pair of positive solutions, then the larger one necessarily displays
jump discontinuities for sufficiently small values of the parameter.

This work is mainly motivated by the results we obtained in some recent
papers, in collaboration with J. Lépez-Gémez [16-21] and with J. Lépez-Gémez
and S. Rivetti [22,23], concerning the one-dimensional counterpart of (1),

v (0) =0, ¥/(1) =0,

- <UI> = Aw(z) [uP?u in (0,1), @)

and variations or extensions thereof. A particular example of our findings is
provided by the following statement. The notion of bounded variation solution
is expressed by Definition 2.1.

THEOREM 1.1. Assume
(kl) pe (172)7

(k2) w € L*°(0,1) and there is z € (0,1) such that w(z) > 0 a.e. in (0,2) and
w(z) <0 a.e in(z,1),
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(k) /O w(z)dz < 0.

Then, there exists A\* € (0,400) such that, for all A > X*, Problem (2) has no
positive bounded variation solutions and, for all X € (0, \*), has at least two pos-

itive decreasing bounded variation solutions ug\l),ug\z), with u&l) € W2°°(0,1)
and ug?) € W20, 2) N W2 (2, 1], satisfying

[uPler =0,  essinful® — +oo as A — 0.

Moreover, the following reqularity criterion is valid: if

/:(/;Mt)dt) Cdo— oo or /:(/;w(t)dt> Cdee e ()

holds, then, for all X\ > 0, all positive solutions of (2) belong to W2°°(0,1),
while if (3) fails, i.e.,

/:(/:w(t)dt)_%dxeﬂ% and /:(/:Ew(t)dt>_éda:e]1% (@)

hold, then, for all small X > 0, ug\z) ezhibits a jump discontinuity at z and

@)y (2
)l\lir%) (uy)(27) —uy’(21)) = +o0.

A few comments about Theorem 1.1 are in order.

1. The non-existence of positive solutions follows by adapting the arguments
given in [22, Theorem 6.1, Remark 6.1], or [18, Theorem 2.1], whereas,
their existence and multiplicity come from [23, Theorem 1.6], [22, The-
orem 9.1]. The regularity properties has been established in [16, Propo-
sition 3.6], [17, Theorem 6.1], [20, Theorems 3.1-3.3]. The two plots of
Figure 1 illustrate admissible configurations for the set of the positive
solutions of (2), displaying branches which bifurcate from (A, u) = (0,0)
and from (A, u) = (0,400), as guaranteed by Theorem 1.1.

2. Tt has been proved in [23, Proposition 1.1] that the existence of a bounded
variation solution u of (1.1), with ess inf u > 0, entails that the essential
support of wt must have positive measure and (k3) must hold. Ac-
cordingly, under (k3), Assumption (k3) is necessary for the existence of
solutions ug\z) satisfying ess inf ug?) — 4o as A — 0.

3. Assumption (3) has been introduced in [17] and provides a mild one sided
condition at z guaranteeing the regularity of all positive solutions of (2).
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Figure 1: Admissible branches of positive solutions of (2) within the context of
Theorem 1.1: on the left when (3) holds, on the right when (3) fails.

We stress that (3) does not imply the continuity of w at z. For instance,
it holds if w(27) = 0 and w'(27) € R, or w(z") = 0 and w'(z") €
R, even though the function w is discontinuous at z. Conversely, it is
manifest that (4) is fulfilled by a large class of Holder continuous functions
w. Condition (3) is optimal, as witnessed by the fact that its failure,
that is, the validity of (4), yields the existence of singular, discontinuous,
solutions of (2). Consequently, conditions (3) and (4) produce a sharp
local criterion characterising the regularity properties of the large positive
solutions of (2) for all small A\. This way we also clarify and refine a
result obtained in [11, Section 3C] (see also [5, Section 3.3]) where it
is shown, through examples, that the membership of w to the Sobolev
spaces W14(0, 1) for any finite ¢ > 1 is not enough to guarantee the W11-
regularity of the solutions. Figure 2 displays a picture of the profiles of
the positive solutions of (2) in the frame of Theorem 1.1.

Our aim here is to provide a partial extension of Theorem 1.1 to a genuine
PDE setting, as formulated by Theorem 1.2. Yet, we stress that, while we are
able to establish for (1) existence and multiplicity conclusions quite similar to
those of Theorem 1.1, extending to (1) the optimal regularity/singularity as-
sertions, based on conditions such as (3) and (4), remains so far an extremely
challenging unsolved problem. The notions of bounded variation solution and
of classical weak solution used below are given by Definitions 2.1 and 2.9 re-
spectively.
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Figure 2: Profiles of the positive solutions of (2) within the context of Theorem 1.1:
regular on the left, singular on the right.

THEOREM 1.2. Assume (h1), (ha),
(h3) / wdz < 0 and the essential support of w™ has non-empty interior.
Q

Then, there exists A* € (0,4+00) such that, for all X € (0,\*), Problem (1) has

at least two positive bounded variation solutions ug\l), ug?) satisfying

[V 5y — 0, [P = 400 as A — 0.

Suppose, in addition, that

(ha) 09 is of class C*7 for some o € (0,1],
(hs) w e L>(Q).

Then, there exist A, € (0,\*) and T € (0,1] such that, for all X\ € (0, \], ug\l)
can be chosen to be a classical weak solution satisfying

ug\l) e CYT(Q) NWEYUQ), for all finite ¢ > 1, and ||ug\1)||cl,f — 0 as A= 0.

loc

REMARK 1.3. Due to Assumptions (h;)—(hs), Problem (1) belongs to the class,
widely investigated in the literature, of sub-superlinear indefinite elliptic prob-
lems. Specifically, according to the features of the mean curvature operator, the
primitive %|s|p of the power function at the right hand side of the differential
equation in (1) is “2-sublinear” at zero and “l-superlinear” at infinity in the
essential support of wt: this fact indeed determines the existence of multiple
solutions.
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REMARK 1.4. Under (h1) and (hg), it is very easy to verify that Assumption
(hg) is almost necessary for the existence of strictly positive classical weak
solutions of (1). Indeed, if, for some A > 0, u € C'(Q) is a classical weak
solution of (1) with ming u > 0, then testing Equation (10) against ¢ = 1 and
¢ = u' P, respectively, yields

u”P|Vul?

wuP tdzr =0 and 1—p 7dx:)\/wdx. 5
/Q ( ) Q1+ |Vul? Q )

From the former identity in (5) it is apparent, as (hg) requires w # 0, that

essinf w - esssupw < 0,
Q Q

so that, in particular, the essential support of wt must have positive measure.
Obviously, the support of w™ must have non-empty interior whenever w is
continuous in 2. On the other hand, the latter identity in (5) implies, as p > 1,

that either
/ wdzr <0,
Q

or u is a positive constant. This last eventuality is ruled out immediately,
because otherwise Equation (10) would imply that fQ weodx =0, for all ¢ €
C1(Q), and thus w = 0, while w # 0.

As already observed above, it follows from [23, Proposition 1.1] that the
same conclusion holds for the positive bounded variation solutions of (2).

REMARK 1.5. The proof of Theorem 1.2 is variational and combines minimi-
sation and non-smooth critical point theory. Thanks to this features, further
information are provided on the nature of uf\l),ug\z) as (sub-)critical points
of the action functional T, associated with Problem (1) and defined by (7).

Namely, we shall see that the smaller solution, ug\l), is a local minimiser of Zj,

while the larger one, ug?), is a (sub-)critical point of mountain pass type, these

and other variational properties of uf\l), u&g) being expressed by conditions (22),
(37), (49), (53).

REMARK 1.6. The odd symmetry of Problem (1), which however is not nec-
essary at all for establishing Theorem 1.2, obviously implies that —ug\l), —ug\Q)
constitute a pair of negative classical weak solutions of Problem (1). The fact
of uf\l), —uf\l) being local minimisers predicts the existence of a third, sign-
changing, classical weak solution. Actually, we can say more: from [28] we see
that an infinite sequence of classical weak solutions tending to 0 exists for any
given A > 0. A second sequence of arbitrarily large bounded variation solu-
tions, not necessarily classical, is expected to exist as well. These and other
related topics will be investigated in a future paper.
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REMARK 1.7. The power function |s|P~2s can be replaced in Theorem 1.2 by
any continuous function f : R — R satisfying, for some p € (1,1*), ¢ € (1, 2),
9> 1,

AC DT O B S (Ol e AOL

=0.
s—0 g4—1 ’ s—+oo gP—1 s—r+00 S

Based on the proof of Theorem 1.2, the interested reader can provide the nec-
essary details for establishing this statement.

REMARK 1.8. A counterpart of Theorem 1.2 for Problem (1) where the Neu-
mann condition is replaced by a homogeneous Dirichlet condition can be estab-
lished by combining [13, Theorem 2.1] and [29, Theorem 4.4]. In this setting
(h1)~(hs) can still be assumed, although the condition [, wdz < 0 in (hs) is
not necessary anymore. As a result, the situation is substantially less delicate
in the Dirichlet case and the corresponding proofs are somehow simpler.

The remainder of this paper is structured as follows: Section 2 provides
all definitions, preparatory results, and complementary information relevant to
the proof of Theorem 1.2, which is eventually delivered in Section 3.

Notations. Throughout, we write, for all s,t € R, s V¢ = max{s,t} and
s At = min{s,t}, as well as sT = sV 0 and s~ = —(s A 0); similar notations
are also used for functions. We denote by £V the N-dimensional Lebesgue
measure and by HV ! the N — 1-dimensional Hausdorff measure. We say that
a function v € L(Q) is positive if ess infv > 0 and ess supv > 0, while we say
that it is sign-changing if ess inf v - ess supv < 0.

2. Preliminaries

In order to introduce the notion of bounded variation solution we use in this
paper a few preliminaries are needed.

Bounded variation functions and the area functional.

Let BV () be the space of bounded variation functions in €, i.e., functions
v € L'(Q2) whose distributional gradient Dv is a finite vector valued Radon
measure. When equipped with the norm

lvllBv = o] + [| Do, (6)
where U = ﬁfﬂvdx and || Dv|| = |Dv|(Q) = [, d|Dv|, BV(Q) is a Banach
space compactly imbedded into L(Q) for all ¢ € [1,1*), where 1* = % if

N >2and 1* = coin N = 1, and continuously imbedded into L'" (©). Thanks
to the Poincaré inequality,

[0 =L < callDvl,
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with ¢ € [1,1*] and ¢q > 0 a constant depending only on €2, the norm defined
by (6) is in fact equivalent to the standard one.

For any v € BV(Q), Dv = D% + D*v is the Lebesgue decomposition
of the measure Dv in an absolutely continuous part D%v = Vv L", with Vv
the approximate differential of v, and a singular part D®v with respect to L.
|Dv| stands for the total variation of the measure Dv. Moreover, |Dv| =
|Dv|* + | Dv|* = |D*v| 4 | D?v| is the Lebesgue decomposition of | Dv| and |B—“U‘
is the density of Dv with respect to |Dv|.

Let us define the functional 7 : BV () — R by

Tw) = / VITIDoE - |9,

where
/\/1+|D1}|2:/ \/lJr|V11|2der/d|Dv|S
Q Q Q

is the area functional in BV (Q2). The functional J vanishes at 0, it is convex
and Lipschitz continuous in BV (2), and lower semicontinuous with respect to
the L'-convergence in BV ().

For A > 0, let us introduce the action functional Z : BV (2) — R associated
with Problem (1) by setting

Ih(v) =TJ W) — )\/Q %w [vfP de. (7)

It is apparent that Z, is even and it is the sum of a convex and of a differen-
tiable term; moreover, as p € (1,1%), it is lower semicontinuous with respect to
the weak* convergence in BV (), i.e., if (v,), is a sequence in BV (§2) which
converges in L1(Q) to v € BV (Q) and satisfies sup,, || Dv,|| < 4+o0, then

im i > .

lim inf 7, (vn) 2 Zx(v)
For further information on the subject of this paragraph we refer to [1,11,12].

Bounded variation solutions and their characterisation.

Two equivalent notions of bounded variation solutions are given below: the
former is formulated through an Euler equation, like in [4], the latter through
a variational inequality, like in [24].

DEFINITION 2.1. Assume (h1) and (hs). A function v € BV () is a bounded
variation solution of (1) if

/ VuVo [ Du Do
o 1+ |Vul? o |Dul D]

for all € BV () such that |D|® is absolutely continuous with respect to |Dul®.

d|D¢|* :)\/Qw|u\p’2u¢dx (8)
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REMARK 2.2. It is apparent that Assumption (hs) ensures that the integral on
the right of (8) is finite. Further, whenever D%u = 0, Definition 2.1 reduces to
the notion of weak solution in WhH1(Q).

REMARK 2.3. From the results in [4, Section 3] it follows that the conditions
required by Definition 2.1 are satisfied by u € BV () if and only if u minimises
in BV () the convex functional

Hy(v) =T (v) — )\/ w|uP 2y v de.
Q
Consequently, the following alternative formulation of the notion of bounded

variation solution can be given.

DEFINITION 2.4. Assume (h1) and (h). A function v € BV(Q) is a bounded
variation solution of (1) if

J W) — T (u) > )\/Qw|u|p72u(v —u)de,

for allv € BV(Q).

REMARK 2.5. According to Definition 2.4 u is a sub-critical point of the func-
tional Zy, in the sense that

Oeaj(u)—)\/

wlufPudr = )\/w|u|p_2udx€8._7(u),
Q Q

where 0.J (u) denotes the sub-differential of J at w. It is also easy to see that
any local minimiser of Zy in BV () is a solution of (1).

The next result establishes some relevant properties enjoyed by the bounded
variation solutions of (1). Following [2] we set

Xy = {z € L®°(Q,RY) | divz € LV (Q)}.

Then, by [2, Theorem 1.9] the integration by parts formula

/deivzdx:/(m[z-z/]vdHN_l—/Qd(Dv,z) 9)

holds for all v € BV(Q) and z € X(Q)n, where [z -v] € L>®(09Q) is the
weak trace on 0f2 of the component of z along the outer normal v to 0,
which exists by [2, Theorem 1.2], and (Dwv, z) is the Radon measure defined
in [2, Definition 1.4].

PROPOSITION 2.6. Let u be a bounded variation solution of (1). Then, the
following holds:
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Vu

1. the distributional divergence of the vector fielldl ———— € L*(Q)
1+ |Vul?
satisfies
—div SN Aw [ulP~ 2y a.e. in €,
V14 |Vul|?
Vu
accordingly, —————= € X(Q)n,
G + |Vul? (D

2. the identity, between measures in 2,

Vu Va2
— Y Du| =1+ |Duz— |1 ¢
( VP ) o VP

holds,
Vu .
3. the weak trace | ——= -vgq| € L™(0N) of the component on I
V14 |Vul?
of the vector field __Vu € X(Q)n along to the unit outer normal
14 |Vul?

v exists and satisfies

Vu
_— . I/aQ
V14 |Vul?

Proof. The first assertion follows by testing (8) against all v € C§°(€Q2) and
recalling that

] =0 HN " a.e. on O9.

Vu
—F—= €
V14 |Vul?

The second assertion follows from (8) and the definition of the measure

Vu D
V14 |Vul|?

if we pick any ¢ € C5°(£2) and we test (8) against v = u¢, we get
|Vul? VuVé

Q1+ |Vul? Q1+ |Vul?
Vu
=— [ div| ——— | uo¢dz
/Q <\/1+|Vu|2>

L>(Q) and wulP~?u € LN (Q).
u), as expressed by [2, Definition 1.4, Theorem 1.5]. Indeed,

odx + udx+/¢d|Dsu|:/w|u|pq§dx
Q Q

_/¢d Vv )4 [ YV e
Q VI [Vul?’ a1+ |Vul? '
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Hence, we infer that

Vu |vu|2 s
d|{ ————,Du | = —d d|D
~/Q¢ <\/1+|Vu|27 u) /52¢\/1+Vu|2 QH—/Q(ZS D%

and then

\Y% Vul|?
(u Du) = ﬂﬁN + | Dl

V14 |V’ V14| Vul?

1
— JTE VP LY + |Dou| - —— N
V14 |Vul?

2
=1+ |Dul2— /1 MﬁN.

1 [V

The third assertion follows from the integration by parts formula in BV ()
expressed by (9). Indeed, by testing (8) against any v € WH(£2), we find

/ __Vu v vdHN " = __VuVu dz
a0 | V1+ |vu|2 o1+ ‘VU‘P
Vu
+/div ———— | vdz =0.
Q (\ /14 |Vu|2>
Thus, the proof is concluded. U

REMARK 2.7. The third conclusion of Propositon 2.6 implies that all bounded
variation solutions of (1) satisfy the homogeneous Neumann boundary condi-
tion in the weak sense explained above.

REMARK 2.8. Proposition 2.6 shows that the notion of solution expressed by
Definition 2.1, or equivalently by Definition 2.4, implies the validity of the
Neumann counterpart of the definition of solution recently used, first, in [30]
and, later, in [8] for the Dirichlet problem associated with the mean curvature
equation.

Classical weak solutions.
The following definition of classical weak solution of (1) is quite standard [31],
nevertheless we remind it for completeness.

DEFINITION 2.9. Assume (h1) and (hy). A function u € C'(Q) is a classical
weak solution of (1) if, for all ¢ € C1(Q),

VuVe¢

o 14+ |Vul?

dx = )\/ w |uP?u ¢ da. (10)
Q
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REMARK 2.10. Combining the third conclusion of Propositon 2.6 with [3, Re-
mark 1.8] entails that, if  has a C! boundary 92, then any classical weak
solution u of (1) satisfies the homogeneous Neumann boundary condition every-
where on 9. Moreover, from [14, Theorem 2.1] it follows that, if w € L*>°(Q),
then u € W24() for all finite ¢ > 1, and if in addition 8 has a C** boundary,

loc

then u € W24(Q) for all finite ¢ > 1.

3. Proof of Theorem 1.2

The proof is divided into two parts, each subdivided into a number of steps.
Part 1. Existence of pairs of bounded variation solutions
In this part conditions (h1)—(hs3) are assumed.

Step 1. Preliminary estimates.
We establish two estimates that are crucial in this proof.
First estimate: for all v € BV (Q),

() > [ Dv|”

> . (11)
€+ VI + (| Do|]?

Indeed, fix v € BV () and let (v,), be a sequence in W11(Q) such that
vy — v in LY(Q) and J(n) = J(v), asn— +oo.
By [4, Fact 3.1], we also have that
|Vop|r = ||Dv]|, asn— +oc.

Hence, thanks to Jensen’s inequality, we get

J() = lim J(vn) = lim \/mdx—m

n—-+oo
> lim |Q\/1+ ”Vr’é‘””) — 10

o H(IIDUII) g e
] 91+ /O + Do

Second estimate: there exist constants ¢y, o, c3, ¢4 > 0, such that, for all A > 0,
v € BV(Q), and € > 0,

D 2
P R 1]
19 + V/IQU + [| Do]?

+ A (= el Dol = 22?7 — g1 Dof? + caf5?), (12)
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where v = ﬁfgvdm. Indeed, by (11), we have that, for all A > 0 and
v € BV (),
Ih(w+v)=T@w)— A %w|§+5|pdm

Q
| Dolf?

T+ VIR + [Do?
—)\%|6|p/ﬂwdx, (13)

%w ([o+o — [v|") dx

where ¥ = v — 7. As p € (1,2), the inequality
[+ slP < [rfP + [s[P + plr[P7H s

holds for all r, s € R. Hence, by Holder and Young inequalities, we get, for any
given € > 0,

/ w ([v 4707 = |v|P) do < / |w] |9]P dz +p|@|p’1/ |w] |v] dz (14)
Q Q Q

~ — _1 ~
e e [ e et e

e [ R o T e R

1 111~12
+ dplhwl e 21
~ —12(p—1
<l ge 9120 + Spllwll e oD

T — T —p

2(?:1)

+ 5-plQ 77

ol ae IO1Ze

Inserting (14) into (13) and using the Poincaré inequality, we can find constants
c1,C2,c3,c4 > 0, independent of v, A, €, such that
| Dolf? 1

Tx(v) > Py N o] L — « |o2P—1)
A(v) 2 Ql JIOF TIDo pllwll = 1ol sllwll e 17l

/wdx
Q

2(p—1) ~112 11—
Tl e Rl + A (Ol

— A5

| Dv|”
QU+ VIQP + (| Do|?

- )\( — c1||Dv||P — eae[p]2P7Y — 31| Dv||? + 04\@|p).

Step 2. Ezxistence of solutions uf\l) such that IA(uE\U) <0 and }\irr%) ||u§\l) | By =0.
—
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The existence of a first solution ug\l)7 for all small A > 0, is proved by minimising
the functional Z, over a ball in BV ().
Let us denote by

By ={ve BV(Q):|Dv|+ v <1}
the unit open ball in BV (§2) and by
S1 ={veBV(Q):|Dv||+ v =1}

its boundary. Setting co = (|| ++/|Q[2 + 1)1, from (12) we infer that, for all
A>0and v e Sy,

Ta(v) > (co - Ac?,g) 1Dv|% + A( = 1| Du||? = e o214 eyfwP).  (15)
Consider, for s € [0, 1], the function
(co - /\03%)52 +A(—crs? — coe(1 — $)2=D 4o (1 — s)P).
Fix € > 0 so small that —coe + ¢4 > 0. Hence, we can find so € (0,1) such that,
—c187 — coe(1 — 5)2P7Y 4 ¢ (1= 5)P >0 in [0, s).

Consequently, as co — A% > 0 for all small A > 0, we have that

(co - )\63%)52 +A(—c18” —coe(1— 5)2PD) 4oy (1— s)P) >0 in [0,s0]. (16)
Thus, possibly reducing A > 0 further, we get

(co - )\63%)82 +A(—c18” —coe(1— $)2P=D 4oy (1— $)P) >0 in [so,1]. (17)
From (16) and (17), we infer that, for all small A > 0, there is §, > 0 such that

(co - /\63%)82 +A(— 18 — coe(1 — $)2P=N) ey (1 — s)P) > 65 in [0,1].
Hence, taking any v € §; and setting ||[Dv|| = s and [7] = 1 — s, from (15) we

conclude that
I)\(U) > (5)\. (18)

provided that A > 0 is small enough.
Then, it is straightforward to show that there exists

minZy.
B1
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Indeed, Condition (18) implies that Z, is bounded from below in B;. Hence, let
(un)n be a sequence minimising Zy in By. By the weak* compactness in BV ()
of By, there is a subsequence of (u,,),, still denoted by (uy,),, which converges
in LP(€) to some u € B;. The lower semicontinuity of Zy, with respect to the
weak™ convergence in BV (§2) implies that

Iy (u) < liminf 7y (u,) = inf Z,,

n—+oo B
that is,
Zx(u) = minZ,.
B1
Let us prove that
Z)(u) =minZy < 0. (19)
B

By (hs3) there exist open balls By, By in RY such that By C By, By C Q and
w(z) >0 a.e. in By. Let ¢ € C1(Q) be such that 0 < ¢(z) < 1in Q, ¢¥(z) =1
in By and ¢(x) = 0in 2\ By. Then, for all ¢ > 0, we have that

2| Vy[? 1 1
Ih(ty) = dx — A “w tPyYP do — A Sw tPyYP do
B 14 +/1+ 2[Vy]2 B’ Bo\B, ¥
gtp(tH/ \V1/)|2dx—)\/ lwdz). (20)
P
BQ Bl
As p € (1,2), letting ¢ — 0 yields
Ih(ty) <0

for all small ¢ > 0. Hence, (19) folllows.

From (18) and (19) we infer that u € B;. Therefore, u is a local minimiser
of Zy in BV (Q) and hence a solution of (1). Moreover, (19) implies that u # 0,
because Z»(0) = 0.

Let show that there exists a positive minimiser of Z, in B;. Indeed, by
the even symmetry and the lattice property enjoyed by the area functional, we
have that

I (ul) = 5 (T (=lu)) + T (ju)) = 3(T (WA (—u)) + T (uV (—u)))
< 5T () + T (~w) = T (u),

where J(|u]) < J(u) may occur if u exhibits jump discontinuities when chang-
ing sign. Hence, we get

Za(ul) = T (Jul) —)\/ﬂ Ly [ul? de < J (u) —/\/Q%w|u|pdx:I>\(u). (21)
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Thus, we conclude that |u| € B; is a local minimiser of Z, too. Hereafter, we

denote by ug\l) any positive solution of (1) such that

Ty(uf) = min 7,. (22)
By
We finally prove that
: (1) _
lim fluy” v = 0. (23)

Indeed, from (11) and I,\(uf\l)) < 0, we infer that

(1)12
Du
D < 7

— <
19+ /1902 + | DusV |2

ey Li*:

1 P 1 O
< [ Sl de < Al e 1S

The continuous embedding of BV (Q) into L' () and the bound Hug\l) v <1
yield the existence of a constant ¢ > 0 such that

1DulV || < e VA

Hence, we get
lim || Dul" | = 0
A—0

and, by the Poincaré inequality,

lim aM « = 0. 24
/\1 0 Hu,\ HLl ( )

lim (") = 0.
A—=0

Otherwise, we can find a sequence (A, ),, with A, — 07 as n — +o0, such that

. _(1
lim uE\ )
n—-+oo n

=m > 0. (25)

Testing (8), with u = ug\lﬂ)7 against ¢ = 1 and dividing by A, > 0, we obtain

[+l a0
Q

Hence, possibly passing to a subsequence and using the dominated convergence
theorem, by (24), (25) and (hs3), we get the contradiction

0= lim [ w(@+a))" " de= / wm?~! dz < 0.
Q

n—-+oo Q
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Thus, (23) is proved.
Step 3. Existence of solutions uE\Z) such that IA(uE\Q)) >0 and }\ir% ||uf\2)||L1* =
—
+00.
The existence of a second solution ug\Q), for all small A > 0, is proved by
applying a non-smooth version of the mountain pass theorem to the functional
I, in BV (Q).
Fix any
a€ (5, 50q) C(0,1) (26)
and, for all A > 0, define

Sy ={veBV(Q):|Dv||+ o] =A%}

Pick any v € Sy. Setting € = 1, estimate (12) reads

L) s 1Dl
=190+ VIoR + Do

£ (= et DUl — o2 — eg| Dol + eafo).  (27)
As ||Dv|| < A%, we have that
[ Dolf? S [Dolf? _ A Dv|”
Q]+ /19212 + [|1Dv]|2 7 Q]+ /]Q2+ X720 X|Q + /A2|Q2 + 1

and hence, for all small X\ > 0,

D 2
| D] > 1| Dol (28)

12+ 192 + D] ~ *
Combining (27) with (28) yields

Ia(v) > (5 = esA' ") AYDo|” + A(ca|v[” — 1| Dol — 62|§|2(”*1))

and, as a < 1, possibly reducing A > 0,
Z\(v) > 2A¥(|Dv[|* + A(ca|0” — c1 || Do||P — cz|i|2(p71)). (29)

Set 5 = %a and, if necessary, further reduce A\ > 0 so that A= < A\=®. Then,
the following estimates hold:

(a) Let | Dv|| < A=8. As [9] = A= — || Dv||, from (29) we obtain

_ _ 2(p—1
Tp(v) > 2X%Do|? + caA A= = | Do||[P = ex A Do [P = esA A= — || Do P~V

> C4)x’)fa — )\*5”’ _ Cl)\lfﬁp _ 62)\17201(1771)
= Al_ap (C4|1 — /\a—ﬁ‘P — cl)\(a—B)P _ CQAQ(2_p)).
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Since a — = ia > 0 and p < 2, possibly taking A > 0 smaller, we have that

Ta(v) > LegA' o7, (30)

where 1 — ap < 0, because a > ]l)

(b) Let A=2 < ||Dov|| < A~®. From (29) we obtain

Ii(v)

>

>

@ —a _a 2p—
IXDo|? + caA A = | Do]| [P = ex M| Dv|? = esA A= — || Do **

iAa72[5 _ ClAlfozp _ 62)\172&@71)

_ )\0(—25(% _ Cl/\l—ocp—a-i-QB _ 62)\1—204(17—1)—04—1-2,6’).

Since the condition o < 21%1 yields

1—ap—a+2,6:1—a(p—%) >0

and the conditions p < 2 and « > 0 imply that

1—2a(p—1)>1- ap,

and, consequently,

1-2a(p—1)—a+25>0,

we infer that, possibly for smaller A > 0,

Ty(0) = 1A, (31)

1
8

where a — 28 = —%a < 0.
Finally, combining (30) and (31) and observing that, due to a < T%l, one

has

a—28=-1a<l-—ap<0,

we conclude that, for all small A > 0,

with

inf I)\(U) > %04)\1_04) =T, (32)
VESH

ilgb nx = +o0. (33)

(1

Take A € (0,1) so small that, according to Step 2, u, ’ exists and satisfies

) <0 and  [[ul) sy <1< A7 (34)
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Next, let C' C £ be a Caccioppoli set such that

/dex > 0. (35)

Denoting by xc € BV () the characteristic function of C' and by Perg(C) the
perimeter of C' in €2, we get, for all s > 0,

Ii(sxc) = s/ d\DSXC|—)\Z%Sp/ wxcdr =s (PerQ(C') - /\%3”71/ wdx) .
Q Q c

Hence, by using (35) and p > 1, we infer that, for all large s > 0,

Ix(sxc) < 0.
Fix sy > 0 so large that
In(saxe) <0 and Isaxcllsy > A~ (36)
Then, set
(1
€0 = Uy and e1 = S\XC
and define

I'={yeC’0,1],BV(Q)) : ¥(0) = eo,¥(1) = e1 }.
Thanks to (32), (33), (36), (34), we have that, for all small A > 0,

Cc) = ;Iel{“ tren[gﬁ] I)\(’}/(ﬂ) > ny > 0> max {IA(€0)7I)\(61)}. (37)

Fix any such A > 0. Since eg,e; are positive in £, we have that |y| € T,
whenever vy € I'. Thus, by (21), we obtain, for all y € T,

T t)]) < T t)).
max Tu(y(1)]) < max Th(7(1))

Hence, setting

't ={yerl: essﬂinf v(t) >0 for all t € [0,1]},

it follows that
inf T t)) > inf i t
inf max A(v(1) = inf max Ay @)

= inf T t)) > inf T t
B2 P00 2 ey BOO)
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and then
= inf T ).
A ;Ielrtgl[gﬁ] A ®))

For each k > 1 pick v, € I'" such that

< T ) < 1
ex < max A(t) S+

The Ekeland’s Variational Principle [7, Theorem 1.1] implies that there exists
a sequence (v} )y in I' such that

< max Zy(vi (1)) < 1
ox < mmax, A@) e+ g,

() — vt <L 38
max 70 = w(®)lsv < Jr. (38)

and, for all v € I" with v # ~},

T(y(t T(vi(t) — = b)) — ye(t .
Jnax, (( ))>fen[6“f§] (v (£)) @tren[gfﬁllvk() ()l By

From the proof of Lemma 3.7 in [27], as delivered in [26], we infer that sequences
(ex)r in R and (tg)g in [0, 1] exist such that

lim e, =0 (39)

k— 400

and, for all k> 1

C)\ — % S I)\(’Uk) § tIél[(E)D%] IA(’yk(t)) § c) + %, with Ve = ’)/Z(tk), (40)

. _ t < L
nin lox = w(B)llBv < 7%,

._7(1)) - j(vk) > )\/ w |vk|p_20k(v — Uk) dz
Q
+ekllv —villpy, forall ve BV(Q). (41)

Let us prove that (vg)g is bounded in BV (). Take any k& > 1. Multiplying
(40) by p, we have that

pJ (vg) <A | wlvgl’ dz +plex +1). (42)
Q

Testing (41) against v = 2vj, and observing that

T(208) — T (08) g/ \/1+\Vvk|2da:+/d\ka|S:j(vk)+|Q|,
Q Q
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we obtain
~7(00) =191 < =2 [ wlorl” da = el (43)
Summing up (42) and (43) yields
(p— DT (vx) = [ < plex +1) = exllvrllzy
and then, as J(vx) > ||Dvg|l — |9,
(p = DI[Dvk|| < plex + 1+ [9[) + [exl| Dvk [l + [ex[vx]-

Consequently, by using (39) and p > 1, we can find a constant d) > 0 such
that, for all large k,
[Dvkll < da(1 + [ex||k]) (44)

and hence, by the Poincaré inequality,
[0kl L1+ < cadr(1+ |ex[Dkl)- (45)

Suppose by contradiction that there exists a subsequence of (T), still denoted
by (Ug)k, such that

lim |[vg] = +o0.
k— 400

Without restriction we can assume that

lim v, = lim vy = —o0. 4
Jm +00 or Gm Tk 00 (46)

From (44) and (45), we infer that

Dv v *
lim I — il =0 and lim I IZHLI =0. (47)
k—+o0 |Uk| k—+o00 |Uk‘
Let us set ~
Vg Vg Vg
2k = =57 = = et
Wkl [kl Ukl

From (47) it follows that (z;,)s converges in L' (Q2) to 1 or to —1 according to
the first or the second alternative of (46) holds and, hence, (]zx|P), converges

in L7 (Q) to 1. Dividing (40) by [o4|? yields

c) + 1 > I)\(’Uk) > ||D1)k|| — |Q‘

- 1 Pdx. 48
B = on S ol /Qp‘”‘z’“' v (48)

Consequently, passing to the limit in (48) and using the condition (47) and the
assumption p > 1, as well as the convergence of (w|z|P)x in L*(Q) to w, we

obtain
0> —)\l/ wdz,
P Ja
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thus contradicting Assumption (h3). Finally, as (T ), must be bounded, by (44)
we conclude that (vg)g is bounded in BV (Q).

The boundedness of (vi); in BV () implies the existence of a subsequence
of (vg)g, still denoted by (vg )k, that converges weakly* in BV (), strongly in
LP () and pointwise a.e. in €2 to some u € BV (2). Consequently, from (41)
we get, by the lower semicontinuity of 7,

T () = T(v) < liminf T (vn) = T(0)

<A lim w|ve[P2vg (v — o) do + lim egllv — vkl By
k—+oo Jo k——+oo

= )\/ w |ulP~%u (v — u) d,
Q

for all v € BV (Q). Therefore, u is a solution of (1). Moreover, testing (41)
against v = u, we deduce that

J(u) > limsup (ym) 1

w |vR|P2op(u — vg) da + e flu — vk|Bv>
k——+oo

Q
= limsup J (vg)

k— 400

Hence, the lower semicontinuity of J yields

i ) = 700
and thus, by (40),

lim T = Ty (u) = cy.
Jm A(vk) = Ih(u) = e

Since ¢y > 0 and Z)(0) = 0, we conclude that u # 0.

Next, we show that u is positive. We know that there is a subsequence
of (vk)g, still denoted by (vj)r which converges to u strongly in LP(Q). As
v = 5 (tx), from (38) we infer that

li ty) = i s(tk) =
Jm et = Jim 50 = u
in L? (). Consequently, possibly passing to a subsequence, (vx(t))x converges

to u a.e. in . Since ess inf gy, () > 0, we conclude that ess inf gu > 0 too.

Consequently, u is a positive solution of (1). Hereafter, we denote by uE\2) any

positive solution of (1) such that
T(wd) = e (49)
Finally, we shall prove that

m (0@ —
tim ([0 - = +o0. (50)
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Indeed, testing (8) against ¢ = ug\2)7 we get

Ve[’ )5 @)
/ dx+/d|DuA] —A/wyu”dx:o. (51)
Q Q Q

A1+ |Vug\2)|2

Subtracting (51) from (49), we obtain

(2)12 (2)12
c,\:/ |Vu)\ ‘ — ‘VUA | dx+/\(1—l)/w|ug\2)|pdx
Q (2))2 (2)2 P2 Ja
1+\/1+|vuA ; \/1+|vuA }

< )\/ w |uf\2)|pdx.
Q
By (37) and (32), we infer that

LeA™ = At < / wluP " dz < Jwt]| e [ui?),
Q Li7=»p
and hence
lim inf A%[|u$® || 1 > 0, (52)
A—0

where o satisfies (26). In particular, Condition (50) follows; however, with
respect to (50), Condition (52) provides an explicit estimate, in terms of A, of

the blow up speed of ||ug\2)||L1* as A — 0.
This concludes the proof of the existence of a constant A* > 0 such that,
for all A € (0, A*), Problem (1) has two positive bounded variation solutions

ug\l) , uE\Q) satisfying

Taui) < 0 < Ty (ul?) (53)
and (1) @)
lim fJuy“llsv =0, Jim a3 e = o0

Part 2. Existence of classical weak solutions
In this part we assume, in addition to (hy)—(hs3), Conditions (hys) and (hs).
Step 1. A modified problem.

First, we modify the mean curvature operator. Like in [13], we define the C*-!
function a : [0, +00) — [0, +00) by

(1+s)71/2 if s €[0,1),
a(s) = ‘1/—65(572)2+71—‘é5 if s €[1,2),
71—‘? if s € [2,400)



(24 of 30) PIERPAOLO OMARI

and we set, for all s > 0,
Als) = / alt) dt.
0
We further define the O vector field o : RV — RV by

a(n) = $VA(n*) = a(lnl*)n.

Elementary calculations show that, for all s > 0,

and
71—\?5 < A(s) <s. (55)

Hence, we infer that, for all n,& € RY,

192162 < da(p)E - € < |2
and

(a(n) —a(6)) - (n—€) > 22 |n— ¢

As the function  — a(n) = 1VA(|n|?) is strongly monotone, the function
n > A(|n|?) is strictly convex.
Next, we modify the right hand side of the differential equation in (1). Let

X : [0, 4+00) — [0, 1] be the piecewise linear cut-off function such that

w1 Fo<s<1,
XM=Y 0 irs>o

Let us define, for a.a. z € Q and all s € R,
gw,s) = w(x) x(|s|) [s|P~2s + sgn(s)(x(|s]) — 1) (56)

Thanks to (hs), there exists a constant ag > 0 such that, for a.a. x € Q and
all seR
l9(z, 8)| < ao (57)

and, by construction,
g(a:,—s) = —g(a:,s). (58)
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We also set, for a.a. z €  and all s € R,

G(x,s) = /OS g(z,t)dt.

By (56) and (57) there exists a constant by > 0 such that, for a.a. x € Q and
all s € R,
G(z,s) < —apls| + bo (59)

and, by (58),
G(z,—s) = G(x, s). (60)

Finally, we introduce, for any given A > 0, the following modification of
Problem (1)

—div(a(|Vu|?)Vu) = Ag(z,u) in Q, (61)
—Vuv/y/1+|Vul? =0 on 0f.
A solution of (61) is a function v € H*(f2) satisfying
/ a(|[Vul*)Vu - Vodr = )\/ g(z,u)ddx (62)
Q Q

for all ¢ € H(£2). Further, for each A > 0 we define H, : H'(Q) — R by
H(v) :/ %A(|VU\2)dx—)\/ G(z,v)da.
Q Q

Clearly, Hy is even, of class C', and u € H'(Q) is a solution of (61) if and only
if it is a critical point of H. Notice that, for all v € C1(Q) such that |[v|/c1 is
small enough,

a(|Vo|?)Vu = Vo/y/1 + |Vol?, g(-,v) = w|vP 2w, (63)
%A(‘VUP) =V 1+ |V’U|2 - ]-7 G('vv) =w ‘v‘pv

and then, in particular,
Ha(v) = Iy (v). (64)

Step 2. Existence of positive solutions of the modified problem.
As (55) and (59) imply that, for all v € H}(Q),

Ha(v) > 73—\?/ |Vv|2d;v+)\a0/ || da — Abo |,
Q Q

H, is coercive and bounded from below. Moreover, it is weakly lower semicon-
tinuous, being the sum of two functionals, the former convex and continuous,
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and therefore weakly lower continuous, the latter weakly continuous [6, Chap-
ter 1]. Consequently, H, admits a global minimiser in H*(2), i.e., there exists
u € H'(Q) such that

Ha(u) = Hlf}g) Ha(v),

and u is a solutions of (62). Thanks to (64), adapting in an obvious fashion
the calculations in (20) yields

Ha(un) <0 (65)

and, as Hx(0) = 0, u # 0. Moreover, similarly as in Part 1-Step 2, we can see
that |u| € H'(Q) is a positive global minimiser of H,. Indeed, by setting

QOF = {2 € Q: +u(z) > 0}
and applying [32, Theorem 1.56], we obtain

/A(|V|u||2)dm:/ A(|Vu+|2)dx+/ A(|Vu|?) da
Q Q+ Q-

- A(|Vu+|2)da:+/ﬂiA(\—Vu’|2)dx:/QA(|Vu\2)dx

Q+

and then, by (60),
Ha([ul) Z/Q%A(WluHQ)dx—/\/ﬂG(% |uf) dz

= / 1A(|Vul?) dz — )\/ G(z,u)dr = Hx(u).
Q Q
Hereafter, we denote by ug\l) any positive global minimiser of H.
Step 8. Existence of positive classical weak solutions of the original problem.
We start by proving that, for all A > 0,

Y ]oo < 2. (66)

Indeed, fix any A > 0 and test (62) against ¢ = (ug\l) —2)" € HY(Q). By (54)
and (56), we have that

0< 32 [ 96 -2t s < [ a(vulP) vl - 2)* P
= / a(|Vu(A1)|2)Vug\1)V(ug\1) —-2)"dw
)
= /Qg(x,ug\l))(u(;) —2)"dx

- / —{” —2)tdz <o0.
Q
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Hence, we get (ug\l) —2)t =0, that is, ug\l)(m) < 2 for a.a. x € . Thus, (66)
follows because ug\l) is positive.
Next, fix any A > 0. Thanks to (hs), (66) and (57), the regularity theory
for the quasilinear problem (61) (see, e.g., [15, Theorem 2]) yields the existence
of constants p € (0,1] and R > 0 such that, for all A € (0,}), uf\l) € Chr(Q)

and
lulllere < R. (67)

In addition, Remark 2.9 ensures that ug\l) € VVIQOCq (), for all finite ¢ > 1.
Fix any 7 € (0, p). We shall prove that

. (1) _
tim [lu e = 0. (63)

Let (An)n be a sequence in (0, A), with

lm A, =0, (69)

n—-+4oo

and let (un)n, = (ug\ln))n be a corresponding sequence of positive minimisers
of H,,. Estimate (67) and the Arzela-Ascoli theorem imply the existence of
a subsequence of (u,), converging in C>7(Q2) to some function u € CH7 ().
From (65), (55) and (59), we infer that

0< %{f/ [V, |? dz < /\n/ G(s,un) dz < Apbo|€. (70)
Q Q

Consequently, we have that

IVullzs = lm [ Vun|zz =0

and hence
IVulloo = lim ||[Vup|leo = 0.
n—-+oo

Thus, using estimate (66) too, u is constant, with v € [0,2]. Testing (61)
against ¢ = 1, dividing by A, > 0 and passing to the limit as n = +o0, we
obtain, by the dominated convergence theorem,

0= lim g(x,un)dx:/g(x,u)dx:)((u)upfl /w(x)dm
n—+oo /o Q Q

As the function x(s)sP~! > 0 for all s € (0,2), it follows that either u = 0 or
u=2. If u =2, dividing (70) by A, > 0, we infer that

2
OS/G(m,Z)dxz/wdx/ x(s) sP71ds.
Q Q 0
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This is impossible, because

2
/ wdz <0 and / x(s)sP"tds > 0.
Q 0

Therefore, we have that « = 0. Since this occurs for any possible sequence

()‘n

A€

)n satisfying (69), we conclude that (68) holds true.
Finally, thanks to (63) and (68), we can find A\, € (0, \*) such that, for all

(0, A\.] the solutions ug\l) of (61) that we have just constructed are solutions

of Problem (1) too.

1]

This concludes the proof of Theorem 1.2.
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