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Abstract. This article is devoted to the study of a 2-dimensional
piecewise smooth (but possibly) discontinuous dynamical system, sub-
ject to a non-autonomous perturbation; we assume that the unperturbed
system admits a homoclinic trajectory γ⃗(t). Our aim is to analyze the
dynamics in a neighborhood of γ⃗(t) as the perturbation is turned on, by
defining a Poincaré map and evaluating fly time and space displacement
of trajectories performing a loop close to γ⃗(t).
Besides their intrinsic mathematical interest, these results can be
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setting.
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1. Introduction

This article is devoted to the study of a 2-dimensional piecewise smooth (but
possibly) discontinuous dynamical system, subject to a non-autonomous per-
turbation, namely

˙⃗x = f⃗(x⃗) + εg⃗(t, x⃗, ε), (1)

where f⃗ and g⃗ are bounded together with their derivatives up to the r-th order,
r > 1, and ε ≥ 0 is a small parameter.

In particular we assume that the origin 0⃗ = (0, 0) is a critical point for (1)
for any ε and that there is a trajectory γ⃗(t) homoclinic to 0⃗ when ε = 0.

In this context, classical Melnikov theory allows us to define explicitly a
function M(τ), the Melnikov function, see (9), such that the existence of non-
degenerate zeros of M(τ) is a sufficient condition for the persistence of the
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homoclinic trajectory, say x⃗b(t, ε), and the insurgence of chaotic phenomena if
we also assume that g⃗ is periodic in t. In fact, after the pioneering work of
Melnikov [28], in the smooth case, the problem of detecting the occurrence of
chaotic solutions for non-autonomous dynamical systems is now well studied,
see e.g. [21, 29, 31, 32]. In this paper we want to deepen our knowledge of the
dynamics close to γ⃗(t) when the perturbation is turned on. Namely, let L0 be
a curve transversal to {γ⃗(t) | t ∈ R}, our purpose is to define a Poincaré map
from a compact connected subset Afwd,+(τ) of L0 back to L0 and to evaluate
space displacement and fly time when ε ̸= 0.

Our work takes motivation and inspiration from the study of the asymp-
totic stability of periodic and homoclinic trajectories of an ordinary differential
equation (ODE). Borg, Hartman and Leonov (among others), see e.g. [6,23,26],
have given necessary and sufficient conditions for the existence, the uniqueness
and the asymptotic stability of a periodic orbit of an autonomous n ≥ 2 dimen-
sional ODE, and criteria to determine their basin of attraction. More recently
this kind of study has been addressed in a non-autonomous context, extending
Borg’s criterion to almost periodic trajectories of an almost periodic differential
equation, see [18–20]: in all these problems the study of the Poincaré map in a
neighborhood of the periodic solutions plays a key role.

The case of homoclinic trajectories is more tricky. Consider (1) when ε = 0:
the problem of the stability of the homoclinic trajectory γ⃗(t) has been com-
pletely solved by the so called Dulac sequence, see e.g. [31, §13] and references
therein. That is, if div[fx(⃗0)] < 0, or div[fx(⃗0)] = 0 and

∫
γ⃗
div[fx]ds < 0,

then γ⃗(t) is stable from inside, while if div[fx(⃗0)] > 0, or div[fx(⃗0)] = 0 and∫
γ⃗
div[fx]ds > 0, then γ⃗(t) is unstable from inside, see [31, §13] for more details.

Once again the study of the Poincaré map “inside” Γ = {γ⃗(t) | t ∈ R} ∪ {⃗0}
is crucial for this analysis; as far as the authors are aware there have been no
attempts to extend the theory in a non-autonomous context: with this paper
we try to fill this gap.

The first difficulty one faces in doing so is that we do not have anymore a
proper Poincaré map, but we are forced to consider a map starting from a time
dependent transversal, Afwd,+(τ), which has as endpoint the intersection P⃗s(τ)

between the stable leaf W̃ s(τ) and the transversal L0, to end up close to P⃗u(τ),
the intersection of the unstable leaf W̃u(τ) and L0. Further we have to split
our argument in the analysis of four different subpaths: firstly from L0 to a
transversal to W̃ s(τ) close to the origin, denoted by S̃+, secondly from S̃+ to a
curve Ω0 passing through the origin, thirdly from Ω0 to a transversal to W̃u(τ)
close to the origin, S̃−, finally from S̃− back to L0. In the first path we use a
(nontrivial) fixed point argument which reminds the one used in [23] for periodic
trajectories, in the second one we decompose the trajectory as a stable part, a
linear one and a remainder and we use a (tricky) fixed point argument which
combines exponential dichotomy with some ideas borrowed from [31, §13], and
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we estimate fly time space displacement adapting in a nontrivial way [31, §13].
Then we conclude with an inversion of time argument.

This contribution will be essential in proving some results concerning the
analogues of the stability from inside of Γ in a non-autonomous context which
will be addressed in a forthcoming paper.
Further we plan to use these ideas to study the possibility to establish a sub-
harmonic theory for Melnikov, i.e., the possibility that we may get a large
number of homoclinic trajectories for ε ̸= 0 even if we have just one nondegen-
erate zero of M(τ).
Moreover we believe this result could be used in a system characterized by the
presence of a chaotic pattern to find safe regions, i.e., subsets of initial condi-
tions in a neighborhood of Γ, which cannot exhibit chaotic behavior. See §6
for more details concerning these three possible developments.

In fact all the results of this paper are obtained in a discontinuous piecewise
smooth setting, i.e., we consider

˙⃗x = f⃗±(x⃗) + εg⃗(t, x⃗, ε), x⃗ ∈ Ω±, (PS)

where Ω± = {x⃗ ∈ Ω | ±G(x⃗) > 0}, Ω0 = {x⃗ ∈ Ω | G(x⃗) = 0}, Ω ⊂ R2

is an open set, G is a Cr-function on Ω with r > 1 such that 0 is a regular
value of G. Next, ε ∈ R is a small parameter, and f⃗± ∈ Cr

b (Ω
± ∪ Ω0,R2),

g⃗ ∈ Cr
b (R × Ω × R,R2) and G ∈ Cr

b (Ω,R), i.e., the derivatives of f⃗±, g⃗ and
G are uniformly continuous and bounded up to the r-th order, respectively,
if r ∈ N, and up to r0 if r = r0 + r1 with r0 ∈ N and 0 < r1 < 1 and the
r0-th derivatives are r1 Hölder continuous. Further, we assume that both the
systems ˙⃗x = f⃗±(x⃗) admit the origin 0⃗ ∈ R2 as a fixed point, and that 0⃗ lies on
the discontinuity level Ω0.

Even in this discontinuous framework, the existence of a non-degenerate
zero of the Melnikov function M(τ) guarantees the persistence to perturbation
of the homoclinic trajectory, see [8]. Nevertheless, a geometrical obstruction
forbids chaotic phenomena whenever we have sliding close to the origin, see [15]:
this is indeed quite unexpected since this condition, together with periodicity
in t of g⃗, are enough to guarantee the existence of a chaotic pattern in a smooth
context, see e.g. [29], and in a piecewise smooth context if 0⃗ ̸∈ Ω0, see e.g. [2–4].
We plan to use Theorems 4.2 and 4.3 in a forthcoming paper to show that the
usual Melnikov conditions guarantees chaos as in the smooth setting if the
geometrical obstruction is removed.

Discontinuous problems are motivated by several physical applications, for
instance mechanical systems with impacts, see e.g. [7], power electronics when
we have state dependent switches [1], walking machines [17], relay feedback
systems [5], biological systems [30]; see also [14,27] and the references therein.
Further they are also a good source of examples since it is somehow easy to
produce piecewise linear systems exhibiting an explicitly known homoclinic
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trajectory, so giving rise to chaos if subject to perturbations, whereas this is
not an easy task in general for the smooth case (especially if the system is not
Hamiltonian).

But why shall one insist on studying the case where the critical point lies
on the discontinuity surface Ω0? In many real applications this is what really
happens, e.g. in systems with dry friction.

The paper is divided as follows: in §2 we collect the main assumptions used
in the paper and we define the stable and unstable leaves; in §3 we construct the
Poincaré map made up by trajectories of the perturbed problem performing a
loop close to γ⃗(t); in §4 we state the main results of the paper, i.e., Theorems 4.2
and 4.3, which are proved in §5. In §6 we give some hints concerning future
development of this work which are in preparation. In the Appendix we sketch
the proof of two auxiliary lemmas which are used to construct the Poincaré
map.

2. Preliminary constructions and notation

First we give a notion of solution and we collect the basic assumptions which we
assume through the whole paper. By a solution of (PS) we mean a continuous,
piecewise Cr function x⃗(t) that satisfies

˙⃗x(t) = f⃗+(x⃗(t)) + εg⃗(t, x⃗(t), ε), whenever x⃗(t) ∈ Ω+, (PS+)

˙⃗x(t) = f⃗−(x⃗(t)) + εg⃗(t, x⃗(t), ε), whenever x⃗(t) ∈ Ω−. (PS−)

Moreover, if x⃗(t0) belongs to Ω
0 for some t0, then we assume either x⃗(t) ∈ Ω− or

x⃗(t) ∈ Ω+ for t in some left neighborhood of t0, say ]t0−τ, t0[ with τ > 0. In the

first case, the left derivative of x⃗(t) at t = t0 has to satisfy ˙⃗x(t−0 ) = f⃗−(x⃗(t0))+

εg⃗(t0, x⃗(t0), ε); while in the second case, ˙⃗x(t−0 ) = f⃗+(x⃗(t0)) + εg⃗(t0, x⃗(t0), ε).

A similar condition is required for the right derivative ˙⃗x(t+0 ). We stress that,
in this paper, we do not consider solutions of equation (PS) that belong to Ω0

for t in some nontrivial interval, i.e., sliding solutions.

Notation

Throughout the paper we will use the following notation. We denote scalars by
small letters, e.g. a, vectors in R2 with an arrow, e.g. a⃗, and n× n matrices by
bold letters, e.g. A. By a⃗∗ and A∗ we mean the transpose of the vector a⃗ and
of the matrix A, resp., so that a⃗∗⃗b denotes the scalar product of the vectors a⃗,
b⃗. We denote by ∥ · ∥ the Euclidean norm in R2, while for matrices we use the
functional norm ∥A∥ = sup∥w⃗∥≤1 ∥Aw⃗∥. We will use the shorthand notation

fx = ∂f
∂x

unless this may cause confusion.
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In the whole paper we denote by x⃗(t, τ ; P⃗ ) the trajectory of (PS) passing

through P⃗ at t = τ (evaluated at t). If D is a set and δ > 0, we define

B(D, δ) :={Q⃗ ∈ R2 | ∃P⃗ ∈ D : ∥Q⃗− P⃗∥ < δ} = ∪{B(P⃗ , δ) | P⃗ ∈ D}.

We list here some hypotheses which we assume through the whole paper.

F0 We have 0⃗ ∈ Ω0, f⃗±(⃗0) = 0⃗, and the eigenvalues λ±
s , λ

±
u of f±

x (⃗0) are such
that λ±

s < 0 < λ±
u .

Denote by v⃗±s , v⃗
±
u the normalized eigenvectors of f±

x (⃗0) corresponding to
λ±
s , λ

±
u . Let us set

c⊥,±
u = [∇⃗G(⃗0)]∗v⃗±u , c⊥,±

s = [∇⃗G(⃗0)]∗v⃗±s . (2)

We assume that the eigenvectors v⃗±s , v⃗
±
u are not orthogonal to ∇⃗G(⃗0), i.e., the

constants c⊥,±
u and c⊥,±

s are nonzero. To fix the ideas we require

F1 c⊥,−
u < 0 < c⊥,+

u , c⊥,−
s < 0 < c⊥,+

s .

Moreover we require a further condition on the mutual positions of the
directions spanned by v⃗±s , v⃗

±
u .

More precisely, set T ±
u := {cv⃗±u | c ≥ 0}, and denote by Π1

u and Π2
u the

disjoint open sets in which R2 is divided by the polyline T u := T +
u ∪ T −

u . We
require that v⃗+s and v⃗−s lie on “opposite sides” with respect to T u. Hence, to
fix the ideas, we assume:

F2 v⃗+s ∈ Π1
u and v⃗−s ∈ Π2

u.

We emphasize that if F2 holds, there is no sliding on Ω0 close to 0⃗. On
the other hand, sliding might occur when both v⃗±s lie in Π1

u, or they both lie
in Π2

u, see [15, §3].
Remark 2.1. We point out that it is the mutual position of the eigenvectors
that plays a role in the argument. In the paper we fix a particular situation for
definiteness; however, by reversing all the directions, one may obtain equivalent
results. Moreover, in the continuous case, i.e., for equation (1), then T u is a
line and Π1

u, Π
2
u are halfplanes. In fact, all smooth systems satisfy F2. On

the other hand, if assumption F2 is replaced with the opposite condition, that
is v⃗+s and v⃗−s lie “on the same side” with respect to T u, then it was shown
in [15] that generically chaos cannot occur, while new bifurcation phenomena,
involving continua of sliding homoclinic trajectories, may arise.

K For ε = 0 there is a unique solution γ⃗(t) of (PS) homoclinic to the origin
such that

γ⃗(t) ∈


Ω−, t < 0,

Ω0, t = 0,

Ω+, t > 0.
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Figure 1: Stable and unstable leaves (the superscript “out” is denoted as “o”
for short).

Furthermore, (∇⃗G(γ⃗(0)))∗f⃗±(γ⃗(0)) > 0.

Recalling the orientation of v⃗±s , v⃗
±
u chosen in F1, we assume w.l.o.g. that

lim
t→−∞

˙⃗γ(t)

∥ ˙⃗γ(t)∥
= v⃗−u and lim

t→+∞

˙⃗γ(t)

∥ ˙⃗γ(t)∥
= −v⃗+s . (3)

Concerning the perturbation term g⃗, we assume the following:

G g⃗(t, 0⃗, ε) = 0⃗ for any t, ε ∈ R.

Hence, the origin is a critical point for the perturbed problem too.
We recall that Γ := {γ⃗(t) | t ∈ R} ∪ {⃗0}; let us denote by Ein the open set

enclosed by Γ, and by Eout the open set complementary to Ein ∪ Γ.
Further, for any fixed δ > 0, we set (see Figure 1):

L0 = L0(δ) := {Q⃗ ∈ Ω0 | ∥Q⃗− γ⃗(0)∥ < δ},

Lin = Lin(δ) := {Q⃗ ∈ (Ω0 ∩ Ein) | ∥Q⃗∥ < δ},

L−,out = L−,out(δ) := {Q⃗ = d(v⃗−u + v⃗−s ) | 0 ≤ d ≤ δ},

L+,out = L+,out(δ) := {Q⃗ = d(v⃗+u + v⃗+s ) | 0 ≤ d ≤ δ}.

(4)

Now, we define the stable and the unstable leaves W s(τ) and Wu(τ) of
(PS).

Assume first for simplicity that the system is smooth; that is consider (1)
and suppose that F0 holds true. Then, following [16, Appendix], which is based
on [24, Theorem 2.16], we can define local and global stable and unstable leaves
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as follows:

Wu
loc(τ) := {P⃗ ∈ B(⃗0, δ) | x⃗(t, τ ; P⃗ ) ∈ B(⃗0, δ) for t ≤ τ,

limt→−∞x⃗(t, τ ; P⃗ ) = 0⃗},
W s

loc(τ) := {P⃗ ∈ B(⃗0, δ) | x⃗(t, τ ; P⃗ ) ∈ B(⃗0, δ) for t ≥ τ,

limt→+∞x⃗(t, τ ; P⃗ ) = 0⃗},
Wu(τ) := {P⃗ ∈ R2 | limt→−∞x⃗(t, τ ; P⃗ ) = 0⃗},
W s(τ) := {P⃗ ∈ R2 | limt→+∞x⃗(t, τ ; P⃗ ) = 0⃗}.

(5)

From [24, Theorem 2.16] it follows that Wu
loc(τ) and W s

loc(τ) are C
r embedded

1-dimensional manifolds if δ > 0 is small enough, while Wu(τ) and W s(τ) are
Cr immersed 1-dimensional manifolds, i.e., they are the image of Cr curves.
Note that they also depend on ε but we leave this dependence unsaid. The
manifolds Wu(τ) and W s(τ) are the sets of all the initial conditions of the
trajectories converging to the origin in the past and in the future, respectively,
and they are not invariant for the flow of (1). However, if P⃗ ∈ Wu(τ) then

x⃗(t, τ ; P⃗ ) ∈ Wu(t) for any t, τ ∈ R. Analogously for W s(τ).
We emphasize that, choosing δ > 0 small enough, we can assume that

Wu
loc(τ) andW s

loc(τ) are graphs on the respective tangent spaces; furtherWu(τ)
and W s(τ) are constructed from Wu

loc(τ) and W s
loc(τ) using the flow of (1) as

follows

Wu(τ) = ∪T≤τ {x(τ, T ; Q⃗) | Q⃗ ∈ Wu
loc(T )},

W s(τ) = ∪T≥τ {x(τ, T ; Q⃗) | Q⃗ ∈ W s
loc(T )}.

(6)

Denote by Wu,±
loc (τ) = Wu

loc(τ) ∩ (Ω± ∪ Ω0) and by W s,±
loc (τ) = W s

loc(τ) ∩
(Ω± ∪ Ω0). Assume further F1, K and follow Wu(τ) (respectively W s(τ))
from the origin towards L0(

√
ε): then it intersects L0(

√
ε) transversely in a

point denoted by P⃗u(τ) (respectively by P⃗s(τ)). In fact, P⃗u(τ) and P⃗s(τ) are

Cr functions of ε and τ ; hence P⃗u(τ) = P⃗s(τ) = γ⃗(0) if ε = 0 for any τ ∈ R.
We denote by W̃u(τ) the branch of Wu(τ) between the origin and P⃗u(τ)

(a path), and by W̃ s(τ) the branch of W s(τ) between the origin and P⃗s(τ),
in both the cases including the endpoints. Since W̃u(τ) and W̃ s(τ) coincide
with Γ ∩ (Ω− ∪Ω0) and Γ ∩ (Ω+ ∪Ω0) if ε = 0, respectively, and vary in a Cr

way, see [24, Theorem 2.16] or [16, Appendix], we find W̃u(τ) ⊂ (Ω−∪Ω0) and
W̃ s(τ) ⊂ (Ω+ ∪ Ω0), for any τ ∈ R and any 0 ≤ ε ≤ ε0. Further

Q⃗u ∈ W̃u(τ) ⇒ x⃗(t, τ ; Q⃗u) ∈ W̃u(t) ⊂ (Ω− ∪ Ω0) for any t ≤ τ ,

Q⃗s ∈ W̃ s(τ) ⇒ x⃗(t, τ ; Q⃗s) ∈ W̃ s(t) ⊂ (Ω+ ∪ Ω0) for any t ≥ τ .
(7)

Now, we go back to the general case where (PS) is piecewise smooth but
discontinuous. Using the previous construction, we can define also in this case
Wu,±

loc (τ), W s,±
loc (τ), W̃u(τ) and W̃ s(τ), and they are all Cr.
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Figure 2: Scenarios 1 and 2. In these two settings there is no sliding close to
the origin. Further Melnikov theory guarantees persistence of the homoclinic
trajectories [8], and we conjecture that we may have chaotic phenomena.

Remark 2.2. Consider (PS) and assume F0, F1, F2. Then the manifolds
Wu

loc(τ) and W s
loc(τ) defined as in (5) are such that Wu

loc(τ) = Wu,+
loc (τ) ∪

Wu,−
loc (τ), W s

loc(τ) = W s,+
loc (τ) ∪ W s,−

loc (τ). Hence, Wu
loc(τ) and W s

loc(τ) are
piecewise Cr manifolds (they might lose smoothness in the origin). Further
W̃u(τ) and W̃ s(τ) are again smooth and have the property (7).

Moreover, if K holds then P⃗u(τ) and P⃗s(τ) are again Cr in ε and τ , and

P⃗u(τ) = P⃗s(τ) = γ⃗(0) if ε = 0 for any τ ∈ R.

We set

W̃ (τ) := W̃u(τ) ∪ W̃ s(τ). (8)

We will see that W̃ (τ) ⊂ B(Γ, c̄∗ε) for a suitable c̄∗ > 0, see Remark 3.2 below.

Let us define the Melnikov function M : R → R which, for planar piecewise
smooth systems as (PS), takes the following form, see e.g. [8]:
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M(α) =

∫ 0

−∞
e−

∫ t
0
tr f⃗−

x (γ⃗(s))dsf⃗−(γ⃗(t)) ∧ g⃗(t+ α, γ⃗(t), 0)dt

+

∫ +∞

0

e−
∫ t
0
tr f⃗+

x (γ⃗(s))dsf⃗+(γ⃗(t)) ∧ g⃗(t+ α, γ⃗(t), 0)dt,

(9)

where “∧” is the wedge product in R2 defined by a⃗ ∧ b⃗ = a1b2 − a2b1 for any
vectors a⃗ = (a1, a2), b⃗ = (b1, b2). In fact, also in the piecewise smooth case the
function M is Cr.

At this point, we need to distinguish between four possible scenarios, see
Figures 2 and 3.

Scenario 1 Assume K and that there is ρ > 0 such that dv⃗+u ∈ Eout, dv⃗−s ∈
Eout for any 0 < d < ρ.

Scenario 2 Assume K and that there is ρ > 0 such that dv⃗+u ∈ Ein, dv⃗−s ∈ Ein

for any 0 < d < ρ.

Scenario 3 Assume K and that there is ρ > 0 such that dv⃗+u ∈ Ein, dv⃗−s ∈
Eout for any 0 < d < ρ, so F2 does not hold.

Scenario 4 Assume K and that there is ρ > 0 such that dv⃗+u ∈ Eout, dv⃗−s ∈
Ein for any 0 < d < ρ, so F2 does not hold.

Notice that F2 holds in both Scenarios 1 and 2, and our results apply to both
the cases. Further, in Scenario 1 Wu,+

loc (τ) and W s,−
loc (τ) both lie in Eout for

any τ ∈ R, while in Scenario 2 Wu,+
loc (τ) and W s,−

loc (τ) both lie in Ein for any
τ ∈ R.

In Scenarios 3 and 4 sliding generically occurs in Ω0 close to the origin and
F2 does not hold. Notice that Scenarios 1 and 2 have a smooth counterpart
while Scenarios 3 and 4 may take place just if the system is discontinuous. We
recall once again that in all the four scenarios the existence of a non-degenerate
zero of the Melnikov function guarantees the persistence of the homoclinic
trajectory, cf. [8], but chaos is generically not possible in Scenarios 3 and 4.
We conjecture that chaos is still possible in Scenarios 1 and 2: this will be the
object of a future investigation in which the result of this article will be crucial.

In this paper we will just consider Scenario 1 to fix the ideas, even
though Scenario 2 can be handled in a similar way.

We collect here for convenience of the reader and future reference, the main
constants which will play a role in our argument:

σfwd
+ =

|λ+
s |

λ+
u+|λ+

s | , σfwd
− =

λ−
u +|λ−

s |
λ−
u

, σfwd = σfwd
+ σfwd

− ,

σbwd
+ = 1

σfwd
+

, σbwd
− = 1

σfwd
−

, σbwd = σbwd
+ σbwd

− ,

σ = min{σfwd
+ , σbwd

− }, σ = max{σfwd
+ , σbwd

− },
(10)
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Figure 3: Scenarios 3 and 4: in these settings we have persistence of the homo-
clinic trajectories but sliding might occur close to the origin. Here our analysis
does not apply directly. Further Melnikov theory guarantees persistence of the
homoclinic trajectories [8], but chaos is forbidden [15] in general.

Σfwd
+ = 1

λ+
u+|λ+

s | , Σbwd
− = 1

λ−
u +|λ−

s | ,

Σfwd =
λ−
u +|λ+

s |
λ−
u (λ+

u+|λ+
s |) , Σbwd =

λ−
u +|λ+

s |
|λ+

s |(λ−
u +|λ−

s |) ,

Σ = min{Σfwd,Σbwd}, Σ = max{Σfwd,Σbwd},
λ = min{λ−

u ;λ
+
u ; |λ−

s |; |λ+
s |}, λ = max{λ−

u ;λ
+
u ; |λ−

s |; |λ+
s |}.

Remark 2.3. Notice that in the smooth setting we have λ+
u = λ−

u , and λ+
s =

λ−
s so we have the following simplifications

σfwd = |λs|
λu

, σbwd = λu

|λs| ; Σfwd = 1
λu

, Σbwd = 1
|λs| . (11)
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3. Construction of the Poincaré map

Fix τ ∈ R and consider L0(δ) given by (4), where δ > 0 will be chosen below.

The point P⃗s(τ) splits L0 in two parts, say Afwd,+(τ) and Bfwd,+(τ), re-
spectively “inside” and “outside”, see Figure 4. The purpose of this section
is to construct a Poincaré map using the flow of (PS) from L0 back to it-
self remaining close to Γ; i.e. P fwd(·, τ) : Afwd,+(τ) → L0 and a time map

T fwd(·, τ) : Afwd,+(τ) → R such that for any P⃗ ∈ Afwd,+(τ) the trajectory

x⃗(t, τ ; P⃗ ) will stay in a neighborhood of Γ (in fact in a neighborhood of W̃ (t))

for any t ∈ [τ,T fwd(P⃗ , τ)] and it will cross transversely L0 for the first time at

t = T fwd(P⃗ , τ) > τ in the point P fwd(P⃗ , τ). Further, we want to show that
both the maps are Cr.
Moreover, if P⃗ ∈ Bfwd,+(τ) then there is some T out = T out(P⃗ , τ) > τ such
that the trajectory will leave a neighborhood of Γ at t ≥ T out.

Similarly, the point P⃗u(τ) splits the curve L0 in two parts, say Abwd,−(τ)
and Bbwd,−(τ), respectively “inside” and “outside”, see Figure 5. Using the
flow of (PS) (but now going backward in time) we can construct a Cr Poincaré
map Pbwd(·, τ) : Abwd,−(τ)→L0 and a Cr time map T bwd(·, τ) : Abwd,−(τ)→
R such that for any P⃗ ∈ Abwd,−(τ) the trajectory x⃗(t, τ ; P⃗ ) will stay in a neigh-

borhood of Γ (in fact in a neighborhood of W̃ (t)) for any t ∈ [T bwd(P⃗ , τ), τ ]

and it will cross transversely L0 for the first time at t = T bwd(P⃗ , τ) < τ in the

point Pbwd(P⃗ , τ).

Moreover if P⃗ ∈ Bbwd,−(τ) then there is some T out(P⃗ , τ) < τ such that the
trajectory will leave a neighborhood of Γ at t ≤ T out.

Hereafter it is convenient to denote γ⃗−(t) := γ⃗(t) when t ≤ 0 and γ⃗+(t) :=
γ⃗(t) when t ≥ 0.

Remark 3.1. Assume F0, K, then there is a constant c∗0 > 0 such that

∥γ⃗−(t)∥ ≤ c∗0
4 eλ

−
u t for any t ≤ 0 and ∥γ⃗+(t)∥ ≤ c∗0

4 eλ
+
s t for any t ≥ 0.

We state now a classical result concerning the possibility to estimate the
position of the trajectories of the unstable manifold W̃u(τ) and of the stable
manifold W̃ s(τ) using the homoclinic trajectory γ⃗(t). The proof is omitted,
see, e.g., the nice introduction of [25], or [21, §4.5].

Remark 3.2. Assume K and F1, then there is ε0 > 0 such that for any
0 < ε ≤ ε0 we have the following. There is c̄∗ > 0 such that

∥x⃗(t, τ ; P⃗u(τ))− γ⃗−(t− τ)∥ ≤ c̄∗ε for any t ≤ τ ,

∥x⃗(t, τ ; P⃗s(τ))− γ⃗+(t− τ)∥ ≤ c̄∗ε for any t ≥ τ .
(12)

By a slight modification of [15, Lemmas 6.4, 6.7] and the argument of [15,
§6.2.2] we can construct two auxiliary curves Zfwd,in, Zfwd,out with the following
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Figure 4: Construction of the set Kfwd (the superscripts “fwd”, “in”, “out” are
denoted as “f”, “i”, “o”, respectively, for short). This picture enables us to
control the trajectories of (PS) in a neighborhood of Γ in forward time.

properties, see Figure 4, and also Figures 8, 9. These curves are useful to build
up our Poincaré map in forward time.

The curve Zfwd,in is a continuous, piecewise–Cr path starting from a point
P⃗ fwd,in ∈ (L0 ∩ Ein), passing through a point Q⃗fwd,in ∈ Lin and ending in a

point R⃗fwd,in ∈ (L0 ∩ Ein), see (4) and the beginning of Section 2.

The branch from P⃗ fwd,in to Q⃗fwd,in is in Ω+, while the branch from Q⃗fwd,in

to R⃗fwd,in is in Ω− and they are both Cr.
Analogously, the curve Zfwd,out is a continuous, piecewise–Cr path starting

from a point O⃗fwd,out ∈ L−,out, passing through a point P⃗ fwd,out ∈ (L0 ∩Eout)

and ending in a point Q⃗fwd,out ∈ L+,out. The branch from O⃗fwd,out to P⃗ fwd,out

is in Ω−, while the branch from P⃗ fwd,out to Q⃗fwd,out is in Ω+ and they are both
Cr. Further Zfwd,in ⊂ Ein while Zfwd,out ⊂ Eout.

We denote by Kfwd the compact set enclosed by Zfwd,out, L+,out, L−,out,
Zfwd,in and the path of Ω0 between P⃗ fwd,in and R⃗fwd,in. We denote byKfwd,± =
Kfwd ∩ Ω±. Notice that by construction Zfwd,in and Zfwd,out do not intersect
each other or themselves and that Γ ⊂ Kfwd.

In order to construct the auxiliary curves Zfwd,in and Zfwd,out, we need to
introduce a small parameter β, which however has to be larger than ε, namely:

β ≥ ε
σfb

2 , σfb = min{σfwd, σbwd} < 1. (13)

We introduce a further parameter µ, whose size has to be small, independently
of ε. Roughly speaking, µ will play the role of controlling the errors in evaluat-
ing the positions of the “barriers” Zfwd,in and similar, just below, and the space
displacement P with respect to W̃ , defined in the main results, Theorems 4.2
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and 4.3 below.
Let us define

µ0 =
1

4
min

{
Σfwd

+ ,Σbwd
− , σ2

}
(14)

Then we have the following.

Lemma 3.3. Assume F0, F1, F2, K, G. We can choose ε0 and β0 such that

for any 0 < ε ≤ ε0, any 0 < β ≤ β0 with β ≥ ε
σfb

2 we can define Zfwd,in,
Zfwd,out so that the flow of (PS) on Zfwd,in\{P⃗ fwd,in, R⃗fwd,in} and on Zfwd,out\
{O⃗fwd,out, Q⃗fwd,out} aims towards the interior of Kfwd. Then, for any 0 < µ ≤
µ0 we find

∥P⃗ fwd,in − γ⃗(0)∥ = β, ∥P⃗ fwd,out − γ⃗(0)∥ = β,

βσfwd
+ +µ ≤ ∥Q⃗fwd,in∥ ≤ βσfwd

+ −µ, βσfwd
+ +µ ≤ ∥Q⃗fwd,out∥ ≤ βσfwd

+ −µ,

βσfwd+µ ≤ ∥R⃗fwd,in − γ⃗(0)∥ ≤ βσfwd−µ,

βσbwd
− +µ ≤ ∥O⃗fwd,out∥ ≤ βσbwd

− −µ.

(15)

Finally we can assume that Kfwd ⊂ B(Γ, βσ−µ), and that there is c > 0 such
that B(Γ, cε) ∩ (Zfwd,in ∪ Zfwd,out) = ∅.

A sketch of the proof of both Lemma 3.3 and Lemma 3.5 below is postponed
to Appendix A.

Remark 3.4. We invite the reader not to focus on the precise values of the
exponents appearing in (15). Notice that if λ+

u = λ−
u = |λ+

s | = |λ−
s | as, e.g., in

the smooth Hamiltonian case inequalities (15) simplify as follows

∥P⃗ fwd,in − γ⃗(0)∥ = β, ∥P⃗ fwd,out − γ⃗(0)∥ = β,

β
1
2+µ ≤ ∥Q⃗fwd,in∥ ≤ β

1
2−µ, β

1
2+µ ≤ ∥Q⃗fwd,out∥ ≤ β

1
2−µ,

β1+µ ≤ ∥R⃗fwd,in − γ⃗(0)∥ ≤ β1−µ,

β
1
2+µ ≤ ∥O⃗fwd,out∥ ≤ β

1
2−µ.

(16)

Further, taking into account that 0 ≤ µ ≤ 1/16, we get Kfwd ⊂ B(Γ, β1/4).

Similarly, we construct some other auxiliary curves useful to build up the
Poincaré map in backward time. By a modification of [15, Lemmas 6.4, 6.7]
and from [15, §6.2.2] we construct the continuous, piecewise–Cr curves Zbwd,in,
Zbwd,out with the following properties, see Figure 5, see also Figures 10 and 11.

The curve Zbwd,in starts from a point P⃗ bwd,in ∈ (L0∩Ein), passes through a

point Q⃗bwd,in ∈ Lin and ends in a point R⃗bwd,in ∈ (L0∩Ein), so that the branch

from P⃗ bwd,in to Q⃗bwd,in is in Ω−, while the branch from Q⃗bwd,in to R⃗bwd,in is
in Ω+, and they are both Cr.
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Figure 5: Construction of the set Kbwd (the the superscripts “bwd”, “in”, “out”
are denoted as “b”, “i”, “o”, respectively, for short). This picture enables us
to control the trajectories of (PS) in a neighborhood of Γ in backward time.

Analogously, the curve Zbwd,out starts from a point O⃗bwd,out ∈ L−,out,
passes through a point P⃗ bwd,out ∈ (L0 ∩ Eout) and ends in a point Q⃗bwd,out ∈
L+,out, so that the branch from O⃗bwd,out to P⃗ bwd,out is in Ω−, while the branch
from P⃗ bwd,out to Q⃗bwd,out is in Ω+, and they are both Cr. Further Zbwd,in ⊂
Ein while Zbwd,out ⊂ Eout.

We denote by Kbwd the compact set enclosed by Zbwd,out, L+,out, L−,out,
Zbwd,in and the segment of Ω0 between P⃗ bwd,in and R⃗bwd,in. We denote by
Kbwd,± = Kbwd ∩ Ω±. Again, by construction, Zbwd,in and Zbwd,out do not
intersect each other or themselves and Γ ⊂ Kbwd.

Lemma 3.5. Assume F0, F1, F2, K, G. We can choose ε0 and β0 such

that for any 0 < ε ≤ ε0 and any 0 < β ≤ β0 with β ≥ ε
σfb

2 we can define
Zbwd,in, Zbwd,out so that the flow of (PS) on Zbwd,in \ {P⃗ bwd,in, R⃗bwd,in} and

on Zbwd,out \{O⃗bwd,out, Q⃗bwd,out} aims towards the exterior of Kbwd. Then, for
any 0 < µ ≤ µ0 we find

∥P⃗ bwd,in − γ⃗(0)∥ = β, ∥P⃗ bwd,out − γ⃗(0)∥ = β,

βσbwd
− +µ ≤ ∥Q⃗bwd,in∥ ≤ βσbwd

− −µ, βσfwd
+ +µ ≤ ∥Q⃗bwd,out∥ ≤ βσfwd

+ −µ,

βσbwd+µ ≤ ∥R⃗bwd,in − γ⃗(0)∥ ≤ βσbwd−µ,

βσbwd
− +µ ≤ ∥O⃗bwd,out∥ ≤ βσbwd

− −µ.

(17)

Finally, we can assume that Kbwd ⊂ B(Γ, βσ−µ), and that there is c > 0 such
that B(Γ, cε) ∩ (Zbwd,in ∪ Zbwd,out) = ∅.

Again, the precise values of the exponents appearing in (17) are not so rel-
evant in this paper, and if λ+

u = λ−
u = |λ+

s | = |λ−
s |, (17) simplifies analogously
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to (16).

We continue with further constructions illustrated again by Figure 4.

From Lemmas 3.3 and 3.5, we know that W̃ (τ) ⊂ Kfwd ∩ Kbwd. Further
W̃ (τ) splits the compact set Kfwd(τ) (Kbwd(τ)) in two components, denoted
by Kfwd

A (τ) and Kfwd
B (τ) (Kbwd

A (τ) and Kbwd
B (τ)), respectively in the interior

and in the exterior of the bounded set enclosed by W̃ (τ) and the branch of Ω0

between P⃗u(τ) and P⃗s(τ).

We denote by Afwd,+(τ) the open branch (i.e. without endpoints) of Ω0

between P⃗ fwd,in and P⃗s(τ), and by Afwd,−(τ) the open branch of Ω0 between

R⃗fwd,in and P⃗u(τ). Let Q⃗ ∈ Afwd,+(τ) and follow x⃗(t, τ ; Q⃗) forward in t for

t ≥ τ ; from Lemma 3.3 we get that x⃗(t, τ ; Q⃗) will stay close to W̃ (t) until it

completes a loop and reaches Afwd,−(T fwd(Q⃗, τ)) at t = T fwd(Q⃗, τ) > τ .

Similarly, we denote by Abwd,−(τ) the open branch of Ω0 between P⃗ bwd,in

and P⃗u(τ) and by Abwd,+(τ) the open branch of Ω0 between R⃗bwd,in and

P⃗s(τ). Let Q⃗ ∈ Abwd,−(τ) and follow x⃗(t, τ ; Q⃗) backward in t for t ≤ τ ; from

Lemma 3.5 we know that x⃗(t, τ ; Q⃗) will stay close to W̃ (t) until it completes a

loop and reaches Abwd,+(T bwd(Q⃗, τ)) at a suitable t = T bwd(Q⃗, τ) < τ .

Let Kfwd,±
A (τ) = Kfwd

A (τ) ∩Ω±, Kbwd,±
A (τ) = Kbwd

A (τ) ∩Ω±, then we have
the following.

Lemma 3.6. Assume F0, F1, F2, K, G. Let Q⃗ ∈ Afwd,+(τ). Then there are

T fwd(Q⃗, τ) > τ1(Q⃗, τ) > τ such that the trajectory x⃗(t, τ ; Q⃗) ∈ Kfwd,+
A (t) for

any τ < t < τ1(Q⃗, τ), x⃗(t, τ ; Q⃗) ∈ Kfwd,−
A (t) for any τ1(Q⃗, τ) < t < T fwd(Q⃗, τ),

and it crosses transversely Ω0 at t ∈ {τ, τ1(Q⃗, τ),T fwd(Q⃗, τ)}. Hence,

P fwd
+ (Q⃗, τ) := x⃗(τ1(Q⃗, τ), τ ; Q⃗) ∈ Lin,

P fwd(Q⃗, τ) := x⃗(T fwd(Q⃗, τ), τ ; Q⃗) ∈ Afwd,−(T fwd(Q⃗, τ)).

Analogously, let Q⃗ ∈ Abwd,−(τ). Then there are T bwd(Q⃗, τ) < τ−1(Q⃗, τ) <

τ such that x⃗(t, τ ; Q⃗) ∈ Kbwd,−
A (t) for any τ−1(Q⃗, τ) < t < τ , x⃗(t, τ ; Q⃗) ∈

Kbwd,+
A (t) for any T bwd(Q⃗, τ) < t < τ−1(Q⃗, τ), and it crosses transversely Ω0

at t ∈ {τ, τ−1(Q⃗, τ),T bwd(Q⃗, τ)}. Hence

Pbwd
− (Q⃗, τ) := x⃗(τ−1(Q⃗, τ), τ ; Q⃗) ∈ Lin,

Pbwd(Q⃗, τ) := x⃗(T bwd(Q⃗, τ), τ ; Q⃗) ∈ Abwd,+(T bwd(Q⃗, τ)).

From the smoothness of the flow of (PS) it follows that all the functions
defined in Lemma 3.6 are Cr: we add a sketch of the proof for completeness.
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Remark 3.7. The functions P fwd
+ (Q⃗, τ), τ1(Q⃗, τ), P fwd(Q⃗, τ), T fwd(Q⃗, τ),

and Pbwd
− (R⃗, τ), τ−1(R⃗, τ) and Pbwd(R⃗, τ), T bwd(R⃗, τ) constructed via Lem-

ma 3.6 are Cr in both the variables, respectively for Q⃗ ∈ Afwd,+(τ), R⃗ ∈
Abwd,−(τ) and τ ∈ R.

Proof of Remark 3.7. The smoothness of P fwd
+ (Q⃗, τ), τ1(Q⃗, τ) follows from the

smoothness of the flow of (PS) on Ω+. Let Q⃗ be a point in the branch of Lin

between the origin and Q⃗fwd,in, and τ ∈ R; let us denote by τ2(Q⃗, τ) the time

such that x⃗(t, τ ; Q⃗) ∈ Ω− for any τ < t < τ2(Q⃗, τ) and it crosses transversely

Ω0 at t = τ2(Q⃗, τ). Then τ2(Q⃗, τ) and P fwd
− (Q⃗, τ) := x⃗(τ2(Q⃗, τ), τ ; Q⃗) are Cr

in both the variables due to the smoothness of the flow of (PS) on Ω−.
Hence, the maps

T fwd(Q⃗, τ) = τ1(Q⃗, τ) + τ2(P
fwd
+ (Q⃗, τ), τ1(Q⃗, τ)),

P fwd(Q⃗, τ) = P fwd
− (P fwd

+ (Q⃗, τ), τ1(Q⃗, τ))

are Cr since they are obtained as a sum and compositions of smooth maps.
The smoothness of Pbwd

− (R⃗, τ), τ−1(R⃗, τ) and Pbwd(R⃗, τ), T bwd(R⃗, τ) can
be shown similarly.

In fact, using the argument of Remark 3.7 with some minor changes we can
show the following.

Remark 3.8. Let A be an open, connected and bounded subset of Ω, let
τ2 > τ1 and denote by

B(t) = {x⃗(t, τ1; Q⃗) | Q⃗ ∈ A}.

Assume that in Ω0 ∩ B(t) there are no sliding phenomena for any t ∈ [τ1, τ2].
Then the functions

Φτ2,τ1 : A → B(τ2), Φτ1,τ2 : B(τ2) → A,

Φτ2,τ1(Q⃗) = x⃗(τ2, τ1; Q⃗), Φτ1,τ2 = Φ−1
τ2,τ1

are homeomorphisms.
Assume further that A ∩ Ω0 = ∅, B(τ2) ∩ Ω0 = ∅, and that for any Q⃗ ∈ A,

if x⃗(t̄, τ1; Q⃗) ∈ Ω0 for some t̄ ∈ (τ1, τ2), then it crosses Ω0 transversely. Then
Φτ2,τ1 and Φτ1,τ2 are Cr diffeomorphisms.

Remark 3.9. Let us denote by Ṽ (τ) the compact connected set enclosed by

W̃ (τ) and by the branch of Ω0 between P⃗u(τ) and P⃗s(τ). If Q⃗ ∈ Afwd,+(τ),

then x⃗(t, τ ; Q⃗) ∈ Ṽ (t) for any t ∈ [τ,T fwd(Q⃗, τ)].

Analogously if Q⃗∈Abwd,−(τ), then x⃗(t, τ ; Q⃗)∈ Ṽ (t) for any t∈ [T bwd(Q⃗, τ), τ ].
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Remark 3.10. Denote by Bfwd,+(τ) the branch of Ω0 between P⃗s(τ) and

P⃗ fwd,out and by Bbwd,−(τ) the branch of Ω0 between P⃗u(τ) and P⃗ bwd,out.

Observe that, if Q⃗ ∈ Bfwd,+(τ), there is τ1(Q⃗) > τ such that x⃗(t, τ ; Q⃗) ∈
Kfwd,+

B (t) for any τ < t < τ1(Q⃗), it crosses transversely L+,out at t = τ1(Q⃗)

and leaves a neighborhood of Γ at some t > τ1(Q⃗).

Analogously, if Q⃗ ∈ Bbwd,−(τ), there is τ−1(Q⃗) < τ such that x⃗(t, τ ; Q⃗) ∈
Kbwd,−

B (t) for any τ−1(Q⃗) < t < τ , it crosses transversely L−,out at t = τ−1(Q⃗)

and leaves a neighborhood of Γ at some t < τ−1(Q⃗).

4. Statement of the main results

In this section we need to measure the distance between the points on Ω0, and
to be able to determine their mutual positions. Since Ω0 is a regular curve we
can define a directed distance for points in Ω0 by arc length, once an orientation
is fixed. We choose as the positive orientation on Ω0 the one that goes from
the origin to γ⃗(0). So, for any Q⃗ ∈ L0 we define ℓ(Q⃗) =

∫
Ω0 (⃗0,Q⃗)

ds > 0 where

Ω0(⃗0, Q⃗) is the (oriented) path of Ω0 connecting 0⃗ with Q⃗, and we define the
directed distance

D(Q⃗, P⃗ ) := ℓ(P⃗ )− ℓ(Q⃗) (18)

for Q⃗, P⃗ ∈ L0. Notice that D(Q⃗, P⃗ ) > 0 means that Q⃗ lies on Ω0 between 0⃗

and P⃗ . Now, we introduce some further crucial notation.
Notation. We denote by Q⃗s(d, τ) the point in Afwd,+(τ) such that

D(Q⃗s(d, τ), P⃗s(τ)) = d > 0,

and by Q⃗u(d, τ) the point in Abwd,−(τ) such that

D(Q⃗u(d, τ), P⃗u(τ)) = d > 0.

We introduce a further small parameter δ > 0. This parameter can be
chosen independently of ε > 0, but we need to set δ < β

2 . Then we will always
assume 0 < d ≤ δ.

Remark 4.1. We explicitly notice that, if 0 < d ≤ δ then Q⃗s(d, τ) ∈ Afwd,+(τ),

i.e., the open branch of Ω0 between P⃗ fwd,in and P⃗s(τ). Indeed

∥Q⃗s(d, τ)− P⃗s(τ)∥ ≤ |D(Q⃗s(d, τ), P⃗s(τ))| = d ≤ δ < β/2;

further from ∥P⃗s(τ)− γ⃗(0)∥ = O(ε) one can see that

∥Q⃗s(d, τ)− γ⃗(0)∥ ≤ ∥P⃗s(τ)− γ⃗(0)∥+ ∥Q⃗s(d, τ)− P⃗s(τ)∥ < β,
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since ε ≪ β; while by construction ∥P⃗ fwd,in − γ⃗(0)∥ = β. Hence for ε small

enough Q⃗s(d, τ) ∈ Afwd,+(τ).

Similarly we see that if 0 < d ≤ δ then Q⃗u(d, τ) ∈ Abwd,−(τ), i.e., Q⃗u(d, τ) lies

on the open branch of Ω0 between P⃗ bwd,in and P⃗u(τ).

From Lemma 3.6, we see that for any τ ∈ R and any 0 < d ≤ δ we can
define the maps

T1(d, τ) := T fwd(Q⃗s(d, τ), τ) , P1(d, τ) := P fwd(Q⃗s(d, τ), τ),

T−1(d, τ) := T bwd(Q⃗u(d, τ), τ) , P−1(d, τ) := Pbwd(Q⃗u(d, τ), τ).
(19)

Sometimes we will also make use of the maps

T 1
2
(d, τ) := τ1(Q⃗s(d, τ), τ) , P 1

2
(d, τ) := P fwd

+ (Q⃗s(d, τ), τ),

T− 1
2
(d, τ) := τ−1(Q⃗u(d, τ), τ) , P− 1

2
(d, τ) := Pbwd

− (Q⃗u(d, τ), τ).
(20)

Notice that by construction the trajectory x⃗(t, τ ; Q⃗s(d, τ)) is in Kfwd,+
A (t)

for any τ < t < T 1
2
(d, τ) and it is in Kfwd,−

A (t) for any T 1
2
(d, τ) < t < T1(d, τ);

further it intersects transversely Lin at t = T 1
2
(d, τ) and Afwd,−(T1(d, τ)) ⊂ L0

at t = T1(d, τ). Similarly, the trajectory x⃗(t, τ ; Q⃗u(d, τ)) is inKbwd,−
A (t) for any

T− 1
2
(d, τ) < t < τ and it is in Kbwd,+

A (t) for any T−1(d, τ) < t < T− 1
2
(d, τ);

further it intersects transversely Lin at t = T− 1
2
(d, τ) and Abwd,+(T−1(d, τ)) ⊂

L0 at t = T−1(d, τ).

Theorem 4.2. Assume F0, F1, F2, K, G and let f⃗± and g⃗ be Cr with r > 1.
We can find ε0 > 0, δ > 0, such that for any 0 < ε ≤ ε0, the functions
T±1(d, τ), P±1(d, τ) are Cr when 0 < d ≤ δ and τ ∈ R. Further, for any
0 < µ < µ0 we get

dσ
fwd+µ ≤ D(P1(d, τ), P⃗u(T1(d, τ))) ≤ dσ

fwd−µ,

dσ
bwd+µ ≤ D(P−1(d, τ), P⃗s(T−1(d, τ))) ≤ dσ

bwd−µ,

∥P 1
2
(d, τ)∥ ≤ dσ

fwd
+ −µ, ∥P− 1

2
(d, τ)∥ ≤ dσ

bwd
− −µ,

(21)

[
Σfwd − µ

]
| ln(d)| ≤ (T1(d, τ)− τ) ≤

[
Σfwd + µ

]
| ln(d)|,[

Σbwd − µ
]
| ln(d)| ≤ τ − T−1(d, τ) ≤

[
Σbwd + µ

]
| ln(d)|,[

Σfwd
+ − µ

]
| ln(d)| ≤ (T 1

2
(d, τ)− τ) ≤

[
Σfwd

+ + µ
]
| ln(d)|,[

Σbwd
− − µ

]
| ln(d)| ≤ τ − T− 1

2
(d, τ) ≤

[
Σbwd

− + µ
]
| ln(d)|,

(22)

and all the expressions in (21) are uniform with respect to any τ ∈ R and
0 < ε ≤ ε0.
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In fact, with the same argument developed in §5, we are able to estimate
the positions of the trajectories x⃗(t, τ ; Q⃗s(d, τ)) and x⃗(t, τ ; Q⃗u(d, τ)) for any
t ∈ [τ,T1(d, τ)] and t ∈ [T−1(d, τ), τ ], respectively.

Theorem 4.3. Assume F0, F1, F2, K, G and let f⃗± and g⃗ be Cr with r > 1.
We can find ε0 > 0, δ > 0, such that for any 0 < ε ≤ ε0, 0 < d ≤ δ, 0 < µ < µ0

and any τ ∈ R we find

∥x⃗(t, τ ; Q⃗s(d, τ))− x⃗(t, τ ; P⃗s(τ))∥ ≤ dσ
fwd
+ −µ (23)

for any τ ≤ t ≤ T 1
2
(d, τ), and

∥x⃗(t, τ ; Q⃗s(d, τ))− x⃗(t,T1(d, τ); P⃗u(T1(d, τ)))∥ ≤ dσ
fwd
+ −µ (24)

for any T 1
2
(d, τ) ≤ t ≤ T1(d, τ).

Similarly, for any 0 < ε ≤ ε0, 0 < d ≤ δ, 0 < µ < µ0 and any τ ∈ R we
find

∥x⃗(t, τ ; Q⃗u(d, τ))− x⃗(t, τ ; P⃗u(τ))∥ ≤ dσ
bwd
− −µ (25)

for any T− 1
2
(d, τ) ≤ t ≤ τ , and

∥x⃗(t, τ ; Q⃗u(d, τ))− x⃗(t,T−1(d, τ); P⃗s(T−1(d, τ)))∥ ≤ dσ
bwd
− −µ (26)

for any T−1(d, τ) ≤ t ≤ T− 1
2
(d, τ).

5. Proofs of Theorems 4.2 and 4.3

In this section we assume all the hypotheses of Theorems 4.2 and 4.3 without
further mentioning, and we adopt the notation introduced in §3; we recall that
f⃗± and g⃗ are Cr with r ≥ 1 + α for some 0 < α ≤ 1, i.e., their derivatives are
Hölder continuous.

For simplicity we denote by

F⃗±(x⃗, t, ε) = f⃗±(x⃗) + εg⃗(t, x⃗, ε), x⃗ ∈ Ω± ∪ Ω0

and we assume the following:

H There are 0 < α ≤ 1 and Nα > 0 such that, for ∥h⃗∥ < 1,

sup{∥F±
x (P⃗ + h⃗, t, ε)− F±

x (P⃗ , t, ε)∥ | P⃗ ∈ B(Γ, 1), t ∈ R, |ε| ≤ 1} ≤ Nα∥h⃗∥α.

The proofs of Theorems 4.2 and 4.3 is technical and lengthy and it is divided
in several steps.
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Figure 6: A scheme of the proofs of Lemmas 4.2 and 4.3.

Adapting [15] we introduce a small auxiliary parameter ϖ, ϖ > δ, see
Remark 5.1, whose value will be fixed below, and the following set depending
on it:

S̃+ :=

{
dv⃗+u +

v⃗+s
| ln(ϖ)|

| |d| ≤ 1

| ln(ϖ)|

}
, (27)

see Figure 6. Let us denote by π⃗s(τ) the unique intersection between W̃ s(τ)
and S̃+, whose existence follows from the fact that W̃ s(τ) is locally a graph on
its tangent, see also Remark 5.14. Moreover we let y⃗s(θ) = x⃗(θ + τ, τ ; π⃗s(τ));
notice that y⃗s(θ) ∈ Kfwd,+ for any θ ≥ 0 and limθ→+∞ y⃗s(θ) = 0⃗, see Figure 4.
Then we denote by

S+(τ) :=
{
−dv⃗+u + π⃗s(τ) | 0 < d ≤ δ

}
. (28)

Since π⃗s(τ) =
v⃗+
s

| ln(ϖ)| +O
(

1
| ln(ϖ)|1+α

)
, then S+(τ) ⊂ S̃+.

Analogously we denote by

S̃− :=

{
dv⃗−s +

v⃗−u
| ln(ϖ)|

| |d| ≤ 1

| ln(ϖ)|

}
. (29)

Let π⃗u(τ) be the unique intersection between W̃u(τ) and S̃−, whose existence
follows from the fact that W̃u(τ) is locally a graph on its tangent. We let
y⃗u(θ) = x⃗(θ + τ, τ ; π⃗u(τ)), and we observe that y⃗u(θ) ∈ Kbwd,− for any θ ≤ 0
and limt→−∞y⃗u(θ) = 0⃗. Then we set

S−(τ) :=
{
−dv⃗−s + π⃗u(τ) | 0 < d ≤ δ

}
. (30)

Again by construction S−(τ) ⊂ S̃−.



NON-AUTONOMOUS HOMOCLINIC TRAJECTORIES (21 of 67)

Roughly speaking, to prove the results of this section we consider a trajec-
tory performing a loop and we estimate flight time and space displacement:
for this purpose we distinguish four different parts of the loop. Firstly in §5.1
we follow the trajectories from L0 to S̃+ forward in time (and we deduce what
happens backward in time from S̃+ to L0): we get estimates of the fly time
and the displacement with respect to W̃ s. Then with the same argument we
follow the trajectories from L0 to S̃− backward in time (and forward from S̃−

to L0) and we estimate fly time and displacement with respect to W̃u. In the
proofs we will use the fact that the trajectories are close to W̃ , which is in turn
close to Γ.

Then, in §5.2 we follow the trajectories going from S̃+ to Lin, forward and
backward in time, and we evaluate fly time and displacement from W̃ s. Then
in §5.3, with an argument analogous to the one of §5.2, we follow trajectories
going from S̃− to Lin, forward and backward in time and we evaluate fly time
and displacement from W̃u. Eventually, putting all these results together,
we get an estimate of the distance of the trajectories from W̃ and we prove
Theorems 4.2 and 4.3.

Remark 5.1. In this section we introduce several small parameters, which need
to be chosen in the right order.

Equation (PS) assigns ε > 0, which measures the size of the perturbation,
and the constant µ0 which depends only on the eigenvalues λ±

s , λ
±
u , see (14).

Then we introduce a parameter β > εσ
fb/2 and, via Lemma 3.6, we deduce

the existence of ε0 and β0 such that for any 0 < ε ≤ ε0 and any 0 < εσ
fb/2 <

β ≤ β0 we can construct the maps P fwd
+ , P fwd, Pbwd

− Pbwd.
Nextly we set µ ∈]0, µ0] which measures the size of the errors that we make

in the estimates of flight time and displacement appearing in Theorems 4.2
and 4.3.

In this section we introduce a further small parameter ϖ ∈]0, 1[ which
measures the distance between the origin and the lines S̃+ and S̃−, transversal
to Γ (these distances are of order | ln(ϖ)|−1). This parameter is needed just
for the proofs of Theorems 4.2 and 4.3 and it does not appear in the statement
of the results.

Then we choose δ = δ(ϖ, ε) ∈]0, ϖ[: δ measures the displacement of the
trajectories performing a loop with respect to W̃ : in fact each trajectory ap-
pearing in Theorems 4.2 and 4.3 has distance O(d) from W̃ when it crosses L0,
where 0 < d ≤ δ. Finally we possibly reduce the size of ε0 so that the fixed
point arguments described in §5.1 and §5.2 work.

Let us spend a few more words about the order in which these parameters
need to be chosen. The parameter ε is assigned from (PS); we choose β0 > 0

and ε0 > 0 so that Lemma 3.6 holds for any 0 < εσ
fb/2 < β ≤ β0 and any

0 < ε ≤ ε0, and the maps appearing in Lemma 3.6, Theorems 4.2 and 4.3 are
well defined.
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Then we choose µ > 0: in fact we have to choose a parameter µ1 > 0 which
is needed for the estimates of the trajectories going from L0 to S̃+ and from
S̃− to L0, and a parameter µ2 > 0 which is needed for the estimates of the
trajectories going from S̃+ to Lin and from Lin to S̃−. Then we set µ2 = 2µ1

and µ = cµµ2 where cµ ≥ 7 is a constant (depending only on λ±
s , λ

±
u , see (83)

below), and we need to choose µ so that 0 < µ ≤ µ0. So, the choice of µ
prescribes the values of µ1 and µ2.

Then we choose ϖ = ϖ(µ, ε), nextly δ = δ(ϖ,µ, ε); finally for any fixed 0 <
µ ≤ µ0 we choose ε0 = ε0(µ) so that our argument works for any 0 < ε ≤ ε0.
We think that in fact the estimates might be improved and it could be shown
that µ could be chosen as a linear function of ε, but this is beyond the interest
of this paper, see Remark 5.29. In fact we believe that one can improve further
the estimates if gx(t, 0, ε) ≡ 0.

Remark 5.2. By Lemma 3.6 we know that if Q⃗ ∈ Afwd,+(τ), then x⃗(t, τ ; Q⃗)

is confined in the region Kfwd,+
A (t) for any 0 < t < τ1(Q⃗, τ). To simplify

the presentation and avoid cumbersome notation we will tacitly assume that
the systems (PS+) and (31)+ are well defined, through any smooth extension,
even when x⃗ ∈ Ω0 ∪ Ω− is “sufficiently close” to Ω+. In fact, the choice of the
extension does not affect our argument since we just focus on Ω0 ∪ Ω+.

We will maintain the same kind of assumption when dealing with x⃗(t, τ ; Q⃗)

and Q⃗ ∈ Abwd,−(τ).

Before starting the actual proof we recall some facts concerning exponential
dichotomy. The roughness of exponential dichotomy (see [11, Proposition 1,
§4] and also [9, Appendix]) yields that the linear systems

˙⃗x(t) = F±
x (⃗0, t, ε)x⃗(t) (31)±

admit exponential dichotomy on the whole of R with projections P±,ε, and
exponents λ±

s + kε < 0 < λ±
u − kε for some k > 0.

Keeping in mind the definitions of λ and λ given in (10), we shall assume
w.l.o.g. that kε0 < 1

4λ, so that

−2λ < λ±
s − kε < λ±

s + kε < −1

2
λ < 0 <

1

2
λ < λ±

u − kε < λ±
u + kε < 2λ.

In this paper we use the version of exponential dichotomy introduced in [9,
Appendix] in which we estimate the projections using actual solutions of (31)±.

In the whole section (unless otherwise stated) ε > 0 is fixed: so from now
on we leave this dependence unsaid.

Let us denote by w⃗±
u (t) and by w⃗±

s (t) the unique solutions of the linear
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equations (31)± satisfying the following conditions

∥w⃗±
u (0)∥ =1, lim

t→−∞
∥w⃗±

u (t)∥ = 0, lim
t→−∞

(
w⃗±

u (t)

∥w⃗±
u (t)∥

)∗

v⃗±u > 0,

∥w⃗±
s (0)∥ =1, lim

t→+∞
∥w⃗±

s (t)∥ = 0, lim
t→+∞

(
w⃗±

s (t)

∥w⃗±
s (t)∥

)∗

v⃗±s > 0.

(32)

Let us denote by v⃗±u (t) and by v⃗±s (t) the unit vectors v⃗±u (t) =
w⃗±

u (t)

∥w⃗±
u (t)∥ and

v⃗±s (t) =
w⃗±

s (t)

∥w⃗±
s (t)∥ . Then, following [9, §6.2] we define

z±u (t, s) =
∥w⃗±

u (t)∥
∥w⃗±

u (s)∥
, z±s (t, s) =

∥w⃗±
s (t)∥

∥w⃗±
s (s)∥

. (33)

Note that for any t, r, s ∈ R we have

z±s (t, s) = z±s (t, r)z±s (r, s) , z±u (t, s) = z±u (t, r)z±u (r, s).

Moreover, there are C > 0 and k1 ≥ 1 such that for any t, s ∈ R we have

∥v⃗±u (t)− v⃗±u ∥ ≤ Cε , ∥v⃗±s (t)− v⃗±s ∥ ≤ Cε ,

(k1)
−1 eλ

±
u (t−s)−kε|t−s| ≤ z±u (t, s) ≤ k1 e

λ±
u (t−s)+kε|t−s| ,

(k1)
−1 eλ

±
s (t−s)−kε|t−s| ≤ z±s (t, s) ≤ k1 e

λ±
s (t−s)+kε|t−s| .

(34)

So that, for any t < s we find

z±u (t, s) ≤ k1 e
− 1

2λ|t−s| , z±s (s, t) ≤ k1 e
− 1

2λ|t−s| . (35)

Denote by X±,ε(t) the fundamental solutions of (31)± satisfying X±,ε(0) = I.
We also need to define the shifted projections

P±,ε(τ) := X±,ε(τ)P±,ε(X±,ε(τ))−1.

Notice that both ∥P±,ε(τ)∥ and ∥I− P±,ε(τ)∥ are bounded, so we can set

k2 := 2 sup[{∥P±,0(τ)∥ | τ ∈ R} ∪ {∥I − P±,0(τ)∥ | τ ∈ R}]
so that max{∥P±,ε(τ)∥; ∥I− P±,ε(τ)∥} ≤ k2 for any ε > 0 small enough and
any τ ∈ R. We need the following result.

Lemma 5.3. For any s, t ∈ R and any ξ⃗ ∈ R2 we have the following.

∥X±,ε(t)P±,ε(X±,ε(s))−1ξ⃗∥ ≤ k2zs(t, s)∥ξ⃗∥,

∥X±,ε(t)(I− P±,ε)(X±,ε(s))−1ξ⃗∥ ≤ k2zu(t, s)∥ξ⃗∥

for some k2 > 0.
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Proof. Let A be a linear operator, we denote by RA its range and by NA
its kernel. Fix τ ∈ R, then for any ξ⃗ ∈ R2 we find ξ⃗±s (τ) ∈ span[v⃗±s (τ)] =

RP±,ε(τ) and ξ⃗±u (τ) ∈ span[v⃗±u (τ)] = NP±,ε(τ) such that ξ⃗ = ξ⃗±s (τ)+ ξ⃗±u (τ).

Further ∥ξ⃗±s (τ)∥ ≤ k2∥ξ⃗∥ and ∥ξ⃗±u (τ)∥ ≤ k2∥ξ⃗∥.
Next by the invariance of the projections of exponential dichotomy we have

X±,ε(t)P±,ε(X±,ε(s))−1 = X±,ε(t)(X±,ε(s))−1P±,ε(s),

X±,ε(t)[I− P±,ε](X±,ε(s))−1 = X±,ε(t)(X±,ε(s))−1[I− P±,ε(s)].

Hence for any ξ⃗ ∈ R2 we find

∥X±,ε(t)P±,ε(X±,ε(s))−1ξ⃗∥ = ∥X±,ε(t)(X±,ε(s))−1ξ⃗±s (s)∥

= zs(t, s)∥ξ⃗±s (s)∥ ≤ k2zs(t, s)∥ξ⃗∥,

∥X±,ε(t)[I− P±,ε](X±,ε(s))−1ξ⃗∥ = ∥X±,ε(t)(X±,ε(s))−1ξ⃗±u (s)∥

= zu(t, s)∥ξ⃗±u (s)∥ ≤ k2zu(t, s)∥ξ⃗∥,

so the lemma is proved.

Using standard arguments from exponential dichotomy theory (see again [9,
§6.2]), we get that there is ck > 1 such that

(ck)
−1 e−2λθs < ∥x⃗(θs + τ, τ ; P⃗s(τ))∥ < ck e

− 1
2λθs ,

(ck)
−1 e−2λ|θu| < ∥x⃗(θu + τ, τ ; P⃗u(τ))∥ < ck e

− 1
2λ|θu|

(36)

whenever θu ≤ 0 ≤ θs, for any τ ∈ R.

5.1. The loop: from L0 to S+(τ ) and from S−(τ ) to L0

In the whole section ϖ > 0 is a small parameter and we choose δ = δ(ϖ) < ϖ
according to Lemmas 5.4, 5.9, and then we let 0 < d ≤ δ. We recall that
P⃗s(τ) is the unique intersection between W̃ s(τ) and L0 while P⃗u(τ) is the

unique intersection between W̃u(τ) and L0; further Q⃗s(d, τ) and Q⃗u(d, τ) are
as defined at the beginning of §4. We introduce the following notation

Q⃗+(d, τ) =− dv⃗+u + π⃗s(τ) ∈ S+(τ) ,

Q⃗−(d, τ) =− dv⃗−s + π⃗u(τ) ∈ S−(τ) .
(37)

We focus firstly on the trajectory x⃗(t, τ ; Q⃗s(d, τ)) going from L0 to S̃+. The
next lemma is a consequence of Lemma 3.6.
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Lemma 5.4. Let ϖ > 0 be a small constant, then there is δ = δ(ϖ) such

that for any 0 < d ≤ δ and any τ ∈ R there are T f
1 (d, τ) > 0 and P⃗+

f (d, τ)

such that x⃗(t, τ ; Q⃗s(d, τ)) ∈ Kfwd,+
A (t) for any τ < t ≤ τ + T f

1 (d, τ) and it

crosses transversely S+(T f
1 (d, τ) + τ) ⊂ S̃+ at t = τ + T f

1 (d, τ) in P⃗+
f (d, τ) =

x⃗(T f
1 (d, τ) + τ, τ ; Q⃗s(d, τ)).

Conversely, going backwards in t, there are T b
4 (d, τ) > 0 and P⃗+

b (d, τ) such

that x⃗(t, τ ; Q⃗+(d, τ)) ∈ Kbwd,+
A (t) for any τ − T b

4 (d, τ) < t ≤ τ and it crosses

transversely L0 at t = τ − T b
4 (d, τ) in P⃗+

b (d, τ) = x⃗(τ − T b
4 (d, τ), τ ; Q⃗

+(d, τ)).

Now we proceed to estimate the functions T f
1 , P⃗

+
f , T b

4 , P⃗
b
4 defined in Lemma

5.4. We denote by −T̃ b
4 < 0 < T̃ f

1 , T̃
b
4 = T̃ f

1 the values such that γ⃗(T̃ f
1 ) ∈ S̃+.

Remark 5.5. Observe that if ε = 0 then T f
1 (0, τ) ≡ T̃ f

1 and T b
4 (0, τ) ≡ T̃ b

4 .
From (36) we find

1

2λ
ln

(
1

ck∥γ⃗(T̃ f
1 )∥

)
≤ T̃ f

1 ≤ 2

λ
ln

(
ck

∥γ⃗(T̃ f
1 )∥

)
.

Using ∥γ⃗(T̃ f
1 )∥ = c

| ln(ϖ)| for some 0 < c < 2, we derive

1

2λ
ln

(
| ln(ϖ)|

ck

)
≤ T̃ f

1 ≤ 2

λ
ln(ck| ln(ϖ)|),

1

2λ
ln

(
| ln(ϖ)|

ck

)
≤ T̃ b

4 ≤ 2

λ
ln(ck| ln(ϖ)|).

(38)

Hence for any 0 < ε ≤ ε0 we have

1

2λ
ln

(
| ln(ϖ)|
2ck

)
≤ T f

1 (0, τ) ≤
2

λ
ln(2ck| ln(ϖ)|),

1

2λ
ln

(
| ln(ϖ)|
2ck

)
≤ T b

4 (0, τ) ≤
2

λ
ln(2ck| ln(ϖ)|).

(39)

Lemma 5.6. Assume H and let ϖ > 0 be a small constant, then there is δ =
δ(ϖ) such that for any 0 < d ≤ δ and any τ ∈ R we have

|T f
1 (d, τ)− T f

1 (0, τ)| ≤ 1, (40)

|T b
4 (d, τ)− T b

4 (0, τ)| ≤ 1. (41)

Proof. Let us set T̄ = 2
λ ln(4ck| ln(ϖ)|), using continuous dependence of (PS)

on initial data (see Remark 3.7), we see that there is δ = δ(ϖ) such that

∥x⃗(θ + τ, τ ; Q⃗s(d, τ))− x⃗(θ + τ, τ ; P⃗s(τ))∥ ≤ | ln(ϖ)|−4 (42)
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for any 0 ≤ θ ≤ T̄ and for any 0 ≤ d ≤ δ. Since f⃗(x⃗(T f
1 (0, τ) + τ, τ ; P⃗s(τ))) is

transversal to S̃+ and 1 + T f
1 (0, τ) + τ < T̄ , using (39) we find

˙⃗x(T f
1 (0, τ) + τ, τ ; P⃗s(τ))

= f+
x (⃗0)x⃗(T f

1 (0, τ) + τ, τ ; P⃗s(τ)) + o(x⃗(T f
1 (0, τ) + τ, τ ; P⃗s(τ))) +O(ε)

=
λ+
s

| ln(ϖ)|
(
v⃗+s +O(| ln(ϖ)|−α) +O(ε)

)
.

(43)

Further, a similar estimate holds when θ ∈ [0, 1], namely∥∥∥∥∥ ˙⃗x(θ + T f
1 (0, τ) + τ, τ ; P⃗s(τ))−

λ+
s eλ

+
s θ

| ln(ϖ)|
v⃗+s

∥∥∥∥∥ =
O(ε)

| ln(ϖ)|
+O

(
1

| ln(ϖ)|1+α

)
.

(44)
So, from (43) and (44) we find that

B(x⃗(1 + T f
1 (0, τ) + τ, τ ; P⃗s(τ)); 2| ln(ϖ)|−2) ∩ S̃+ = ∅.

Then using (42) we find

B(x⃗(1 + T f
1 (0, τ) + τ, τ ; Q⃗s(d, τ)); | ln(ϖ)|−2) ∩ S̃+ = ∅,

so we get T f
1 (d, τ) < T f

1 (0, τ) + 1. Using a specular argument we prove (40);
the proof of (41) is analogous and it is omitted.

Adapting slightly the proof of Lemmas 6.2 and 6.3 in [15], which are in fact
based on Theorem 12.15 in [22] we obtain the following estimates of the fly
time and displacement with respect to W̃ s, moving forward and backward in
time.

Proposition 5.7. Assume H and let ϖ > 0 be a small constant, then there is
δ = δ(ϖ) such that for any 0 < d ≤ δ and any τ ∈ R we have

ln(| ln(ϖ)|)
4λ

< T f
1 (d, τ) <

4 ln(| ln(ϖ)|)
λ

. (45)

Further P⃗+
f (d, τ) = −Df

1 (d, τ)v⃗
+
u + π⃗s(τ + T f

1 (d, τ)) where

0 < d| ln(ϖ)|−C̃ ≤ Df
1 (d, τ) ≤ d| ln(ϖ)|C̃ . (46)

Here and below C̃ > 0 is a constant independent of ϖ, δ and ε.
Respectively,

ln(| ln(ϖ)|)
4λ

< T b
4 (d, τ) <

4 ln(| ln(ϖ)|)
λ

,

and Db
4(d, τ) = D(P⃗+

b (d, τ), P⃗s(τ − T b
4 (d, τ))) verifies

0 < d| ln(ϖ)|−C̃ ≤ Db
4(d, τ) ≤ d| ln(ϖ)|C̃ .
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Proof. The estimate (45) follows immediately from (40) and (39), and similarly
for the estimates concerning T b

4 (d, τ).
Let us now estimate the displacement

Df
1 (d, τ) = Df

1 (d, τ, ε) =
∂Df

1

∂d
(0, τ, 0)d+ o(d+ ε) (47)

since Df
1 (0, τ, ε) = 0. Now we estimate

∂Df
1

∂d (0, τ, 0), so from now on in this
proof we consider ε = 0. Let us set

Mf =sup
{{

| trf−
x (x⃗)| | x⃗ ∈ B(Γ−, 1)

}
∪
{
| trf+

x (x⃗)| | x⃗ ∈ B(Γ+, 1)
}}

,

where Γ± = Γ ∩ Ω±. In this proof we denote for the sake of brevity p⃗(θ, P⃗ ) =

x⃗(θ + τ, τ ; P⃗ , ε = 0). Notice that p⃗(θ, γ⃗(0)) = γ⃗(θ) and ˙⃗p(θ, γ⃗(0)) = f⃗+(γ⃗(θ)),
if θ ≥ 0. Adapting Theorem 12.15 in [22] we consider the variational equation

˙⃗x(θ) = f+
x (γ⃗(θ))x⃗(θ) . (48)

Following [22] we see that if X(θ) is the fundamental matrix of (48) then for
any T > 0 we get

detX(T ) = exp

(∫ T

0

trf+
x (γ⃗(θ))dθ

)
.

Further, recalling that f+
x (γ⃗(θ)) is close to f+

x (⃗0) when θ → +∞ we find

∥X(T̃ f
1 )∥ ≤ e2λT̃

f
1 ≤ | ln(ϖ)|8λ/λ. (49)

Next from (45) we get

| ln(ϖ)|−4Mf/λ ≤ det(X(T̃ f
1 )) ≤ | ln(ϖ)|4Mf/λ (50)

for any 0 ≤ d ≤ δ. Let now v⃗ be the unit vector tangent to Ω0 in γ⃗(0) aiming

towards Ein: notice that v⃗ is transversal to ˙⃗γ(0+) = f⃗+(γ⃗(0+)), cf. K.

Observe that by construction Q⃗s(0, τ) = P⃗s(τ) = γ⃗(0), ∂Q⃗s(0,τ)
∂d = v⃗; fur-

ther, ∂

∂P⃗
p⃗(θ, γ⃗(0)) = X(θ) is the fundamental matrix of (48).

Now we proceed to evaluate T ′
d(τ) :=

∂
∂dT

f
1 (d, τ)⌊d=0. Note that, by con-

struction, [P+p⃗(T f
1 (d, τ), Q⃗s(d, τ))]

∗v⃗+s ≡ | ln(ϖ)|−1 for any 0 < d ≤ δ and any
τ ∈ R. Hence differentiating we find

T ′
d(τ) = −

[
P+ ∂

∂P⃗
p⃗(T f

1 (0, τ), P⃗s(τ))
∂Q⃗s(0,τ)

∂d

]∗
v⃗+s[

P+ ˙⃗p(T f
1 (0, τ), P⃗s(τ))

]∗
v⃗+s

= − [P+X(T̃ f
1 )v⃗)]

∗v⃗+s

[P+f⃗+(γ⃗(T̃ f
1 ))]

∗v⃗+s
.

(51)
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Now, observing that

p⃗(T f
1 (0, τ), P⃗s(τ)) = γ⃗(T̃ f

1 ) =
v⃗+s

| ln(ϖ)|
+ o

(
1

| ln(ϖ)|

)
we get

f⃗+(γ⃗(T̃ f
1 )) =f+

x (⃗0)γ⃗(T̃ f
1 ) + o(γ⃗(T̃ f

1 )) =
λ+
s

| ln(ϖ)|
v⃗+s + o

(
1

| ln(ϖ)|

)
whence

[P+f⃗+(γ⃗(T̃ f
1 ))]

∗v⃗+s =
λ+
s

| ln(ϖ)|
+ o

(
1

| ln(ϖ)|

)
and

λ

2| ln(ϖ)|
≤ ∥f⃗+(γ⃗(T̃ f

1 ))∥ ≤ 2λ

| ln(ϖ)|
.

(52)

Recall that max{∥P+∥; ∥I−P−∥} ≤ k2; then, using (49) and (52) in (51), we
find

|T ′
d(τ)| ≤

k2
λ
| ln(ϖ)|8

λ
λ+1

. (53)

To proceed in the computation, it is convenient (cf. p. 377–388 in [22]) to

consider the matrix representation Y (T̃ f
1 ) of X(T̃ f

1 ) with respect to the bases{ f⃗+(γ⃗(0))

∥f⃗+(γ⃗(0))∥
, v⃗
}
in the domain and

{ f⃗+(γ⃗(T̃ f
1 ))

∥f⃗+(γ⃗(T̃ f
1 ))∥

, v⃗+u
}
in the codomain, i.e., to

set Y (T̃ f
1 ) = BX(T̃ f

1 )A where

A :=

(
f⃗+(γ⃗(0))

∥f⃗+(γ⃗(0))∥
, v⃗

)
, B :=

(
f⃗+(γ⃗(T̃ f

1 ))

∥f⃗+(γ⃗(T̃ f
1 ))∥

, v⃗+u

)−1

.

Since ˙⃗p(θ, γ⃗(0)) is a solution of the variational equation (48) we get

f⃗+(γ⃗(T̃ f
1 )) =

˙⃗p(T̃ f
1 , γ⃗(0)) = X(T̃ f

1 )
˙⃗p(0, γ⃗(0)) = X(T̃ f

1 )f⃗
+(γ⃗(0))

or equivalently (
∥f⃗+(γ⃗(T̃ f

1 ))∥
∥f⃗+(γ⃗(0))∥

, 0

)∗

= Y (T̃ f
1 ) · (1, 0)∗.

We recall that

−Df
1 (d, τ)v⃗

+
u = p⃗(T f

1 (d, τ), Q⃗s(d, τ))− π⃗s(T
f
1 (d, τ) + τ).

Notice that π⃗s(τ) ≡ γ⃗(T̃ f
1 ) ∈ S̃+ for any τ when ε = 0, so dπ⃗s

dt (τ) ≡ 0⃗ if
ε = 0.
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Now, recalling that

˙⃗p(T f
1 (d, τ), Q⃗s(d, τ)) = f⃗+(p⃗(T f

1 (d, τ), Q⃗s(d, τ)))

we find

−∂Df
1

∂d
(0, τ)v⃗+u =

∂

∂P⃗
p⃗(T f

1 (0, τ), P⃗s(τ))
∂Q⃗s(0, τ)

∂d

+ ˙⃗p(T f
1 (0, τ), P⃗s(τ))

∂T f
1 (0, τ)

∂d
= X(T̃ f

1 )v⃗ + f⃗+(γ⃗(T̃ f
1 ))T

′
d(τ).

Thus, Y (T̃ f
1 ) is the matrix

Y (T f
1 (0, τ)) =

∥f⃗+(γ⃗(T̃ f
1 ))∥

∥f⃗+(γ⃗(0))∥
−∥f⃗+(γ⃗(T̃ f

1 ))∥T ′
d(τ)

0 −∂Df
1

∂d (0, τ)

 . (54)

Now let KA and KB equal the determinants respectively of A and B: since
their columns are made up by unit vectors which are transversal, then |KA| > 0
and |KB | > 0. Hence

detX(T̃ f
1 ) =

detY (T̃ f
1 )

KAKB
= −∂Df

1

∂d
(0, τ)

∥f⃗+(γ⃗(T̃ f
1 ))∥

∥f⃗+(γ⃗(0))∥KAKB

. (55)

So from (50) and (52) we find 0 < c1 < c2 such that

c1| ln(ϖ)|−
4Mf

λ +1 ≤

∣∣∣∣∣∂Df
1

∂d
(0, τ)

∣∣∣∣∣ ≤ c2| ln(ϖ)|
4Mf

λ +1.

So, taking into account (47) and setting C̃ =
4Mf

λ +2 we conclude the proof of

(46).
Notice that (45) is independent of δ and τ so the estimate of T b

4 (d, τ) is
obtained from (45). Then the proof concerning Db

4(d, τ) is obtained from (46)

reversing the role of d and Df
1 .

We emphasize that we have proved also the following result, cf. (53) which
allows us to improve (40).

Remark 5.8. Let the assumptions of Proposition 5.7 be satisfied. Then

|T ′
d(τ)| :=

∣∣∣∣ ∂∂dT f
1 (0, τ)

∣∣∣∣ ≤ k2
λ
| ln(ϖ)|8

λ
λ+1

;

so, for any 0 < d ≤ δ ≤ ϖ, we have

|T 1
f (d, τ)− T f

1 (0, τ)| ≤
2k2
λ

| ln(δ)|8
λ
λ+1

d ≤ dδ−µ1/2.
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Analogously let us consider the trajectory x⃗(t, τ ; Q⃗u(d, τ)) backward from
L0 to S̃−; using again Lemma 3.6 we obtain the following.

Lemma 5.9. Let ϖ > 0 be a small constant, then there is δ = δ(ϖ) such

that for any 0 < d ≤ δ and any τ ∈ R there are T b
1 (d, τ) > 0 and P⃗−

b (d, τ)

such that x⃗(t, τ ; Q⃗u(d, τ)) ∈ Kbwd,−
A (t) for any τ − T b

1 (d, τ) ≤ t < τ and it

crosses transversely S−(τ − T b
1 (d, τ)) ⊂ S̃− at t = τ − T b

1 (d, τ) in P⃗−
b (d, τ) =

x⃗(τ − T b
1 (d, τ), τ ; Q⃗u(d, τ)).

Conversely, going forward in t, there are T f
4 (d, τ) > 0 and P⃗−

f (d, τ) such

that x⃗(t, τ ; Q⃗−(d, τ)) ∈ Kfwd,−
A (t) for any τ ≤ t < τ + T f

4 (d, τ) and it crosses

transversely L0 at t = τ + T f
4 (d, τ) in P⃗−

f (d, τ) = x⃗(τ + T f
4 (d, τ), τ ; Q⃗

−(d, τ)).

Then, arguing as in Proposition 5.7 we find

Proposition 5.10. Assume H and let ϖ > 0 be a small constant. Then there
is δ = δ(ϖ) such that for any 0 < d ≤ δ we have

ln(| ln(ϖ)|)
4λ

< T b
1 (d, τ) <

4 ln(| ln(ϖ)|)
λ

,

for any τ ∈ R. Further P⃗−
b (d, τ) = −Db

1(d, τ)v⃗
−
s + π⃗u(τ − T b

1 (d, τ)) where

0 < d| ln(ϖ)|−C̃ ≤ Db
1(d, τ) ≤ d| ln(ϖ)|C̃ ,

and C̃ > 0 is as in Proposition 5.7. Respectively,

ln(| ln(ϖ)|)
4λ

< T f
4 (d, τ) <

4 ln(| ln(ϖ)|)
λ

,

and Df
4 (d, τ) = D(P⃗−

f (d, τ), P⃗u(τ + T f
4 (d, τ)) verifies

0 < d| ln(ϖ)|−C̃ ≤ Df
4 (d, τ) ≤ d| ln(ϖ)|C̃ .

The proof is analogous to the one of Proposition 5.7 and it is omitted.
From an analysis of the proof of Proposition 5.7 we get the following.

Lemma 5.11. Assume H and fix 0 < µ1 < 1/2 and τ ∈ R, then there are
ϖ = ϖ(µ1) and δ = δ(µ1, ϖ) such that

∥x⃗(θ + τ, τ ; Q⃗s(d, τ))− x⃗(θ + τ, τ ; P⃗s(τ))∥ ≤ dδ−µ1 ,

∥x⃗(ϕ+ τ, τ ; Q⃗+(d, τ))− x⃗(ϕ+ τ, τ ; π⃗s(τ))∥ ≤ dδ−µ1

for any −T b
4 (d, τ) ≤ ϕ ≤ 0 ≤ θ ≤ T f

1 (d, τ), and any 0 ≤ d ≤ δ; further

∥x⃗(ϕ+ τ, τ ; Q⃗u(d, τ))− x⃗(ϕ+ τ, τ ; P⃗u(τ))∥ ≤ dδ−µ1 ,

∥x⃗(θ + τ, τ ; Q⃗−(d, τ))− x⃗(θ + τ, τ ; π⃗u(τ))∥ ≤ dδ−µ1

for any −T b
1 (d, τ) ≤ ϕ ≤ 0 ≤ θ ≤ T f

4 (d, τ), and any 0 ≤ d ≤ δ.
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5.2. The loop: from S+(τ ) to Lin

In this section we consider the fly time and the displacement of trajectories
travelling from S+(τ) to Lin, see Figure 6. In this case we linearize center-
ing in the origin and we decompose the solution as a sum of three terms: a
“stable” nonlinear component, i.e., a trajectory of the stable manifold, a linear
“unstable” component, i.e., a trajectory of the linearization (31) of (PS) in the
origin, and a remainder.

Let us recall that Q⃗±(d, τ) ∈ S±(τ) are defined in (37), see also Figure 6.
In the whole section we assume that 0 < δ < ϖ are suitably small parame-

ters, see Remark 5.15 (in fact for the results in this section we do not need to
find a function δ = δ(ϖ) small enough: we just need to assume δ < ϖ).

Lemma 5.12. Assume H and fix τ ∈ R; for any 0 < d ≤ δ there are Cr

functions T f
2 (d, τ) and Df

2 (d, τ) such that x⃗(θ+ τ, τ ; Q⃗+(d, τ)) ∈ Kfwd,+
A (θ+ τ)

for any 0 ≤ θ < T f
2 (d, τ) and it crosses transversely Ω0 at θ = T f

2 (d, τ) in a

point such that ∥x⃗(T f
2 (d, τ) + τ, τ ; Q⃗+(d, τ))∥ = Df

2 (d, τ).

Proof. It follows from the argument of Lemma 3.6, taking into account the
mutual positions of v⃗±u , v⃗

±
s .

Remark 5.13. Note that the mapping Ψ+ : (d, τ) 7→ (Df
2 (d, τ), T

f
2 (d, τ) + τ)

is injective on ]0, δ]× R due to the reversibility of the flow.

Let us recall that y⃗s(θ) = x⃗(θ + τ, τ ; π⃗s(τ)); following [9, §4.2] we can
estimate y⃗s as indicated in the next remark.

Remark 5.14. There are 0 < c̄s < cs/2, ã
+
u (θ) and ã+s (θ) such that

y⃗s(θ) = ã+s (θ)
z+s (θ + τ, τ)

| ln(ϖ)|
v⃗+s (θ+τ)+ã+u (θ)

(
z+s (θ + τ, τ)

| ln(ϖ)|

)1+α

v⃗+u (θ+τ) (56)

and c̄s < ã+s (θ) < cs/2, |ã+u (θ)| < cs/2 for any θ > 0.

Since ε > 0 is fixed in this section we leave this dependence unsaid, so we write
X+(θ) for the fundamental matrix of (31)+ and F⃗+(x⃗, τ) instead of F⃗+(x⃗, τ, ε).
Denote by

ℓ⃗+(θ) := −X+(θ + τ)(X+(τ))−1dv⃗+u (τ) = −dz+u (θ + τ, τ)v⃗+u (θ + τ). (57)

Notice that by definition
˙⃗
ℓ+(θ) = F+

x (⃗0, θ + τ)ℓ⃗+(θ), ℓ⃗+(0) = −dv⃗+u (τ).
Now, using (56) and (57), and taking into account Remark 5.2 we expand

x⃗(θ + τ, τ ; Q⃗+(d, τ)) as

x⃗(θ + τ, τ ; Q⃗+(d, τ)) = y⃗s(θ) + ℓ⃗+(θ) + h⃗+(θ), (58)

where θ ≥ 0 and h⃗+(θ) is a remainder.
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We want to write a fixed-point equation for the remainder, in a suitable
exponentially weighted space. Notice first that h⃗+(θ) satisfies

h⃗+(0) = Q⃗+(d, τ)− π⃗s(τ) + dv⃗+u (τ) = 0⃗

and the equation

˙⃗
h+(θ) = ˙⃗x(θ + τ, τ ; Q⃗+(d, τ))− ˙⃗ys(θ)−

˙⃗
ℓ+(θ)

= F⃗+(y⃗s(θ) + ℓ⃗+(θ) + h⃗+(θ), θ + τ)

− F⃗+(y⃗s(θ), θ + τ)− F+
x (⃗0, θ + τ)ℓ⃗+(θ)

= F+
x (⃗0, θ + τ )⃗h+(θ) + R⃗+

1 (θ, h⃗
+(θ)) + R⃗+

2 (θ, h⃗
+(θ))

where the remainder terms R⃗+
1 (θ, h⃗

+(θ)) and R⃗+
2 (θ, h⃗

+(θ)) equal

R⃗+
1 (θ, h⃗) :=

[
F+
x (y⃗s(θ), θ + τ)− F+

x (⃗0, θ + τ)
]
(ℓ⃗+(θ) + h⃗),

R⃗+
2 (θ, h⃗) := F⃗+(y⃗s(θ) + ℓ⃗+(θ) + h⃗, θ + τ)− F⃗+(y⃗s(θ), θ + τ)

− F+
x (y⃗s(θ), θ + τ)(ℓ⃗+(θ) + h⃗).

Let us set

D0 :=
1

| ln(δ)|2
, M0 :=

2| ln(δ)|
λ

. (59)

Let now M ≥ M0 be fixed, and X+ = C([0,M ],R2) be the Banach space
of continuous functions equipped with the norm

∥u⃗∥X+ := max
θ∈[0,M ]

∥u⃗(θ)∥
z+u (θ + τ,M + τ)

.

Fix 0 < Dℓ ≤ D0 and set d = Dℓ/z
+
u (M + τ, τ), so that from (35) we find

d ≤ D0

z+u (M0 + τ, τ)
≤ k1 e

− 1
2λM0

| ln(δ)|2
=

k1
| ln(δ)|2

δ ≤ δ

since we can assume δ ≤ e−
√
k1 , see Remark 5.1.

From (56) and (57), we see that

∥y⃗s(θ)∥ ≤ cs
| ln(ϖ)|

z+s (θ + τ, τ) ≤ csk1
| ln(ϖ)|

e−
1
2λθ,

∥ℓ⃗+(θ)∥ = dz+u (θ + τ, τ) = dz+u (M + τ, τ)z+u (θ + τ,M + τ)

= Dℓz
+
u (θ + τ,M + τ) ≤ k1

| ln(δ)|2
e−

1
2λ(M−θ).

(60)
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Moreover, assumption H implies

∥R⃗+
1 (θ, h⃗)∥ ≤ Nα∥y⃗s(θ)∥α · ∥ℓ⃗+(θ) + h⃗∥,

∥R⃗+
2 (θ, h⃗)∥ =

∥∥∥∥∫ 1

0

[
F+
x (y⃗s(θ) + σ[ℓ⃗+(θ) + h⃗], θ + τ)

− F+
x (y⃗s(θ), θ + τ)

]
(ℓ⃗+(θ) + h⃗)dσ

∥∥∥∥ ≤ Nα∥ℓ⃗+(θ) + h⃗∥1+α.

(61)

On the other hand,

R⃗+
1 (θ, h⃗2)− R⃗+

1 (θ, h⃗1) =
[
F+
x (y⃗s(θ), θ + τ)− F+

x (⃗0, θ + τ)
]
(⃗h2 − h⃗1).

Further

R⃗+
2 (θ, h⃗2)− R⃗+

2 (θ, h⃗1)

= F⃗+(y⃗s(θ) + ℓ⃗+(θ) + h⃗2, θ + τ)

− F⃗+(y⃗s(θ) + ℓ⃗+(θ) + h⃗1, θ + τ)− F+
x (y⃗s(θ), θ + τ)(⃗h2 − h⃗1)

=

∫ 1

0

[
F+
x

(
y⃗s(θ) + ℓ⃗+(θ) + h⃗1 + σ(⃗h2 − h⃗1), θ + τ

)
− F+

x (y⃗s(θ), θ + τ)

]
(⃗h2 − h⃗1)dσ

Thus, ∥∥∥R⃗+
1 (θ, h⃗2)− R⃗+

1 (θ, h⃗1)
∥∥∥ ≤ Nα∥y⃗s(θ)∥α ∥h⃗2 − h⃗1∥,∥∥∥R⃗+

2 (θ, h⃗2)− R⃗+
2 (θ, h⃗1)

∥∥∥
≤ Nα

(
∥ℓ⃗+(θ)∥+max{∥h⃗1∥, ∥h⃗2∥}

)α
∥h⃗2 − h⃗1∥.

(62)

Let us define the operator F+ : X+ → X+ as

F+(u⃗)(θ) =

∫ θ

0

X+(θ + τ)(X+(s+ τ))−1
(
R⃗+

1 (s, u⃗(s)) + R⃗+
2 (s, u⃗(s))

)
ds

=

∫ θ

0

X+(θ + τ)P+(X+(s+ τ))−1
(
R⃗+

1 (s, u⃗(s)) + R⃗+
2 (s, u⃗(s))

)
ds

+

∫ θ

0

X+(θ + τ)(I− P+)(X+(s+ τ))−1
(
R⃗+

1 (s, u⃗(s)) + R⃗+
2 (s, u⃗(s))

)
ds.

Notice that h⃗+(θ) is a fixed point of F+ if and only if the function x⃗(θ +

τ, τ ; Q⃗+(d, τ)) given by (58) solves (PS) and h⃗+(0) = 0⃗.
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Remark 5.15. In the next Lemma 5.16 we let

ln(ϖ) ≤ −max{(2C)2/α; 4},

where C = (2cαs + 1)Nα
2k2k

2+2α
1 (α+ 1)

λα
.

(63)

Observe that this is not an optimal constant: however, the relevant fact is that
both C and ϖ are independent of d, δ and ε.

Lemma 5.16. Assume H, fix ϖ > 0 as in (63) let δ = δ(ϖ) < ϖ be as in
Lemma 5.4 and Remark 5.9. With the above notation, for any 0 < d ≤ δ, the

fixed point equation F+(u⃗) = u⃗ admits a unique solution h⃗ in B
X+

r := {v⃗ ∈
X+ | ∥v⃗∥X+ ≤ r} where r = Dℓ| ln(ϖ)|−α/2.

Proof. First we show that F+ maps B
X+

r into itself. For this purpose, notice

that if u⃗ ∈ B
X+

r then ∥u⃗(θ)∥ ≤ rz+u (θ + τ,M + τ) for any θ ∈ [0,M ]. Now,
using

∥ℓ⃗+(θ) + u⃗(θ)∥ ≤ (Dℓ + r)z+u (θ + τ,M + τ) ≤ 2r| ln(ϖ)|α/2z+u (θ + τ,M + τ),

from (60) and (61) we get

∥R⃗+
1 (θ, u⃗(θ))∥ ≤ 2Nα(cs)

αr| ln(ϖ)|−α/2[z+s (θ + τ, τ)]α z+u (θ + τ,M + τ),

∥R⃗+
2 (θ, u⃗(θ))∥ ≤ Nα

[
2r| ln(ϖ)|α/2z+u (θ + τ,M + τ)

]1+α
.

Moreover, from (35) we get the following estimates:∫ θ

0

z+s (θ + τ, s+ τ)[z+s (s+ τ, τ)]αz+u (s+ τ,M + τ)ds

≤ k1+α
1 z+u (θ + τ,M + τ)

∫ θ

0

z+u (s+ τ, θ + τ)ds

≤ 2(k1)
2+α

λ
z+u (θ + τ,M + τ),

∫ θ

0

z+s (θ + τ, s+ τ)
[
z+u (s+ τ,M + τ)

]1+α
ds

=
[
z+u (θ + τ,M + τ)

]1+α
∫ θ

0

z+s (θ + τ, s+ τ)
[
z+u (s+ τ, θ + τ)

]1+α
ds

≤ k2+2α
1 z+u (θ + τ,M + τ)

∫ θ

0

e−
1
2λ(2+α)(θ−s)ds ≤ 2k2+2α

1

λ(2 + α)
z+u (θ + τ,M + τ),
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∫ θ

0

z+u (θ + τ, s+ τ)
[
z+s (s+ τ, τ)

]α
z+u (s+ τ,M + τ)ds

= z+u (θ + τ,M + τ)

∫ θ

0

[
z+s (s+ τ, τ)

]α
ds

≤ 2(k1)
α

λα
z+u (θ + τ,M + τ),

and ∫ θ

0

z+u (θ + τ, s+ τ)
[
z+u (s+ τ,M + τ)

]1+α
ds

= z+u (θ + τ,M + τ)

∫ θ

0

[
z+u (s+ τ,M + τ)

]α
ds

≤ 2(k1)
α

λα
z+u (θ + τ,M + τ).

Using the above, we get∥∥∥∥∥
∫ θ

0

X+(θ + τ)P+(X+(s+ τ))−1R⃗+
1 (s, u⃗(s))ds

∥∥∥∥∥
≤ 2Nα(cs)

αk2r| ln(ϖ)|−α/2

·
∫ θ

0

z+s (θ + τ, s+ τ)[z+s (s+ τ, τ)]αz+u (s+ τ,M + τ)ds

≤ 2Nα(cs)
αk2

2k2+α
1

λ
r| ln(ϖ)|−α/2 z+u (θ + τ,M + τ),

∥∥∥∥∥
∫ θ

0

X+(θ + τ)P+(X+(s+ τ))−1R⃗+
2 (s, u⃗(s))ds

∥∥∥∥∥
≤ Nαk2

[
2r| ln(ϖ)|α/2

]1+α

·
∫ θ

0

z+s (θ + τ, s+ τ)[z+u (s+ τ,M + τ)]1+αds

≤ Nαk2
2k2+2α

1

λ(2 + α)

[
2r| ln(ϖ)|α/2

]1+α
z+u (θ + τ,M + τ),
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∥∥∥∥∥
∫ θ

0

X+(θ + τ)(I− P+)(X+(s+ τ))−1R⃗+
1 (s, u⃗(s))ds

∥∥∥∥∥
≤ 2Nα(cs)

αk2r| ln(ϖ)|−α/2

·
∫ θ

0

z+u (θ + τ, s+ τ)
[
z+s (s+ τ, τ)

]α
z+u (s+ τ,M + τ)ds

≤ 2Nα(cs)
αk2

2kα1
λα

r| ln(ϖ)|−α/2 z+u (θ + τ,M + τ),

and∥∥∥∥∥
∫ θ

0

X+(θ + τ)(I− P+)(X+(s+ τ))−1R⃗+
2 (s, u⃗(s))ds

∥∥∥∥∥
≤ Nαk2

[
2r| ln(ϖ)|α/2

]1+α
∫ θ

0

z+u (θ + τ, s+ τ)
[
z+u (s+ τ,M + τ)

]1+α
ds

≤ Nαk2
2kα1
λα

[
2r| ln(ϖ)|α/2

]1+α
z+u (θ + τ,M + τ).

Since r| ln(ϖ)|α/2 = Dℓ ≤ D0 = | ln δ|−2 < | ln(ϖ)|−2, we have[
2r| ln(ϖ)|α/2

]1+α
= r| ln(ϖ)|−α/221+α[r| ln(ϖ)|α/2 · | ln(ϖ)|]α

≤ r| ln(ϖ)|−α/221+α| ln(ϖ)|−α ≪ r| ln(ϖ)|−α/2;
(64)

further
2r| ln(ϖ)|α/2 = 2Dℓ ≤ 2| ln(ϖ)|−2 ≤ | ln(ϖ)|−1/2, (65)

so in particular r| ln(ϖ)|α/2 < 1/2. Hence from the above estimates and Re-
mark 5.15 it follows that

∥F+(u⃗)∥X+ ≤ C| ln(ϖ)|−α/2 r ≤ r

2
.

Next, we show that F+ is a contraction. First, by (60) and (62) we have
the estimates:

∥R⃗+
1 (θ, u⃗1(θ))− R⃗+

1 (θ, u⃗2(θ))∥
≤ Nα(cs)

α| ln(ϖ)|−α/2
[
z+s (θ + τ, τ)

]α∥u⃗1(θ)− u⃗2(θ)∥,

∥R⃗+
2 (θ, u⃗1(θ))− R⃗+

2 (θ, u⃗2(θ))∥
≤ Nα

[
2r| ln(ϖ)|α/2

]α[
z+u (θ + τ,M + τ)

]α∥u⃗1(θ)− u⃗2(θ)∥

for any u⃗1, u⃗2 ∈ B
X+

r . Consequently, using

∥u⃗1(s)− u⃗2(s)∥ = z+u (s+ τ,M + τ)
∥u⃗1(s)− u⃗2(s)∥
z+u (s+ τ,M + τ)

≤ z+u (s+ τ,M + τ)∥u⃗1 − u⃗2∥X+
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for all s ∈ [0,M ], we derive∥∥∥∥∥
∫ θ

0

X+(θ + τ)P+(X+(s+ τ))−1
(
R⃗+

1 (s, u⃗1(s))ds− R⃗+
1 (s, u⃗2(s))

)
ds

∥∥∥∥∥
≤ k2Nα(cs)

α

| ln(ϖ)|α/2

∫ θ

0

z+s (θ + τ, s+ τ)[z+s (s+ τ, τ)]α∥u⃗1(s)− u⃗2(s)∥ds

≤ 2k2+α
1

λ

k2Nα(cs)
α

| ln(ϖ)|α/2
∥u⃗1 − u⃗2∥X+z+u (θ + τ,M + τ),

∥∥∥∥∥
∫ θ

0

X+(θ + τ)P+(X+(s+ τ))−1
(
R⃗+

2 (s, u⃗1(s))ds− R⃗+
2 (s, u⃗2(s))

)
ds

∥∥∥∥∥
≤ k2Nα

[
2r| ln(ϖ)|α/2

]α
·
∫ θ

0

z+s (θ + τ, s+ τ)
[
z+u (s+ τ,M + τ)

]α∥u⃗1(s)− u⃗2(s)∥ds

≤ 2k2+2α
1

λ(2 + α)
k2Nα

[
2r| ln(ϖ)|α/2

]α∥u⃗1 − u⃗2∥X+z+u (θ + τ,M + τ),

∥∥∥∥∥
∫ θ

0

X+(θ+τ)(I− P+)(X+(s+τ))−1
(
R⃗+

1 (s, u⃗1(s))ds− R⃗+
1 (s, u⃗2(s))

)
ds

∥∥∥∥∥
≤ k2Nα(cs)

α

| ln(ϖ)|α/2

∫ θ

0

z+u (θ + τ, s+ τ)
[
z+s (s+ τ, τ)

]α∥u⃗1(s)− u⃗2(s)∥ds

≤ 2kα1
λα

k2Nα(cs)
α

| ln(ϖ)|α/2
∥u⃗1 − u⃗2∥X+z+u (θ + τ,M + τ),

and∥∥∥∥∥
∫ θ

0

X+(θ + τ)(I− P+)(X+(s+ τ))−1
(
R⃗+

2 (s, u⃗1(s))ds− R⃗+
2 (s, u⃗2(s))

)
ds

∥∥∥∥∥
≤ k2Nα

[
2r| ln(ϖ)|α/2

]α
·
∫ θ

0

z+u (θ + τ, s+ τ)[z+u (s+ τ,M + τ)]α∥u⃗1(s)− u⃗2(s)∥ds

≤ 2kα1
λα

k2Nα

[
2r| ln(ϖ)|α/2

]α∥u⃗1 − u⃗2∥X+z+u (θ + τ,M + τ).

Now using (65) and the previous four estimates, recalling Remark 5.15 and (65)
we find

∥F+(u⃗1)−F+(u⃗2)∥X+ ≤ C

| ln(ϖ)|α/2
∥u⃗1 − u⃗2∥X+ ≤ 1

2
∥u⃗1 − u⃗2∥X+ .
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The proof is finished by the Banach fixed point theorem.

Remark 5.17. By fixing δ > 0, the values of M0 and D0 are given. Then for

any fixed M ≥ M0, h⃗ ∈ B
X+

r if and only if ∥h⃗(θ)∥ ≤ rz+u (θ + τ,M + τ) for all
θ ∈ [0,M ]. Here one may consider a sufficiently smooth extension of (PS+)
beyond Ω0 if needed. On the other hand, if 0 < T < M0, takingM ≥ T+ 2

λ ln k1

yields that if h⃗ ∈ B
X+

r then

∥h⃗(θ)∥ ≤ rz+u (θ + τ, T + τ)z+u (T + τ,M + τ)

≤ rz+u (θ + τ, T + τ)k1 e
− 1

2λ(M−T ) ≤ rz+u (θ + τ, T + τ)

for any θ ∈ [0, T ].

Now, the trajectory x⃗(θ + τ, τ ; Q⃗+(d, τ)) crosses the curve Ω0 when its
projection on the “stable” and on the “unstable” linear spaces are compara-
ble. This idea allows us to estimate the crossing time and displacement: see
Lemma 5.19 below.

Observe that there are K± > 0 such that the unit vector

v⃗+s −K+v⃗+u
∥v⃗+s −K+v⃗+u ∥

=
v⃗−u −K−v⃗−s

∥v⃗−u −K−v⃗−s ∥
(66)

is tangent to Ω0 in the origin and aims towards Ein.
Hence the vector ρ(v⃗+s − 2K+v⃗+u ) points towards Ω

− and ρ(v⃗+s − 1
2K

−v⃗+u )
points towards Ω+ for ρ > 0 small enough, see Figure 2. Fix δ < ϖ and let
0 < d < δ; then

ρ
(
v⃗+s (θ)− 2K+v⃗+u (θ)

)
∈ Ω−,

ρ

(
v⃗+s (θ)−

1

2
K+v⃗+u (θ)

)
∈ Ω+, for any θ ∈ R,

for ρ > 0 small enough. Hence there is K̃+ = K̃+(d, τ) ∈ [ 12K
+, 2K+] such

that x⃗(T f
2 + τ, τ ; Q⃗+(d, τ)) ∈ Ω0, where T f

2 = T f
2 (d, τ), verifies

x⃗(T f
2 + τ, τ ; Q⃗+(d, τ)) ∈ span{v⃗+s − K̃+v⃗+u },

i.e., there is ρ̃+ = ρ̃+(T f
2 + τ, d) > 0 such that

ℓ⃗+(T f
2 ) + y⃗s(T

f
2 ) + h⃗+(T f

2 )

= ρ̃+{v⃗+s (T
f
2 + τ)− K̃+v⃗+u (T

f
2 + τ)}.

(67)

Remark 5.18. In the next Proposition 5.19 we fix µ0 such that (14) holds,
then for µ2 ∈]0, µ0/2] we let ϖ = ϖ(µ2) be such that the following estimates
hold true:

| ln(ϖ)| > K+csk
2
1,

k21| ln(ϖ)|
K+cs

< ϖ−µ2/4. (68)
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Proposition 5.19. Assume H; let µ2 ∈]0, µ0/2] where µ0 satisfies (14) and
choose ϖ = ϖ(µ2) satisfying both (63) and (68). Then there is δ = δ(µ2, ϖ) >
0 such that for any 0 < d ≤ δ and any τ ∈ R we find

Σfwd
+

(
1− µ2

3

)
| ln(d)| ≤ T f

2 (d, τ) ≤ Σfwd
+

(
1 +

µ2

3

)
| ln(d)| (69)

and

d
σfwd
+

(
1+

µ2λ+
u

|λ+
s |

)
≤ Df

2 (d, τ) ≤ d
σfwd
+

(
1−µ2λ+

u

|λ+
s |

)
(70)

where

Df
2 (d, τ) := ∥x⃗(T f

2 (d, τ) + τ, τ ; Q⃗+(d, τ))∥. (71)

Proof. Let us fix τ ∈ R; we choose ϖ and δ < ϖ so that Lemma 5.16 holds
and we set M = T f

2 (d, τ), so that for any 0 < d < δ we find Dℓ(d, τ) :=

dz+u (T
f
2 (d, τ) + τ, τ). In this proof we write Q⃗+, T f

2 and D+ for T f
2 (d, τ),

Q⃗+(d, τ) and Df
2 (d, τ) to deal with less cumbersome notation. Notice that

T f
2 ≥ M0 (cf. (59)) so that the expansion (58) and Lemma 5.16 hold for 0 <

t ≤ T f
2 . Let h

+
u (T

f
2 ) and h+

s (T
f
2 ) be such that

h⃗+(T f
2 ) = h+

u (T
f
2 )v⃗

+
u (T

f
2 + τ) + h+

s (T
f
2 )v⃗

+
s (T

f
2 + τ).

Using (56) and (57), from (67) we see that

− 1

K̃+(T f
2 +τ)

−dz+u (T
f
2 +τ, τ) + ã+u (T

f
2 )

(
z+s (T

f
2 +τ, τ)

| ln(ϖ)|

)1+α

+ h+
u (T

f
2 )


= ρ̃+(T f

2 +τ, d) = ã+s (T
f
2 )

z+s (T
f
2 +τ, τ)

| ln(ϖ)|
+ h+

s (T
f
2 ). (72)

We want to compare the highest order terms of (72). First note that

ã+u (T
f
2 )
(

z+
s (T f

2 +τ,τ)
| ln(ϖ)|

)1+α

is negligible with respect to ã+s (T
f
2 )

z+
s (T f

2 +τ,τ)
| ln(ϖ)| . More-

over, |h+
s (T

f
2 )| = ∥P+,ε(T f

2 + τ )⃗h+(T f
2 )∥ ≤ k2∥h⃗+(T f

2 )∥ and |h+
u (T

f
2 )| =

∥(I− P+,ε(T f
2 + τ))⃗h+(T f

2 )∥ ≤ k2∥h⃗+(T f
2 )∥, and using Lemma 5.16 we get

∥h⃗+(T f
2 )∥ ≤ Dℓz

+
u (T

f
2 + τ, T f

2 + τ)

| ln(ϖ)|α/2
=

Dℓ

| ln(ϖ)|α/2
≪ Dℓ.

Hence also h+
s (T

f
2 ) and h+

u (T
f
2 ) are negligible with respect to Dℓ = dz+u (T

f
2 +

τ, τ).

Thus the highest order terms in (72) are Dℓ

K̃+(T f
2 +τ)

and ã+s (T
f
2 )

z+
s (T f

2 +τ,τ)
| ln(ϖ)| .
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So, picking up the highest order terms and neglecting the others, we can

find a constant C̃K ∈
[
K+c̄s

2 ,K+cs

]
(cf. (56)) such that

Dℓ(d, τ) = dz+u (T
f
2 + τ, τ) = C̃K

z+s (T
f
2 + τ, τ)

| ln(ϖ)|
. (73)

Now using

1

k21
e(λ

+
u+|λ+

s |−2kε)T f
2 ≤ z+u (T

f
2 + τ, τ)

z+s (T
f
2 + τ, τ)

=
C̃K

d| ln(ϖ)|
≤ k21 e

(λ+
u+|λ+

s |+2kε)T f
2

we get

ln
(

C̃K

k2
1d| lnϖ|

)
λ+
u + |λ+

s |+ 2kε
≤ T f

2 ≤
ln
(

C̃Kk2
1

d| ln(ϖ)|

)
λ+
u + |λ+

s | − 2kε
, (74)

ln

(
C̃Kk21

d| ln(ϖ)|

)
= | ln(d)|+ ln(C̃Kk21)− ln(| ln(ϖ)|) < | ln(d)|

by the first inequality in (68); further from the second inequality in (68) we get

ln

(
C̃K

k21d| lnϖ|

)
≥ − ln(dϖ−µ2/4) ≥

(
1− µ2

4

)
| ln(d)|.

So plugging these inequalities in (74) we get

1− µ2/3

λ+
u + |λ+

s |
| ln(d)| ≤ (1− µ2/4)(1− c1ε)

λ+
u + |λ+

s |
| ln(d)|

≤ 1− µ2/4

λ+
u + |λ+

s |+ 2kε
| ln(d)| ≤ T f

2 ≤ 1

λ+
u + |λ+

s | − 2kε
| ln(d)|

≤ 1 + c1ε

λ+
u + |λ+

s |
| ln(d)| ≤ 1 + µ2/3

λ+
u + |λ+

s |
| ln(d)| (75)

where c1 = 4k/(|λ+
s |+ λ+

u ); so (69) is proved.
Then plugging (69) in (73) we find

Dℓ(d, τ) ≤ k1d
(
eT

f
2

)λ+
u+kε

≤ k1d
1−

(
1+µ2/3

λ
+
u +|λ+

s |

)
(λ+

u+kε)

= k1d
σfwd
+ −

(
µ2λ+

u

3(λ
+
u +|λ+

s |)

)
−
(

kε(1+µ2/3)

λ
+
u +|λ+

s |

)

≤ d
σfwd
+ − µ2λ+

u

2(λ
+
u +|λ+

s |) = d
σfwd
+

(
1−µ2λ+

u

2|λ+
s |

)
.
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Similarly, plugging again (69) in (73),

Dℓ(d, τ) ≥
d

k1

(
eT

f
2

)λ+
u−kε

≥ d
1−

(
1−µ2/3

λ
+
u +|λ+

s |

)
(λ+

u−kε)

k1

=
d
σfwd
+ +

(
λ+
u µ2

3(λ
+
u +|λ+

s |)

)
+

(
kε(1−µ2/3)

λ
+
u +|λ+

s |

)
k1

≥ d
σfwd
+ +

µ2λ+
u

2(λ
+
u +|λ+

s |) = d
σfwd
+

(
1+

µ2λ+
u

2|λ+
s |

)
.

Summing up we have shown that

d
σfwd
+

(
1+

µ2λ+
u

2|λ+
s |

)
≤ Dℓ(d, τ) ≤ d

σfwd
+

(
1−µ2λ+

u

2|λ+
s |

)
. (76)

Now, again from (72) we see that there are c̄2 > c̄1 > 0 (independent of d and
τ) such that

c̄1Dℓ(d, τ) ≤ ρ̃+(T f
2 + τ, d) ≤ c̄2Dℓ(d, τ);

further from (67) and (71) we see that there are c̄4 > c̄3 > 0 such that

c̄3ρ̃
+(T f

2 + τ, d) ≤ Df
2 (d, τ) ≤ c̄4ρ̃

+(T f
2 + τ, d).

So, these last two inequalities imply that there are C > c > 0, independent of
d, τ , ε and µ2, such that

cDℓ(d, τ) ≤ Df
2 (d, τ) ≤ CDℓ(d, τ). (77)

Now assuming that δ
µ2λ+

u

2|λ+
s |

σfwd
+ ≤min{C−1, c}, the proof of (70) follows from (76)

and (77). This completes the proof of Proposition 5.19.

For future reference it is convenient to state the following remark concerning
estimate (77).

Remark 5.20. There are C > c > 0 independent of d, τ , ε and µ2 such that

cDℓ(d, τ) ≤ Df
2 (d, τ) ≤ CDℓ(d, τ).

Now we want to prove a result which is, to some extent, the converse of

Proposition 5.19. Let us set δ1 = δ
σfwd
+

(
1+

µ2λ+
u

|λ+
s |

)
and consider the set Lin(δ1).

For any 0 < D < δ1 we denote by R⃗(D) the unique point in Lin(δ1) such that

∥R⃗(D)∥ = D.
Then, adapting slightly Lemma 3.6, we prove the following.
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Figure 7: An explanation of the proof of Proposition 5.22.

Remark 5.21. Fix τ1 ∈ R, 0 < D < δ1 = δ
σfwd
+

(
1+

µ2λ+
u

|λ+
s |

)
and follow the

trajectory x⃗(t, τ1; R⃗(D)) backward in time. Then there are Db
3(D, τ1) > 0,

T b
3 (D, τ1) > 0 and τ+0 (D, τ1) = τ1 − T b

3 (D, τ1) such that x⃗(t, τ1; R⃗(D)) ∈
Kbwd,+

A (t) for any τ+0 (D, τ1) ≤ t < τ1 and it crosses transversely S̃+(τ+0 (D, τ1))

in the point Q⃗+(Db
3(D, τ1), τ

+
0 (D, τ1)), where Q⃗+(·, ·) is as defined in (37).

Using the uniformity in τ of the estimates in (5.19) we show the following.

Proposition 5.22. Assume H; let µ2 ∈]0, µ0/2] where µ0 satisfies (14) and
choose ϖ = ϖ(µ2) satisfying both (63) and (68). Then there is δ = δ(µ2, ϖ) >

0 such that for any 0 < D < δ1 = δ
σfwd
+

(
1+

µ2λ+
u

|λ+
s |

)
and any τ1 ∈ R the functions

T b
3 (D, τ1) and Db

3(D, τ1) are well defined, Cr and one-to-one. Further

1

|λ+
s |

[
1− µ2

(
2

λ+
u

|λ+
s | +

1
2

)]
| ln(D)|

≤ T b
3 (D, τ1) ≤

1

|λ+
s |

[
1 + µ2

(
2

λ+
u

|λ+
s | +

1
2

)]
| ln(D)|,

D
1

σ
fwd
+

(
1+2

µ2λ+
u

|λ+
s |

)
≤ Db

3(D, τ1) ≤ D
1

σ
fwd
+

(
1−2

µ2λ+
u

|λ+
s |

)
.

In particular limD→0 D
b
3(D, τ1) = 0 uniformly in τ1 ∈ R.

Proof. The proof is easier to follow while keeping in mind Figure 7. From
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Remark 5.21 we see that the functions T b
3 (D, τ1) andDb

3(D, τ1) are well defined;
further they are Cr and one-to-one due to the smoothness of the flow, see
Remark 3.8.

Let us consider the following function, as in Remark 5.13:

Ψ+(d, τ) :]0, δ]× R →]0, 1]× R, Ψ+(d, τ) = (Df
2 (d, τ), T

f
2 (d, τ) + τ).

• We claim that
(
]0, δ1]× R

)
⊂ Ψ+

(
]0, δ]× R

)
.

Let (D, τ1) ∈
(
]0, δ1] × R

)
: we need to show that there is (d, τ) ∈

(
]0, δ] × R

)
such that Ψ+(d, τ) = (D, τ1). We denote by d0 = D1/σfwd

+ ; then we set

d+(D) = D
1

σfwd
+

(
1+

3µ2λ+
u

|λ+
s |

)
= d

1+
3µ2λ+

u

|λ+
s |

0 ,

d+(D) = D
1

σfwd
+

(
1− 3µ2λ+

u

|λ+
s |

)
= d

1− 3µ2λ+
u

|λ+
s |

0 ,

T+(D) = τ1 −
[
Σfwd

+

(
1 +

µ2

3

)(
1 +

3µ2λ
+
u

|λ+
s |

)
+ 2σfwd

+

]
| ln(d0)| ,

T+(D) = τ1 −
[
Σfwd

+

(
1− µ2

3

)(
1− 3µ2λ

+
u

|λ+
s |

)
− 2σfwd

+

]
| ln(d0)|.

Then consider the rectangle

R =
(
[d+(D), d+(D)]× [T+(D), T+(D)]

)
⊂]0, 1/10]× R,

and denote by ∂R its border. Further set

ℓl = {d+(D)} × [T+(D), T+(D)],

ℓr = {d+(D)} × [T+(D), T+(D)],

ℓd = [d+(D), d+(D)]× {T+(D)},

ℓu = [d+(D), d+(D)]× {T+(D)},

so that ∂R =
(
ℓl ∪ ℓd ∪ ℓr ∪ ℓu

)
.

Now observe that the restriction Ψ̃+ of Ψ+ defined by Ψ̃+ : R → R̃ where
R̃ = Ψ+(R), is a Cr diffeomorphism, see Remark 3.8. Hence, from Brouwer’s
domain invariance theorem (cf. [33, Proposition 16.9]), we see that R̃ is a
compact and simply connected set and its border ∂R̃ satisfies ∂R̃ = Ψ(∂R).

Let ℓ̃l = Ψ(ℓl) and similarly for ℓ̃r, ℓ̃d, ℓ̃u: all these sets are compact images
of curves. Let

Q̃ =

[
D

1+
µ2λ+

u

|λ+
s | , D

1−µ2λ+
u

|λ+
s |

]
× [τ1 − | ln(D)|, τ1 + | ln(D)|]
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and denote by ∂Q̃ its border: obviously (D, τ1) ∈ Q̃.

Let τ ′, τ ′′ ∈ [T+(D), T+(D)] and consider

(d+(D), τ ′) ∈ ℓl and (d+(D), τ ′′) ∈ ℓr ;

from Proposition 5.19 we find

Df
2 (d

+(D), τ ′) ≤ [d+(D)]
σfwd
+

(
1−µ2

λ+
u

|λ+
s |

)
= D

(
1−µ2

λ+
u

|λ+
s |

)(
1+3µ2

λ+
u

|λ+
s |

)

= D
1+2µ2

λ+
u

|λ+
s |

−3µ2
2

(λ+
u )2

(λ
+
s )2 < D

1+µ2
λ+
u

|λ+
s | ,

Df
2 (d

+(D), τ ′′) ≥ [d+(D)]
σfwd
+

(
1+µ2

λ+
u

|λ+
s |

)
= D

(
1+µ2

λ+
u

|λ+
s |

)(
1−3µ2

λ+
u

|λ+
s |

)

= D
1−2µ2

λ+
u

|λ+
s |

−3µ2
2

(λ+
u )2

(λ
+
s )2 > D

1−µ2
λ+
u

|λ+
s | .

Whence ℓ̃l ∩ Q̃ = ∅ = ℓ̃r ∩ Q̃.
Similarly observe that for any d′, d′′ ∈ [d+(D), d+(D)] (so that (d′, T+(D)) ∈ ℓd

and (d′′, T+(D)) ∈ ℓu), from Proposition 5.19 we find

T f
2 (d

′, T+(D)) + T+(D) ≤ T+(D) + Σfwd
+

(
1 +

µ2

3

)
| ln(d+(D))|

= τ1 − 2σfwd
+ | ln(d0)| < τ1 − σfwd

+ | ln(d0)| = τ1 − | ln(D)|,

T f
2 (d

′′, T+(D)) + T+(D) ≥ T+(D) + Σfwd
+

(
1− µ2

3

)
| ln(d+(D))|

= τ1 + 2σfwd
+ | ln(d0)| > τ1 + σfwd

+ | ln(d0)| = τ1 + | ln(D)|.

Whence ℓ̃d ∩ Q̃ = ∅ = ℓ̃u ∩ Q̃.
Summing up we have shown that (Q̃ ∩ ∂R̃) = ∅; in fact we easily see that Q̃ is
contained in the bounded set enclosed by ∂R̃ = Ψ(∂R). So we see that there
is (d, τ) ∈ R such that Ψ+(d, τ) = (D, τ1) and the claim is proved, by the
arbitrariness of (D, τ1) ∈

(
]0, δ1]× R

)
.

Now from the claim we see that for any (D, τ1) ∈]0, δ1] × R there is a
unique couple (d, τ0) ∈]0, δ] × R such that (D, τ1) = Ψ+(d, τ0), since Ψ+ is
defined through the flow of (PS).

Hence from Proposition 5.19 we get

d
σfwd
+

(
1+

µ2λ+
u

|λ+
s |

)
≤ D ≤ d

σfwd
+

(
1−µ2λ+

u

|λ+
s |

)
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from which we get

D
1

σfwd
+

(
1+

2µ2λ+
u

|λ+
s |

)
≤ D

1

σfwd
+

(
1−µ2λ+

u

|λ+
s |

)−1

≤ d ≤ D
1

σfwd
+

(
1+

µ2λ+
u

|λ+
s |

)−1

≤ D
1

σfwd
+

(
1− 2µ2λ+

u

|λ+
s |

)
.

So the assertion concerning D is proved.
Again from Proposition 5.19 we find

Σfwd
+

(
1−µ2

3

)
| ln(d)| ≤ τ1 − τ = T b

3 (D, τ1) = T f
2 (d, τ) ≤ Σfwd

+

(
1+

µ2

3

)
| ln(d)|.

So we conclude

T b
3 (D, τ1) ≤

Σfwd
+

σfwd
+

(
1 +

µ2

3

)(
1 + 2µ2

λ+
u

|λ+
s |

)
| ln(D)|

≤ 1

|λ+
s |

[
1 + µ2

(
2
λ+
u

|λ+
s |

+
1

2

)]
| ln(D)|,

T b
3 (D, τ1) ≥

Σfwd
+

σfwd
+

(
1− µ2

3

)(
1− 2µ2

λ+
u

|λ+
s |

)
| ln(D)|

≥ 1

|λ+
s |

[
1− µ2

(
2
λ+
u

|λ+
s |

+
1

2

)]
| ln(D)|.

Then the assertion concerning T b
3 (D, τ1) is proved.

Lemma 5.23. Assume H and let µ2, ϖ and δ = δ(µ2, ϖ) be as in Proposi-
tion 5.19. Let 0 < d ≤ δ, τ0 ∈ R, and consider the trajectory

x⃗(t, τ0; Q⃗
+(d, τ0)) ≡ x(t, τ1; R⃗(D)) τ0 ≤ t ≤ τ1

where D = Df
2 (d, τ0), R⃗(D) is the point of Lin such that ∥R⃗(D)∥ = D ∈]0, δ1[

and τ1 = τ0 + T f
2 (d, τ0). Then

∥x⃗(t, τ0; Q⃗+(d, τ0))− y⃗s(t− τ0)∥

≤ 2

c
d
σfwd
+

(
1−µ2

λ+
u

|λ+
s |

)
z+u (t, τ1) ≤

2k1
c

d
σfwd
+

(
1−µ2

λ+
u

|λ+
s |

)
e−

1
2λ(τ1−t)

whenever τ0 ≤ t ≤ τ1, where c > 0 is as in Remark 5.20.
Analogously let 0 < D ≤ δ1, τ1 ∈ R, and consider the trajectory

x⃗(t, τ0; Q⃗
+(d, τ0)) ≡ x(t, τ1; R⃗(D)) τ0 ≤ t ≤ τ1



(46 of 67) A. CALAMAI ET AL.

where d = Db
3(D, τ1) and τ0 = τ1 − T b

3 (D, τ1). Then

∥x(t, τ1; R⃗(D))− y⃗s(t− τ0)∥ ≤ 2

c
Dz+u (t, τ1) ≤

2k1
c

D e−
1
2λ(τ1−t)

whenever τ0 ≤ t ≤ τ1.

Proof. Let us decompose x⃗(t, τ0; Q⃗
+(d, τ)) as in (58), and set τ1 = τ0+T f

2 (d, τ0).
From Lemma 5.16 and Remark 5.20 we find

∥h⃗+(θ)∥ ≤ ∥h⃗+∥X+z+u (t, τ1) ≤
k1
c
| ln(ϖ)|−α/2D e−

1
2λ(τ1−t)

where t = θ + τ0. Further from (60) and Remark 5.20

∥ℓ⃗+(θ)∥ ≤ Dℓz
+
u (t, τ1) ≤

k1
c
D e−

1
2λ(τ1−t).

Therefore

∥x⃗(θ + τ0, τ0; Q⃗
+(d, τ))− y⃗s(θ)∥ ≤ 2

k1
c
e−

1
2λ(T

f
2 (d,τ0)−θ)D. (78)

Whence, using Proposition 5.19, we conclude the first part of the proof; the
second part of the proof is analogous and it is omitted.

5.3. The loop: from S−(τ ) to Lin

Let S̃− and S−(τ) be as in (29) and (30); let us choose Q⃗−(d, τ) = −dv⃗−s +

π⃗u(τ) ∈ S−(τ). We aim to follow the trajectory x⃗(t, τ ; Q⃗−(d, τ)) from S̃−

backwards to Ω0.
The next lemma is analogous to Lemma 5.12 and again it follows from the

argument of Lemma 3.6, taking into account the mutual positions of v⃗±u , v⃗
±
s .

Lemma 5.24. Assume H and fix τ ∈ R. For any 0 < d ≤ δ there are Cr

functions T b
2 (d, τ) and Db

2(d, τ) such that x⃗(θ + τ, τ ; Q⃗−(d, τ)) ∈ Kbwd,−
A for

any −T b
2 (d, τ) < θ ≤ 0 and it crosses transversely Ω0 at θ = −T b

2 (d, τ) in a

point such that ∥x⃗(−T b
2 (d, τ) + τ, τ ; Q⃗−(d, τ))∥ = Db

2(d, τ).

In order to get estimates of T b
2 (d, τ) and Db

2(d, τ), we perform an inversion
of time argument.

Let us denote by f⃗
±
(x⃗) = −f⃗±(x⃗) and g⃗(t, x⃗, ε) = −g⃗(−t, x⃗, ε), and notice

that if x⃗(t) is a solution of (PS), then x⃗(t) = x⃗(−t) is a solution of

˙⃗x = f⃗
±
(x⃗) + εg⃗(t, x⃗, ε), x⃗ ∈ Ω±. (79)
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Further,
∂f⃗

+

∂x
(⃗0) has eigenvalues −λ+

u < 0 < −λ+
s with eigenvectors v⃗+u and v⃗+s

respectively, while
∂f⃗

−

∂x
(⃗0) has eigenvalues −λ−

u < 0 < −λ−
s with eigenvectors

v⃗−u and v⃗−s respectively.
So applying Proposition 5.19 to (79) and then going back to the original

system we obtain the following.

Proposition 5.25. Assume H; let µ2 ∈]0, µ0/2] where µ0 satisfies (14) and
choose ϖ = ϖ(µ2) satisfying both (63) and (68). Then there is δ = δ(µ2, ϖ) >
0 such that for any 0 < d < δ and any τ ∈ R we find

Σbwd
−

(
1− µ2

3

)
| ln(d)| ≤ T b

2 (d, τ) ≤ Σbwd
−

(
1 +

µ2

3

)
| ln(d)| (80)

and

d
σbwd
−

(
1+

µ2|λ−
s |

λ
−
u

)
≤ Db

2(d, τ) ≤ d
σbwd
−

(
1−µ2|λ−

s |

λ
−
u

)
(81)

where
Db

2(d, τ) := ∥x⃗(τ − T b
2 (d, τ), τ ;Q

−(d, τ))∥. (82)

Similarly applying Remark 5.21 and Proposition 5.22 to (79) and then going
back to the original system we get the following.

Remark 5.26. Fix τ−1 ∈ R, 0 < D < δ−1 = δ
σbwd
−

(
1+

µ2|λ−
s |

λ
−
u

)
and follow the

trajectory x⃗(t, τ−1; R⃗(D)) forward in time. Then there are Df
3 (D, τ−1) > 0,

T f
3 (D, τ−1) > 0 and τ−0 (D, τ−1) = τ−1+T f

3 (D, τ−1) such that x⃗(t, τ−1; R⃗(D)) ∈
Kfwd,−

A (t) for any τ−1 < t ≤ τ−0 (D, τ−1) and it crosses transversely

S̃−(τ−0 (D, τ−1)) in the point Q⃗−(Df
3 (D, τ−1), τ

−
0 (D, τ−1)), where Q⃗−(·, ·) is

as defined in (37).

Proposition 5.27. Assume H; let µ2 ∈]0, µ0/2] where µ0 satisfies (14) and
choose ϖ = ϖ(µ2) satisfying both (63) and (68). Then there is δ = δ(µ2, ϖ) >

0 such that for any 0 < D < δ−1 = δ
σbwd
−

(
1+

µ2|λ−
s |

λ
−
u

)
and any τ−1 ∈ R the func-

tions T f
3 (D, τ−1) and Df

3 (D, τ−1) are well defined, Cr and one-to-one. Further

1

λ−
u

[
1− µ2

(
2
|λ−

s |
λ−
u

+
1

2

)]
| ln(D)|

≤ T f
3 (D, τ−1) ≤

1

λ−
u

[
1 + µ2

(
2
|λ−

s |
λ−
u

+
1

2

)]
| ln(D)|,

D
1

σbwd
−

(
1+2

µ2|λ−
s |

λ
−
u

)
≤ Df

3 (D, τ−1) ≤ D
1

σbwd
−

(
1−2

µ2|λ−
s |

λ
−
u

)
.

In particular limD→0 D
f
3 (D, τ−1) = 0 uniformly in τ−1 ∈ R.
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Let us recall that y⃗u(θ) = x⃗(θ+ τ, τ ; π⃗u(τ)), see (29). We conclude the sec-
tion with the following result, obtained applying the inversion of time argument
to Lemma 5.23.

Lemma 5.28. Assume H and let µ2, ϖ and δ = δ(µ2, ϖ) be as in Proposi-
tion 5.25. Let 0 < d ≤ δ, τ0 ∈ R, and consider the trajectory

x⃗(t, τ0; Q⃗
−(d, τ0)) ≡ x(t, τ−1; R⃗(D)) τ−1 ≤ t ≤ τ0

where D = Db
2(d, τ0), R⃗(D) is the point of Lin such that ∥R⃗(D)∥ = D ∈]0, δ−1]

where δ−1 = δ
σbwd
−

(
1+

µ2|λ−
s |

λ
−
u

)
and τ−1 = τ0 − T b

2 (d, τ0). Then

∥x⃗(t, τ0; Q⃗−(d, τ))− y⃗u(t− τ0)∥ ≤ 2

c
d
σbwd
−

(
1−µ2

|λ−
s |

λ
−
u

)
z−s (t, τ−1)

≤ 2k1
c

d
σbwd
−

(
1−µ2

|λ−
s |

λ
−
u

)
e−

1
2λ(t−τ−1)

whenever τ−1 ≤ t ≤ τ0.
Analogously let 0 < D ≤ δ−1, τ−1 ∈ R, and consider the trajectory

x⃗(t, τ0; Q⃗
−(d, τ0)) ≡ x(t, τ−1; R⃗(D)) τ−1 ≤ t ≤ τ0

where d = Df
3 (D, τ−1) and τ0 = τ−1 + T f

3 (D, τ−1). Then

∥x⃗(t, τ−1; R⃗(D))− y⃗u(t− τ0)∥ ≤ 2

c
Dz−s (t, τ−1) ≤

2k1
c

D e−
1
2λ(t−τ−1)

whenever τ−1 ≤ t ≤ τ0.

5.4. Final step: estimate of time and space displacement

Now we are ready to complete the proofs of Theorems 4.2, 4.3.
We start with Theorem 4.2: the proof of the result follows immediately from

combining Propositions 5.7, 5.19, 5.27, 5.10 in forward time and Propositions
5.10, 5.25, 5.22, 5.7 in backward time.

However we proceed with the lengthy and tedious computation of the es-
timate of µ0, the upper bound in the errors performed to evaluate time and
space displacement. In some sense, the only relevant fact is that the value of
µ0 (that is the upper bound of µ) depends only on the eigenvalues λ±

s , λ
±
u .

We make use of the following estimates

λ

2λ
≤ σ ≤ σ ≤ λ

2λ
,

λ

λ
2 ≤ Σ ≤ Σ ≤ λ

λ2 .
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Proof of Theorem 4.2. Let us set

cµ = cT + cd +
1

6
(83)

where

c′d =
λ

λ
, cd = 7

λ
3

λ3 , cT =
1

6
+

1

2λ
. (84)

Notice that cµ > cd ≥ 7. Assume that 0 < 2µ1 = µ2 and let 0 < µ = cµµ2 < µ0,
where µ0 is as in (14). We can choose 0 < d ≤ δ ≤ ϖ small enough so that

dµ1 ≤ δµ1 ≤ ϖµ1 ≤ | ln(ϖ)|−C̃

where C̃ is a constant as in Proposition 5.7.
Combining Propositions 5.7, 5.19 we find the following estimates of the

space displacement

∥P1/2(d, τ)∥ = Df
2 (D

f
1 (d, τ), τ + T f

1 (d, τ)),

dσ
fwd
+ +Ã ≤ ∥P1/2(d, τ)∥ ≤ dσ

fwd
+ +B̃ (85)

where, using
λ+
u

|λ+
s |σ

fwd
+ ≤ λ

2λ , we find

B̃ = (1−µ1) · σfwd
+

(
1− λ+

u

|λ+
s |

µ2

)
−σfwd

+ ≥ − λ

2λ
(µ1+µ2) ≥ −c′dµ2 ≥ −µ, (86)

Ã = (1 + µ1) · σfwd
+

(
1 +

λ+
u

|λ+
s |

µ2

)
− σfwd

+ ≤ λ

2λ
(µ1 + µ2 + µ1µ2)

≤ λ

2λ
(2µ1 + µ2) = c′dµ2 ≤ µ.

(87)

So we have shown that

dσ
fwd
+ +µ ≤ ∥P1/2(d, τ)∥ ≤ dσ

fwd
+ −µ.

Let us set

τf0 (d, τ) = τ , Df
0 (d, τ) = d , τfi = T f

i (D
f
i−1(d, τ), τ

f
i−1(d, τ)) + τfi−1(d, τ)

for i = 1, 2, 3, 4.
Now combining Propositions 5.7, 5.10, 5.19 and 5.27 we find the following

D(P1(d, τ), P⃗u(T1(d, τ)))

= Df
4 (D

f
3 (D

f
2 (D

f
1 (d, τ), τ

f
1 (d, τ)), τ

f
2 (d, τ)), τ

f
3 (d, τ)),
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D(P1(d, τ), P⃗u(T1(d, τ))) = Df
4 (D

f
3 (∥P1/2(d, τ)∥, τ2f (d, τ)), τ

f
3 (d, τ)),

dσ
fwd+A ≤ D(P1(d, τ), P⃗u(T1(d, τ))) ≤ dσ

fwd+B

where, using (85) and
σfwd
+

σbwd
−

≤ λ
2

λ2 , we find

B = (1− µ1) ·
(
σfwd
+ − c′dµ2

)
· 1

σbwd
−

(
1− 2µ2

|λ−
s |

λ−
u

)
−

σfwd
+

σbwd
−

≥ −µ1
σfwd
+

σbwd
−

− µ2
c′d

σbwd
−

− 2µ2
σfwd
+ |λ−

s |
σbwd
− λ−

u

≥ −µ2

(
1

2

λ
2

λ2 +
2c′dλ

λ
+

2λ
3

λ3

)
≥ −µ2

(
4 +

1

2

)
λ
3

λ3 > −cdµ2 ≥ −µ,

(88)

A = (1 + µ1) ·
(
σfwd
+ + c′dµ2

)
· 1

σbwd
−

(
1 + 2µ2

|λ−
s |

λ−
u

)
−

σfwd
+

σbwd
−

=
µ1

σbwd
−

(σfwd
+ +c′dµ2)

(
1+2µ2

|λ−
s |

λ−
u

)
+

µ2c
′
d

σbwd
−

(
1+2µ2

|λ−
s |

λ−
u

)
+ 2µ2

σfwd
+

σbwd
−

|λ−
s |

λ−
u

= µ1
σfwd
+

σbwd
−

(
1+2µ2

|λ−
s |

λ−
u

)
+ c′d

µ2

σbwd
−

(
1+2µ2

|λ−
s |

λ−
u

)
(1+µ1) + 2µ2

σfwd
+

σbwd
−

|λ−
s |

λ−
u

≤ µ1
λ
2

λ2

(
1 +

1

2

λ

λ

)
+ c′dµ2

2λ

λ

(
1 +

1

2

λ

λ

)(
1 +

1

8

)
+ 2µ2

λ
3

λ3

≤ µ2
λ
3

λ3

(
3

2
+ 2 · 3

2
· 9
8
+ 2

)
< 7µ2

λ
3

λ3 = cdµ2 ≤ µ

(89)
using µ2 ≤ 1

4 . So, we have shown the first estimate of (21), i.e.

dσ
fwd+µ ≤ D(P1(d, τ), P⃗u(T1(d, τ))) ≤ dσ

fwd−µ. (90)

Now we evaluate the space displacement backward in time: for this purpose
we simply need to apply the previous analysis to the modified system (79), i.e.,
to perform an inversion of time argument, analogous to the one detailed in
§5.3. This way from (85) and (90) we get respectively

dσ
bwd
− +µ ≤ ∥P−1/2(d, τ)∥ ≤ dσ

bwd
− −µ,

dσ
bwd+µ ≤ D(P−1(d, τ), P⃗s(T−1(d, τ))) ≤ dσ

bwd−µ.

Now we consider the time displacement; again we start by following the
trajectory forward in time. Let us set

τ ′a + τ ′′a ≤ T 1
2
(d, τ)− τ ≤ τ ′b + τ ′′b ,
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τ ′a + τ ′′a + τ ′′′a + τ iva ≤ T1(d, τ)− τ ≤ τ ′b + τ ′′b + τ ′′′b + τ ivb

where τ ′a and τ ′b are estimates from below and from above of the time spent by

x⃗(t, τ ; Q⃗s(d, τ)) to travel from L0 to S̃+, τ ′′a and τ ′′b are estimates of the time

spent to travel from S̃+ to Lin, τ ′′′a and τ ′′′b are estimates of the time spent to

travel from Lin to S̃−, τ iva and τ ivb are estimates of the time spent to travel

from S̃− to L0.
From Proposition 5.7, possibly choosing a smaller ϖ > 0 we see that

0 < τ ′a ≤ τ ′b ≤
4

λ
ln(| ln(ϖ)|) ≤ 4

λ
ln(ϖ−µ1λ

12 ) ≤ µ1

3
| ln(δ)|. (91)

Analogously, from Proposition 5.10 we see that

0 < τ iva ≤ τ ivb ≤ µ1

3
| ln(δ)|.

Then combining Propositions 5.7 and 5.19 we find

τ ′′a ≥ Σfwd
+

(
1− µ2

3

)
(1− µ1)| ln(d)|

≥ Σfwd
+

(
1− 5µ2

6

)
| ln(d)| ≥ Σfwd

+ (1− µ2)| ln(d)|,

τ ′′b ≤ Σfwd
+

(
1 +

µ2

3

)
(1 + µ1)| ln(d)|

= Σfwd
+

(
1 +

5µ2 + µ2
2

6

)
| ln(d)| ≤ Σfwd

+ (1 + µ2)| ln(d)|.

Summing up we have found

T 1
2
(d, τ)− τ ≤

(
Σfwd

+ +
µ1

3
+ Σfwd

+ µ2

)
| ln(d)|

≤
[
Σfwd

+ +

(
1

6
+

1

2λ

)
µ2

]
| ln(d)|

=
(
Σfwd

+ + cTµ2

)
| ln(d)| ≤ (Σfwd

+ + µ)| ln(d)|,

T 1
2
(d, τ)− τ ≥

(
Σfwd

+ − Σfwd
+ µ2

)
| ln(d)| ≥

(
Σfwd

+ − µ2

2λ

)
| ln(d)|

≥
(
Σfwd

+ − cTµ2

)
| ln(d)| ≥ (Σfwd

+ − µ)| ln(d)|.

Thus we find

(Σfwd
+ − µ)| ln(d)| ≤ T 1

2
(d, τ)− τ ≤ (Σfwd

+ + µ)| ln(d)|. (92)
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Finally combining (85), (87), (86) and Proposition 5.27 we find

τ ′′′b ≤ 1

λ−
u

[
1 + µ2

(
2
|λ−

s |
λ−
u

+
1

2

)]
| ln(dσ

fwd
+ +Ã)|

≤ 1

λ−
u

[
1 + µ2

(
2
λ

λ
+

1

2

)]
(σfwd

+ + c′dµ2)| ln(d)|

≤
[
σfwd
+

λ−
u

+
µ2

λ−
u

(
σfwd
+

5

2

λ

λ
+ c′d

(
1 + µ2

5

2

λ

λ

))]
| ln(d)|

≤

[
σfwd
+

λ−
u

+
µ2

λ−
u

(
5

4

λ
2

λ2 +
13

8

λ
2

λ2

)]
| ln(d)|

<

(
σfwd
+

λ−
u

+ 3
µ2

λ−
u

λ
2

λ2

)
| ln(d)| ≤

(
σfwd
+

λ−
u

+ cdµ2

)
| ln(d)|.

Analogously we find

τ ′′′a ≥
(
σfwd
+

λ−
u

− cdµ2

)
| ln(d)|.

Observe now that Σfwd = Σfwd
+ +

σfwd
+

λ−
u
, then, summing up all the estimates,

we find

T1(d, τ)− τ ≤ τ ′b + τ ′′b + τ ′′′b + τ ivb

≤ (Σfwd
+ + cTµ2)| ln(d)|+

(
σfwd
+

λ−
u

+ cdµ2

)
| ln(d)|+ µ1

3
| ln(δ)|

≤
[
Σfwd +

(
cT + cd +

1

6

)
µ2

]
| ln(d)| = (Σfwd + cµµ2)| ln(d)|

≤ (Σfwd + µ)| ln(d)|.

Analogously, using the fact that T1(d, τ) − τ ≥ τ ′a + τ ′′a + τ ′′′a + τ iva and the
previous estimates, we find

(Σfwd − µ)| ln(d)| ≤ T1(d, τ)− τ ≤ (Σfwd + µ)| ln(d)|. (93)

Then, applying again an inversion of time argument, from (92) and (93)
respectively we find

(Σbwd
− − µ)| ln(d)| ≤ τ − T−1/2(d, τ) ≤ (Σbwd

− + µ)| ln(d)|,

(Σbwd − µ)| ln(d)| ≤ τ − T−1(d, τ) ≤ (Σbwd + µ)| ln(d)|

and the proof is completed.
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Remark 5.29. Modifying slightly the proof of Proposition 5.19 we might show
that we can find a constant Kµ

2 > 1 (independent of all the small parameters)
such that we can choose µ2 = Kµ

2 ε; then we could replace (69) and (70) by the
following

Σfwd
+ (1−Kµ

2 ε) | ln(d)| − | ln(ϖ)| ≤ T f
2 (d, τ) ≤ Σfwd

+ (1 +Kµ
2 ε) | ln(d)|

| ln(ϖ)|−2dσ
fwd
+ (1+Kµ

2 ε) ≤ Df
2 (d, τ) ≤ | ln(ϖ)|2dσ

fwd
+ (1−Kµ

2 ε).
(94)

Then, we conjecture that with a proper choice of a fixed ϖ = ϖ0 > 0 satisfy-
ing (63), eventually we would obtain, as we said in Remark 5.1,

C−1dσ
fwd+Kµε ≤ D(P1(d, τ), P⃗u(T1(d, τ))) ≤ Cdσ

fwd+Kµε,

(Σfwd −Kµε)| ln(d)| − C ≤ (T1(d, τ)− τ) ≤ (Σfwd +Kµε)| ln(d)|+ C
(95)

for suitable Kµ > Kµ
2 > 0 and C > 1. Further we think that if gx(t, 0⃗, ε) = 0,

so that for the exponential dichotomy estimates in (34) we can use λ±
s and λ±

u

as exponents, we can even set Kµ = 0 in (95).

Now we prepare the proof of Theorem 4.3.
Notice that in Theorem 4.3 we need the distance between x⃗(t, τ ; Q⃗s(d, τ))

and x⃗(t, τ ; P⃗s(τ)) to be small but in fact in §5.2 we measure the distance be-

tween x⃗(t, τ ; Q⃗s(d, τ)) and x⃗(t, T f
1 (d, τ) + τ ; π⃗s(T

f
1 (d, τ) + τ)). We need Lem-

mas 5.30 and 5.31 below to measure this mismatch.
With the notation of Lemma 5.4 we set

ℓ⃗s(d, τ) := P⃗+
f (d, τ)− x⃗(T f

1 (d, τ) + τ, τ ; P⃗s(τ)),

υ⃗s(d, τ) := π⃗s(T
f
1 (d, τ) + τ)− x⃗(T f

1 (d, τ) + τ, τ ; P⃗s(τ));

then we have the following.

Lemma 5.30. Let the assumptions of Proposition 5.7 be satisfied; recalling that
0 < d ≤ δ ≤ ϖ we find∥∥∥∥ ∂

∂d
ℓ⃗s(d, τ)⌊d=0

∥∥∥∥ ≤ | ln(ϖ)|8λ/λ ,

∥ℓ⃗s(d, τ)∥ ≤ 2| ln(ϖ)|8λ/λ d ≤ 2| ln(δ)|8λ/λ d ≤ dδ−µ1/2.

(96)

Further∥∥∥∥ ∂

∂d
υ⃗s(d, τ)⌊d=0

∥∥∥∥ ≤ 2k2λ

λ
| ln(ϖ)|8λ/λ,

∥υ⃗s(d, τ)∥ ≤ 4k2λ

λ
| ln(ϖ)|8λ/λ d ≤ 4k2λ

λ
| ln(δ)|8λ/λ d ≤ dδ−µ1/2.

(97)
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Proof. Notice that x⃗(T f
1 (0, τ) + τ, τ ; P⃗s(τ)) ∈ [W̃ s(T f

1 (0, τ) + τ) ∩ S̃+] and

W̃ s(T f
1 (0, τ) + τ) ∩ S̃+ = {π⃗s(T

f
1 (0, τ) + τ)} = {P⃗+

f (0, τ)} for all ε. So we use
an expansion as in (47) and in the rest of the proof we consider ε = 0. Hence

ℓ⃗s(0, τ) = 0⃗ = υ⃗s(0, τ).

Differentiating ℓ⃗s(d, τ) with respect to d we get

∂

∂d
ℓ⃗s(d, τ)⌊d=0=

∂x⃗

∂P⃗
(T f

1 (d, τ) + τ, τ ; Q⃗s(d, τ))⌊d=0
∂Q⃗s(0, τ)

∂d

+ [ ˙⃗x(T f
1 (d, τ) + τ, τ ; Q⃗s(d, τ))− ˙⃗x(T f

1 (d, τ) + τ, τ ; P⃗s(τ))]⌊d=0T
′
d(τ)

= X(T f
1 (0, τ))v⃗, (98)

where X(t) is the fundamental matrix of (48). So the first inequality in (96)
follows from (49); then the second inequality in (96) follows immediately.

Now notice that if ε = 0, then π⃗s(τ) ≡ π⃗s,Γ = Γ ∩ S̃+ for any τ ∈ R, so
that ∂

∂τ π⃗s(τ) ≡ 0⃗. Hence

∂

∂d
υ⃗s(0, τ) = −T ′

d(τ)f⃗
+(γ⃗(T̃ f

1 )), (99)

then the first estimate in (97) follows from (52) and (53). Finally the sec-
ond inequality in (97) follows immediately from the first and the fact that
∥υ⃗s(0, τ)∥ = 0.

We denote by τf1 = τf1 (d, τ) = τ + T f
1 (d, τ) and π⃗s,1(τ

f
1 ) = x⃗(τf1 , τ ; P⃗s(τ)).

Notice that π⃗s,1(τ
f
1 ) ∈ W̃ s(τf1 ) but it is not necessarily in S̃+ and recall that

by construction {π⃗s(τ
f
1 )} = W̃ s(τf1 ) ∩ S̃+, cf. (27). Let us set

υ⃗s(θ; d, τ) := x⃗(θ + τf1 , τ
f
1 ; π⃗s,1(τ

f
1 ))− x⃗(θ + τf1 , τ

f
1 ; π⃗s(τ

f
1 )),

and recall that f⃗± and g⃗ are Cr and α = min{r − 1; 1}. Then we have the
following estimate.

Lemma 5.31. Let 0 < d ≤ δ, then

∥υ⃗s(θ; d, τ)∥ ≤ d1−µ1 e
λ+
s θ

1+α/2 (100)

for any θ ≥ 0.

Proof. Observe that both x⃗(t, τf1 ; π⃗s,1(τ
f
1 )) and x⃗(t, τf1 ; π⃗s(τ

f
1 )) belong to W̃

s(t)

for any t ≥ τf1 , and set y⃗s(θ) = x⃗(θ+τf1 , τ
f
1 ; π⃗s(τ

f
1 )) for short. From Lemma 5.30

we know that

∥υ⃗s(0; d, τ)∥ = ∥υ⃗s(d, τ)∥ = ∥π⃗s,1(τ
f
1 )− π⃗s(τ

f
1 )∥ ≤ d1−µ1/2. (101)
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To prove (100) we use exponential dichotomy and a fixed point argument in an
exponentially weighted space. Notice that υ⃗s(θ; d, τ) is a solution of

˙⃗
h(θ) = F+

x (θ + τf1 , y⃗s(θ), ε)⃗h(θ) + N⃗(θ + τf1 , h⃗(θ), ε) (102)

where

N⃗(θ + τf1 , h⃗(θ), ε) = F⃗+(θ + τf1 , y⃗s(θ) + h⃗(θ), ε)− F⃗+(θ + τf1 , y⃗s(θ), ε)

− F+
x (θ + τf1 , y⃗s(θ), ε)⃗h(θ).

Recall that F⃗+ ∈ Cr, so there is Cα > 0 independent of ε, t, such that

∥N⃗(t, h⃗, ε)∥ ≤ Cα∥h⃗∥1+α,

∥N⃗(t, h⃗1, ε)− N⃗(t, h⃗2, ε)∥ ≤ Cα[max{∥h⃗1∥, ∥h⃗2∥}]α∥h⃗1 − h⃗2∥

(cf. R⃗+
2 (θ, h⃗) in (61) and (62)).

Observe further, that ∥y⃗s(θ)− γ⃗(T̃ f
1 + θ)∥ = O(ε) uniformly for θ ≥ 0, so

˙⃗
h(θ) = F+

x (θ + τf1 , y⃗s(θ), ε)⃗h(θ) (103)

admits exponential dichotomy in [0,+∞[, and the exponents are ε-close to the

respective ones of ˙⃗x = f+
x (γ⃗(T̃ f

1 + θ))x⃗, i.e., to λ+
s , λ

+
u . Further the optimal

dichotomy constant k̄1 is | ln(ϖ)|−1 close to k1 since f
+
x (γ⃗(T̃ f

1 +θ)) is | ln(ϖ)|−1

close to f+
x (⃗0), so we can assume k̄1 = 2k1.

So let Xh(θ) and Ph be the fundamental matrix and the projection (of the
exponential dichotomy) of (103). We can assume that

∥Xh(t)Ph[Xh(s)]
−1ξ⃗∥ ≤ 2k1 e

λ+
s

1+α/2 (t−s)
if t > s > 0,

∥Xh(t)[I− Ph][Xh(s)]
−1ξ⃗∥ ≤ 2k1 e

λ+
u

1+α/2 (t−s)
if s > t > 0.

(104)

Further, since υ⃗s(θ; d, τ) converges to 0 exponentially, for θ → +∞, we see

that it is on the stable manifold of (102). In particular υ⃗s(θ; d, τ) e
|λ+

s |
1+α/2 θ is

bounded for θ ≥ 0.
In fact υ⃗s(θ; d, τ) is the unique bounded solution of (102) such that

Ph
˙⃗
h(0) = Ph[π⃗s,1(τ

f
1 )− π⃗s(τ

f
1 )] =: c⃗0. (105)

So letH be the space of all continuous functions from [0,+∞[ to R2 endowed

with the norm ∥y⃗∥H = supθ≥0{∥y⃗(θ)∥exp[
|λ+

s |
1+α/2θ]}.
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Let us consider the operator T : H → H defined by

T (y⃗)(θ) = Xh(θ)Phc⃗0 +

∫ θ

0

Xh(θ)Ph[Xh(s)]
−1N⃗(s+ τf1 , y⃗(s), ε)ds

−
∫ +∞

θ

Xh(θ)[I− Ph][Xh(s)]
−1N⃗(s+ τf1 , y⃗(s), ε)ds. (106)

Notice that y⃗(θ) is a fixed point of T if and only if it is a bounded solution of
(102), (105). We aim to show that T maps the ball of radius R = 6k1d

1−µ1/2

of H in itself and that it is a contraction. Then it follows that υ⃗s(θ; d, τ) is the
unique fixed point of H in this ball, and that ∥υ⃗s(θ; d, τ)∥H ≤ R.

In fact from (101) and (104) we find

∥Xh(θ)Phc⃗0∥ ≤ 2k1d
1−µ1/2 e

λ+
s

1+α/2 θ =
R

3
e

λ+
s

1+α/2 θ. (107)

Further, possibly choosing a smaller δ > d, and consequently a smaller R, we

can assume R ≤
(

α|λ+
s |

6k1Cα(1+α/2)

)1/α
, so that whenever ∥y⃗∥H ≤ R we find∥∥∥∥∥

∫ θ

0

Xh(θ)Ph[Xh(s)]
−1N⃗(s+ τf1 , y⃗(s), ε)ds

∥∥∥∥∥
≤ 2k1CαR

1+α

∫ θ

0

e
λ+
s

1+α/2 (θ−s) · e
λ+
s

1+α/2 (1+α)s
ds

≤ 2k1Cα(1 + α/2)

α|λ+
s |

R1+α e
λ+
s

1+α/2 θ ≤ R

3
e

λ+
s

1+α/2 θ;

(108)

and finally ∥∥∥∥∫ +∞

θ

Xh(θ)[I− Ph][Xh(s)]
−1N⃗(s+ τf1 , y⃗(s), ε)ds

∥∥∥∥
≤ 2k1CαR

1+α

∫ +∞

θ

e
λ+
u

1+α/2 (θ−s) · e
λ+
s

1+α/2 (1+α)s
ds

≤ 2k1Cα(1 + α/2)

λ+
u + (1 + α)|λ+

s |
R1+α e

λ+
s

1+α/2 (1+α)θ ≤ R

3
e

λ+
s

1+α/2 θ.

(109)

So from (107), (108) and (109) we conclude that T maps the ball of radius R
in itself. With a similar argument we show that T is a contraction in R and
we conclude that ∥υ⃗s(θ; d, τ)∥H ≤ R so

∥υ⃗s(θ; d, τ)∥H ≤ 6k1d
1−µ1/2 ≤ d1−µ1

if 0 < d ≤ δ is small enough; thus (100) is proved.
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Analogously, let us set

ℓ⃗u(d, τ) := P⃗−
b (d, τ)− x⃗(τ − T b

1 (d, τ), τ ; P⃗u(τ)),

υ⃗u(d, τ) := π⃗u(τ − T b
1 (d, τ))− x⃗(τ − T b

1 (d, τ), τ ; P⃗u(τ));

then, as in Lemma 5.30, we have the following.

Lemma 5.32. Let the assumptions of Proposition 5.10 be satisfied, recalling that
0 < d ≤ δ ≤ ϖ we find∥∥∥∥ ∂

∂d
ℓ⃗u(d, τ)⌊d=0

∥∥∥∥ ≤ | ln(ϖ)|8λ/λ ,

∥ℓ⃗u(d, τ)∥ ≤ 2| ln(ϖ)|8λ/λ d ≤ 2| ln(δ)|8λ/λ d ≤ dδ−µ1/2.

(110)

Further∥∥∥∥ ∂

∂d
υ⃗u(d, τ)⌊d=0

∥∥∥∥ ≤ | ln(ϖ)|8λ/λ,

∥υ⃗u(0, τ)∥ ≤ 4k2
λ

λ
| ln(ϖ)|8λ/λ d ≤ 4k2

λ

λ
| ln(δ)|8λ/λ d ≤ dδ−µ1/2.

(111)

We denote by τ b1 = τ b1(d, τ) = τ − T b
1 (d, τ) and π⃗u,1(τ

b
1) = x⃗(τ b1 , τ ; P⃗u(τ)).

Again, note that π⃗u,1(τ
b
1) ∈ W̃u(τ b1) but it is not necessarily in S̃− while

{π⃗u(τ
b
1)} = W̃u(τ b1) ∩ S̃− by construction, cf. (29). Let us set

υ⃗u(θ; d, τ) := x⃗(θ + τ b1 , τ
b
1 ; π⃗u,1(τ

b
1))− x⃗(θ + τ b1 , τ

b
1 ; π⃗u(τ

b
1)).

Then, as in Lemma 5.31 we have the following estimate.

Lemma 5.33. Let 0 < d ≤ δ then

∥υ⃗u(θ; d, τ)∥ ≤ d1−µ1 e
λ−
u θ

1+α/2 (112)

for any θ ≤ 0.

Proof of Theorem 4.3. Let us fix µ2 = 2µ1, µ = cµµ2 ≤ µ0; then fix ϖ and
δ so that Lemmas 5.11, 5.23 and 5.32 hold true, and finally let 0 < d ≤ δ
and τ ∈ R. We start from (23); we denote by τf1 = τf1 (d, τ) = τ + T f

1 (d, τ),

π⃗s,1(τ
f
1 ) = x⃗(τf1 , τ ; P⃗s(τ)). Notice that π⃗s(τ

f
1 ) = W̃ s(τ) ∩ S̃+, see (27), while

π⃗s,1(τ
f
1 ) ∈ W̃ s(τf1 ), but it might not be in S̃+. Let us set, as in §5.4, y⃗s(θ) :=

x⃗(θ + τf1 , τ
f
1 ; π⃗s(τ

f
1 )) and

y⃗s,1(θ) := x⃗(θ + τf1 , τ
f
1 ; π⃗s,1(τ

f
1 )) ≡ x⃗(θ + τf1 , τ ; P⃗s(τ)).
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From Lemmas 5.32 and 5.23, setting t = θ + τf1 we see that

∥x⃗(t, τ ; Q⃗s(d, τ))− x⃗(t, τ ; P⃗s(τ))∥

≤ ∥x⃗(θ + τf1 , τ ; Q⃗s(d, τ))− y⃗s(θ)∥+ ∥y⃗s,1(θ)− y⃗s(θ)∥

≤ 2k1
c

d
σfwd
+

(
1−µ2

λ+
u

|λ+
s |

)
+ d1−µ1 ≤ dσ

fwd
+ −µ

(113)

for any τf1 ≤ t ≤ T 1
2
(d, τ), since σfwd

+ < 1 and µ = cµµ2 (see the proof of

Theorem 4.2).
Further, from Lemma 5.11 we find

∥x⃗(t, τ ; Q⃗s(d, τ))− x⃗(t, τ ; P⃗s(τ))∥ ≤ dδ−µ1 ≤ dσ
fwd
+ −µ

for any τ ≤ t ≤ τf1 . So (23) is proved.
The proofs of (24), (25) and (26) are similar and are omitted.

6. Some remarks and future developments

In this section we spend a few more words concerning some projects we wish
to develop using the results of Theorems 4.2 and 4.3, as we said in the Intro-
duction.

Firstly, it is well known that, if λs + λu < 0 and ε = 0, in the framework
of Scenario 1 the set Γ of (1) is asymptotically stable from inside (stable from
outside in Scenario 2). We think that the results of this paper could be of
use in exploring the possibility to construct an integral manifold which will be
asymptotically stable from inside, when we have just one zero of the Melnikov
functionM(τ), see (9). Notice that the presence of chaotic phenomena prevents
the possibility of asymptotic stability if we have infinitely many zeros of M(τ).

Secondly, we plan to use Theorems 4.2 and 4.3 to study the possibility
to establish a sub-harmonic Melnikov theory. More precisely we think that
if the function M(τ) has a unique zero at τ = τ0 then we should find two
different type of results: if M′(τ0) > 0 then we expect that the homoclinic
trajectory x⃗b(t, ε) bifurcating from γ⃗(t) will be unique, while if M′(τ0) < 0
then we think there should be a monotone decreasing sequence of εk > 0 such
that if 0 < ε ≤ εk then there are k homoclinic trajectories, each of them
performing exactly j loops (i.e., passing O(ε) close to γ⃗(0) exactly j times),
where j = 1, . . . , k. In fact we expect that this will be the case if M(τ) does
not converge to 0 when τ converges either to +∞ or to −∞, while some extra
conditions on the speed of convergence to 0 is needed if M(τ) → 0. This
dynamical result is suggested also by the bubble-tower phenomena appearing
in quasi-linear elliptic equations, see e.g. [10, 12,13].
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Thirdly, we believe that Theorems 4.2 and 4.3 could be used to find safe
regions in systems characterized by Melnikov chaos, i.e., chaos generated by the
non-autonomous perturbation of an autonomous homoclinic trajectory. More
precisely we aim to find subsets of initial conditions close to Γ, which will
remain far from the chaotic set for a long, possibly infinite time. Roughly
speaking we think we can use these ideas to give some conditions sufficient to
answer the question:

How far should I stay from Γ to be sure not to finish in a chaotic pattern?
We think this kind of result should be quite useful from an engineering point
of view.

Finally, as we said in the Introduction, Melnikov theory has been extended
to the context of piecewise smooth systems (PS) assuming that 0⃗ ∈ Ω0 in [8],
where we proved that the classical Melnikov condition is enough to ensure
the persistence to perturbation of the homoclinic trajectory. However quite
unexpectedly, it does not guarantee the persistence of chaos if g⃗ is periodic in
t, as it happens in a smooth setting, see e.g. [29] but also in a non-smooth setting
if the origin does not belong to the discontinuity surface Ω0, see e.g. [2–4]. In
fact in [15] we have found a big class of counterexamples to the presence of
chaos: roughly speaking a geometrical obstruction forbids chaotic phenomena
whenever we have sliding close to the origin.

In a forthcoming paper we plan to show that, if such a geometrical obstruc-
tion is removed then the usual Melnikov conditions guarantee chaos as in the
smooth setting, and Theorems 4.2 and 4.3 of the present paper are essential in
this project. We also think that these kinds of results should give us a better
insight of what happens close to Γ in a smooth setting, possibly allowing us
to give some results concerning the size and the position of the Cantor-like set
giving rise to chaos.

A. Sketch of the proofs of Lemmas 3.3 and 3.5

This section is devoted to the construction of the curves Zfwd,in, Zfwd,out,
Zbwd,in, Zbwd,out, i.e., to the proofs of Lemmas 3.3 and 3.5, which are adaption
of the argument in [15, §6.2], see in particular [15, Lemmas 6.4, 6.7] and [15,
§6.2.2]. We invite the reader to compare the references with Figures 8, 9.

In the whole section we assume the hypotheses of Lemmas 3.3 and 3.5
without further mentioning. Following [15, §6.2.2] we denote by f⃗⊥,±(x⃗) the

R2–valued function such that ⟨f⃗⊥,±(x⃗), f⃗±(x⃗)⟩ = 0, ∥f⃗⊥,±(x⃗)∥ = ∥f⃗±(x⃗)∥,
i.e. f⃗⊥,±(x⃗) is the Cr function in Ω± obtained by rotating f⃗±(x⃗) by π/2. We

choose the orientation in such a way that γ⃗(t) + cf⃗⊥,±(γ⃗(t)) ∈ Ein if c > 0 is
small enough.
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Then we set

K := 2max{ sup{∥g⃗(t, x⃗, 0)∥/∥f⃗+(x⃗)∥ | x⃗ ∈ B(Γ, 1) ∩ (Ω+ ∪ Ω0), t ∈ R},

sup{∥g⃗(t, x⃗, 0)∥/∥f⃗−(x⃗)∥ | x⃗ ∈ B(Γ, 1) ∩ (Ω− ∪ Ω0), t ∈ R}}.

Observe that K > 0 is bounded, see [15, Page 1457]. Then we denote by

f⃗±
a (x⃗) = f⃗±(x⃗) + εKf⃗⊥,±(x⃗),

f⃗±
b (x⃗) = f⃗±(x⃗)− εKf⃗⊥,±(x⃗).

(114)

The curves Zfwd,in, Zfwd,out, Zbwd,in, Zbwd,out are in fact obtained as orbits
of trajectories of the autonomous systems ˙⃗x = f⃗±

a (x⃗) and ˙⃗x = f⃗±
b (x⃗). From

now on we denote with the subscript a quantities referred to the former system
and with the subscript b quantities referred to the latter system. In particular
we denote by y⃗a(t, P⃗ ) and y⃗b(t, P⃗ ), resp., the trajectory of ˙⃗y = f⃗±

a (y⃗) and of
˙⃗y = f⃗±

b (y⃗) leaving from P⃗ at t = 0. Notice that f⃗±
a (x⃗) on Γ aims towards Ein

while f⃗±
b (x⃗) on Γ aims towards Eout.

Note that the origin is still a saddle for both the systems so it admits
unstable and stable leaves Wu

a , W
u
b , W

s
a , W

s
b . Due to the discontinuity Wu

a

(and similarly for Wu
b , W

s
a , W

s
b ) has a corner in the origin and it may be split

on a component Wu,−
a entering Ω−, the one we are interested in, and another,

say Wu,+
a entering Ω+.

If we follow Wu
a , W

s
a , W

u
b , W

s
b from the origin towards L0, from a continuity

argument, we see that they intersect L0 transversely the first time in points
denoted respectively by ζ⃗ua , ζ⃗

s
a, ζ⃗

u
b , ζ⃗

s
b .

Further from [15, Lemma 6.9] we get the following.

Remark A.1. There are positive constants cua , c
u
b , c

s
a, c

s
b such that

ζ⃗ua = γ⃗(0) + (cuaε+ o(ε)) w⃗, ζ⃗ub = γ⃗(0)− (cub ε+ o(ε)) w⃗,

ζ⃗sa = γ⃗(0)− (csaε+ o(ε)) w⃗, ζ⃗sb = γ⃗(0) + (csbε+ o(ε)) w⃗

where w⃗ is a normalized vector, tangent to Ω0 in γ⃗(0) and oriented so that
γ⃗(0) + cw⃗ ∈ Ein for c > 0 small enough.

Let us start by a sketch of the proof of Lemma 3.3.
Let P⃗ fwd,in(D) be the unique point such that

P⃗ fwd,in(D) ∈ L0, ∥P⃗ fwd,in(D)− ζ⃗sa∥ = D > 0, ⟨P⃗ fwd,in(D)− ζ⃗sa, w⃗⟩ > 0

where D > 0 is small enough. The following result is the key ingredient to
construct the curve Zfwd,in (see Figure 8).

Lemma A.2. There is ∆ > 0 such that for any 0 < D ≤ ∆ there are 0 <
Tu,1
a (D) < Tu,2

a (D) such that y⃗a(t, P⃗
fwd,in(D)) ∈ (Ω+ ∩ Ein) for any 0 < t <
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Figure 8: Zfwd,in constructed via Lemma A.2.

Tu,1
a (D), y⃗a(t, P⃗

fwd,in(D)) ∈ (Ω− ∩Ein) for any Tu,1
a (D) < t < Tu,2

a (D), and it

crosses transversely Lin at t=Tu,1
a (D) in Q⃗fwd,in(D) := y⃗a(T

u,1
a (D), P⃗ fwd,in(D))

and L0 at t = Tu,2
a (D) in R⃗fwd,in(D) := y⃗a(T

u,2
a (D), P⃗ fwd,in(D)). Further, for

any 0 < µ ≤ µ0, any 0 < D ≤ ∆ and 0 < ε ≤ ε0 we find

Dσfwd
+ +µ ≤ ∥Q⃗fwd,in(D)∥ ≤ Dσfwd

+ −µ,

Dσfwd+µ ≤ ∥R⃗fwd,in(D)− ζ⃗ua ∥ ≤ Dσfwd−µ.
(115)

The proof of this lemma is obtained by adapting the argument in [15, §6.2.2]
which derives from the estimates in [15, Lemma 6.4].

Remark A.3. Note that from Remark A.1 and Lemma 115 we find

Dσfwd+µ − c̄ε ≤ ∥R⃗fwd,in(D)− γ⃗(0)∥ ≤ Dσfwd−µ + c̄ε (116)

where c̄ := 2max{cua , cub , csa, csb}.

Let β ≥ εσ
fb/2 be as in (13) and recall that σfb < 1; it is easy to check that

there is D̄
f,i ∈ [β − 2csaε, β − csa

2 ε] such that P⃗ fwd,in := P⃗ fwd,in(D̄
f,i
) satisfies

∥P⃗ fwd,in − γ⃗(0)∥ = β and P⃗ fwd,in ∈ Ein.
Now the curve Zfwd,in is defined as follows

Zfwd,in := {y⃗a(t, P⃗ fwd,in) | 0 ≤ t ≤ Tu,2
a (D̄

f,i
)},

and we set Q⃗fwd,in := Q⃗fwd,in(D̄
f,i
), R⃗fwd,in := R⃗fwd,in(D̄

f,i
).

In fact by construction the flow of (PS) on Zfwd,in points towards the exte-

rior of the bounded set enclosed by Zfwd,in and the segment between P⃗ fwd,in and
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R⃗fwd,in, see Figure 8. Now the estimates concerning P⃗ fwd,in, Q⃗fwd,in, R⃗fwd,in in
Lemma 3.3 follow from Lemma A.2 and Remark A.3.

Let P⃗ fwd,out(D) be the unique point such that

P⃗ fwd,out(D) ∈ L0, ∥P⃗ fwd,out(D)− ζ⃗ub ∥ = D > 0, ⟨P⃗ fwd,out(D)− ζ⃗ub , w⃗⟩ < 0

where D > 0 is small enough. Rephrasing the argument of [15, §6.2.2] which
is based on [15, Lemma 6.7], we get the following result needed to construct
Zfwd,out (see Figure 9):

Lemma A.4. There is ∆ > 0 such that for any 0 < D < ∆ there are τu,−1
b (D) <

0 < τu,1b (D) such that y⃗b(t, P⃗
fwd,out(D)) ∈ (Ω− ∩Eout) for any τu,−1

b (D) ≤ t <

0, y⃗b(t, P⃗
fwd,out(D)) ∈ (Ω+ ∩ Eout) for any 0 < t ≤ τu,1b (D), and it crosses

transversely L−,out at t = τu,−1
b (D) in O⃗fwd,out(D) := y⃗b(τ

u,−1
b (D), P⃗ fwd,out(D))

and L+,out at t = τu,1b (D) in Q⃗fwd,out(D) := y⃗b(τ
u,1
b (D), P⃗ fwd,out(D)). Further,

for any 0 < µ ≤ µ0, any 0 < D ≤ ∆ and 0 < ε ≤ ε0 we find

Dσbwd
− +µ ≤ ∥O⃗fwd,out(D)∥ ≤ Dσbwd

− −µ,

[D+ (csb + cub )ε]
σfwd
+ +µ ≤ ∥Q⃗fwd,out(D)∥ ≤ [D+ (csb + cub )ε]

σfwd
+ −µ.

(117)

Again, there is D̄
f,o ∈ [β−2cub ε, β−

cub
2 ε] such that P⃗ fwd,out := P⃗ fwd,out(D̄

f,o
)

satisfies ∥P⃗ fwd,out − γ⃗(0)∥ = β and P⃗ fwd,out ∈ Eout.
Then the curve Zfwd,out is defined as follows

Zfwd,out := {y⃗b(t, P⃗ fwd,out) | τu,−1
b (D̄

f,o
) ≤ t ≤ τu,1b (D̄

f,o
)},

and we set O⃗fwd,out := O⃗fwd,out(D̄
f,o
), Q⃗fwd,out := Q⃗fwd,out(D̄

f,o
).

In fact by construction the flow of (PS) on Zfwd,out points towards the inte-
rior of the bounded set enclosed by Zfwd,out and the segments L−,out between
0⃗ and O⃗fwd,out, and L+,out between 0⃗ and Q⃗fwd,out. Further the estimates con-
cerning O⃗fwd,out, P⃗ fwd,out, Q⃗fwd,out in Lemma 3.3 follow from Lemma A.4. So
Lemma 3.3 is proved.

The construction of the curve Zbwd,in (see Figure 10) is analogous to Zfwd,in.

Namely, let P⃗ bwd,in(D) be the unique point such that

P⃗ bwd,in(D) ∈ L0, ∥P⃗ bwd,in(D)− ζ⃗ub ∥ = D > 0, ⟨P⃗ bwd,in(D)− ζ⃗ub , w⃗⟩ > 0.

Reasoning as in Lemma A.2 we get the following.

Lemma A.5. There is ∆ > 0 such that for any 0 < D ≤ ∆ there are T s,−2
b (D) <

T s,−1
b (D) < 0 such that y⃗b(t, P⃗

bwd,in(D)) ∈ (Ω− ∩Ein) for any T s,−1
b (D) < t <
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Figure 9: Zfwd,out constructed in Lemma A.4.

0, y⃗b(t, P⃗
bwd,in(D)) ∈ (Ω+ ∩Ein) for any T s,−2

b (D) < t < T s,−1
b (D). Let us set

Q⃗bwd,in(D) := y⃗b(T
s,−1
b (D), P⃗ bwd,in(D)) and

R⃗bwd,in(D) := y⃗b(T
s,−2
b (D), P⃗ bwd,in(D)) .

Then, for any 0 < µ ≤ µ0, for any 0 < D ≤ ∆ and 0 < ε ≤ ε0 we find

Dσbwd
− +µ ≤ ∥Q⃗bwd,in(D)∥ ≤ Dσbwd

− −µ,

Dσbwd+µ ≤ ∥R⃗bwd,in(D)− ζ⃗sb∥ ≤ Dσbwd−µ.
(118)

Remark A.6. Analogously to Remark A.3 we see that

Dσbwd+µ − c̄ε ≤ ∥R⃗bwd,in(D)− γ⃗(0)∥ ≤ Dσbwd−µ + c̄ε.

Again we see that there is D̄
b,i ∈ [β +

cub
2 ε, β + 2cub ε] such that P⃗ bwd,in :=

P⃗ bwd,in(D̄
b,i
) satisfies ∥P⃗ bwd,in − γ⃗(0)∥ = β and P⃗ bwd,in ∈ Ein.

So the curve Zbwd,in is defined as follows

Zbwd,in := {y⃗b(t, P⃗ bwd,in) | T s,−2
b (D̄

b,i
) ≤ t ≤ 0},

and we set Q⃗bwd,in := Q⃗bwd,in(D̄
b,i
) and R⃗bwd,in := R⃗bwd,in(D̄

b,i
).

In fact by construction the flow of (PS) on Zbwd,in aims toward the inte-

rior of the bounded set enclosed by Zbwd,in and the segment between P⃗ bwd,in

and R⃗bwd,in. Further the estimates concerning P⃗ bwd,in, Q⃗bwd,in, R⃗bwd,in in
Lemma 3.5 follow from Lemma A.5 and Remark A.6.
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Figure 10: Zbwd,in constructed in Lemma A.5.

Now, let P⃗ bwd,out(D) be the unique point such that

P⃗ bwd,out(D) ∈ L0, ∥P⃗ bwd,out(D)− ζ⃗sa∥ = D > 0, ⟨P⃗ bwd,out(D)− ζ⃗sa, w⃗⟩ < 0

where D > 0 is small enough. Reasoning as in Lemma A.4 we get Zbwd,out (see
Figure 11):

Lemma A.7. There is ∆ > 0 such that for any 0 < D ≤ ∆ there are τs,−1
a (D) <

0 < τs,1a (D) such that y⃗a(t, P⃗
bwd,out(D)) ∈ (Ω− ∩Eout) for any τs,−1

a (D) ≤ t <

0, y⃗a(t, P⃗
bwd,out(D)) ∈ (Ω+ ∩ Eout) for any 0 < t ≤ τs,1a (D), and it crosses

transversely L−,out at t = τs,−1
a (D) in O⃗bwd,out(D) := y⃗a(τ

s,−1
a (D), P⃗ bwd,out(D))

and L+,out at t = τs,1a (D) in Q⃗bwd,out(D) := y⃗a(τ
s,1
a (D), P⃗ bwd,out(D)). Further,

for any 0 < µ ≤ µ0, any 0 < D ≤ ∆ and 0 < ε ≤ ε0 we find

[D+ (csa + cua)ε]
σbwd
− +µ ≤ ∥O⃗bwd,out(D)∥ ≤ [D+ (csa + cua)ε]

σbwd
− −µ

,

Dσfwd
+ +µ ≤ ∥Q⃗bwd,out(D)∥ ≤ Dσfwd

+ −µ.
(119)

Again, there is D̄
b,o∈ [β−2csaε, β−

csa
2 ε] such that P⃗ bwd,out := P⃗ bwd,out(D̄

b,o
)

satisfies ∥P⃗ bwd,out − γ⃗(0)∥ = β and P⃗ bwd,in ∈ Eout.
Then the curve Zbwd,out is defined as follows

Zbwd,out := {y⃗a(t, P⃗ bwd,out(D̄
b,o

) | τs,−1
a (D̄

b,o
) ≤ t ≤ τs,1a (D̄

b,o
)},

and we set O⃗bwd,out := O⃗bwd,out(D̄
b,o

), Q⃗bwd,out := Q⃗bwd,out(D̄
b,o

).
The flow of (PS) on Zbwd,out aims towards the exterior of the bounded

set enclosed by Zbwd,out and the segments L−,out between 0⃗ and O⃗bwd,out,
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Figure 11: Zbwd,out constructed in Lemma A.7.

and L+,out between 0⃗ and Q⃗bwd,out, see Figure 11. Moreover, the estimates
concerning O⃗bwd,out, P⃗ bwd,out, Q⃗bwd,out follow from Lemma A.7. So Lemma 3.5
is proved.
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