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ABSTRACT. We define higher order fundamental forms and osculat-
ing spaces of projective algebraic varieties, using sheaves of principal
parts. We show that the mth fundamental form can be viewed as the
differential of the (m — 1)th Gauss map, and explain why the vanishing
of the mth fundamental form implies that the variety is contained in a
general (m — 1)th osculating space. Pointwise, the fundamental forms
give linear systems on the projectivized tangent spaces. We show that,
at each point, the Jacobian of the mth fundamental form is contained
in the (m — 1)th fundamental form. In the case of ruled varieties, we
describe these linear systems. We discuss conditions for a surface to be
ruled, in terms of the second fundamental form and the Fubini cubic.
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1. Introduction

In classical differential geometry the second fundamental form of a surface in R?
at a smooth point is a quadratic form on the tangent space to the surface at
that point. The starting point of this paper is the work by Griffiths and Harris
published in 1979 [10]. Using Darboux frames, they defined this quadratic
form pointwise for a complex analytic projective variety and showed that it
could be viewed as the fiber of a map from the second symmetric product
of the tangent bundle to the normal bundle [10, (1.18), p. 366]. They also
defined higher fundamental forms pointwise, using Darboux frames, and gave
a similar description of the corresponding maps of bundles. Our reading of their
paper led us, more than thirty years ago, to define, in a purely algebraic way
and without using frames, the higher fundamental forms of a quasi-projective
variety. This definition was not published at that time, but appeared in lectures
and in the Master thesis of Tegnander [24]. A similar definition was recently
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given by Ein and Niu in their paper [7], which made us revisit our old notes and
expand them into the present paper, where we give various interpretations and
properties of these fundamental forms and the linear systems associated with
them. Several of our results can also be found, or have analogues, in papers by
other authors, such as [4, 10, 14, 23].

The paper is organized as follows. In the next section we define fundamental
forms of an algebraic variety X in projective space, using sheaves of principal
parts that define the osculating spaces of the variety. We relate our definition
to the definition by Altman and Kleiman [1] of the second fundamental form of
a subsheaf and prove Theorem 2.4, which generalizes an observation by Perkin-
son [19]. We define higher order Gauss maps, and show that Proposition 2.3
and Theorem 2.4 imply that the mth fundamental form is equal to the differ-
ential of the (m — 1)th Gauss map. We also explain why the vanishing of the
mth fundamental form implies that X is contained in its (m — 1)th osculating
space at a (general) point.

In the third section we consider the interpretation of fundamental forms
as linear systems on the projectivized tangent spaces. We prove in Theo-
rem 3.2 that the Jacobian of the mth fundamental form is contained in the
(m—1)th fundamental form. We illustrate our results by three examples; these
are non-ruled surfaces in P° such that the second order osculating spaces have
dimension 4 (instead of the expected dimension 5). The second fundamental
forms are pencils of quadrics in P'; in one case, these pencils have a base point,
in the two other cases, they do not.

In the fourth section we study and describe the fundamental forms of pro-
jective ruled varieties 7: X =P(€) — Y. We use a result of Landsberg [16] to
give a condition for a surface to be ruled, in terms of the second fundamental
form and the Fubini cubic discussed in [10]. We can view ruled varieties as
varieties in a Grassmann variety, and we show that the bundles of principal
parts of £ on Y are equal to the pushdowns of the bundles of principal parts
of Ox(l) on X.

This work grew out of old notes by the authors. A part of these notes
were based on writings by the second author in 1988-89, while she was a Sci-
ence Scholar at the Bunting Institute of Radcliffe College,! and on her lecture
“Espaces osculateurs, formes fondamentales et multiplicités des discriminants”
given at Ecole Normale Supérieure in Paris on November 26, 1992. In the 1992
Master thesis of Cathrine Tegnander this definition of fundamental forms is
used [24, §4.1], and some of our surface examples are taken from her thesis.

INow the Radcliffe Institute for Advanced Study at Harvard University.
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2. Fundamental forms

Let k be an algebraically closed field and V' a k-vector space of dimension N +1.
Suppose X is a smooth (but not necessarily proper), irreducible k-scheme, of
dimension 7, and that f: X — P(V) is a morphism which is birational onto its
image.

Set L := f*Opv)(1), and let P (L) denote the sheaf of principal parts of
order m of L, for m > 0. Recall the definition of these sheaves: Consider the
product X x X, and let Z C Ox « x denote the ideal sheaf of the diagonal. The
mth infinitesimal neighborhood of the diagonal is the subscheme X (™) c X x X
defined by the ideal sheaf Z"t!. Let p;: X(™) — X, i = 1,2 denote the
projection maps. If F is a sheaf on X, then PY(F) := p1.p5F is the sheaf of
principal parts of F of order m. We refer to [11, §16.7] and [20, § 6, pp. 492—494]
for further details.

Since X is smooth, of dimension r, and £ is a line bundle, P (L) is locally

free, with rank (T;m), and there are exact sequences, for m > 1,

0— S™OY ® L — PR(L) — PR L) — 0.
Moreover, for each m, there is a natural map
HY(X,L)x := H(X, L) ® Ox — PR(L).
Note that V = H°(P(V), Op(v)(1)), so that
Vx =V ®0x = H'(P(V),0pa (1)) x 1= H'(P(V), Opvy (1)) ® Ox.

We denote by
a™: Vx — PY(L)

the map obtained by composing the above natural map with the homomor-
phism
Vx = HY(P(V), Opvy(1))x — H*(X,L)x.

The maps a™ are locally just Taylor series expansion up to order m of the
coordinate functions on X, with the variables being local coordinates on X.
They are compatible with the surjections

PR(L) — PR=(L).

Now we set K,, = Ker(a™), and consider the maps ¢,, defined by the
commutative diagrams

0 —— Kma —— Vx 20 poig)

o] | H

0 —— S"ML ®L —— PR(L) —— PR L) —— 0.
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It follows that K, C K,,—1 and that Ker(¢.,) = K.

DEFINITION 2.1. The mth fundamental form of X (with respect to f) is the
injective homomorphism induced by ¢,

B K1 /Ky — S™Q% @ L.

Let us first briefly compare this definition with the “classical” fundamental
forms, as defined locally (see e.g. [10, (1.18), p. 366 and (1.46), p. 373] for
m = 2,3). For this, we may assume that f is an embedding. Let Tx := (Q%)V
denote the tangent bundle to X. If m! is invertible in k, the natural map

STy — (S™0k)

is an isomorphism (see [2, Lemma (2.13), p. 21], [9, B. 3, p.476], and [18,
p. 248]). Hence we obtain a map

by composing with @), ® id.

For m = 2 we get
P2 Ky :Nx/]p(v) QL — SQQﬁ( L,

where N /p(v) is the conormal sheaf of X in P(V), and hence a map STy —
N JB(V) whose fibers are the classical second fundamental forms. We shall
consider the linear systems induced by the fundamental forms in Section 3.

Altman and Kleiman [1, 1.3, p. 10] gave a general definition of the second
fundamental form of a subsheaf of a quasi-coherent sheaf on a scheme. We
shall now recall their construction, in our situation.

Suppose F is a coherent sheaf on X and that

a:Vxy = F
is a homomorphism. Set &£ := Ker(a), Z := X xP(V), Y :=P(Vx/E) C Z,
and let pry: Z — X, pry: Z — P(V), and p: Y — X denote the projection
morphisms. By [2, Lemma (2.6), p. 17], there is a natural homomorphism

p*E® Oy (~1) = Nyyz,

where Ny, denotes the conormal sheaf of Y in Z, which is an isomorphism if
is locally free. Now we compose this homomorphism with the homomorphisms

Nyjz = Qzly = (priQ% @ PTSQH%’(V)”Y — priQ%ly = p*Q%.
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Thus we obtain a homomorphism
p*g & OY(i]') - p*Qﬁ(a

hence also
p*E — p*Qﬁg ® Oy (1),

and, by adjunction and the projection formula (since QY is locally free),
£ = p.(p"0% ® Oy (1)) = O @ p.Oy (1).

Let U C X be the open dense subset where a has constant rank. On U,
p«Oy (1) =2 Im(a) = Vx /&, so, by composing with the inclusion Vx /& — F,
we finally obtain a homomorphism, defined on U, and denoted F'(«),

F(a): Elv — Qp @ Flu.

DEFINITION 2.2 ([1, 1.3, p. 10]). The second fundamental form of € := Ker(«)
in Vx 1is the homomorphism

F(a): Ely — (% @ F)lv
constructed above.

By [1, Thm. (3.1), p. 11] (see also [8, B.5.8, p. 435]), the second fundamental
form of the kernel of the surjection a°: V() = Op(v)(1) identifies this kernel
with the sheaf Ql%)(v)(l). Via this identification, we get Ko = f*QI%,(V) ® L and
¢1 = df ® idg. Moreover, if U C X denotes the open dense subset such that
[l is an embedding, then on U, K1 = Ny(x)/pv)lv @ £ and Ko /Ky = QL eL,
where Ny x)/p(vy denotes the conormal sheaf of f(X) in P(V'). Hence &1y =
id is trivial.

As remarked by Perkinson [19, Remark 2.4, p. 3183], in this case the map ¢4,
induced by the Taylor map a': Vevy — Pgy(1), is equal to —F(a”). We shall
generalize this in Theorem 2.4.

For a vector space V and a non-negative integer s, let Grasssy1(V') denote
the Grassmann variety of s-dimensional linear subspaces of P(V'). Note that
if V.— V' is a (s + 1)-dimensional quotient of V, then P(V') C P(V) is a
s-dimensional linear subspace.

PROPOSITION 2.3. Assume F is locally free, with rank s+ 1, and that
a:Vx — F

is surjective. Set € := Ker(a), and G := Grasss11(V), and let ¢: X — G
denote the morphism corresponding to cc. Then the second fundamental form
of &,

F(a): £ = QY o F,
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induces
dy: QG — Qk
via the isomorphism *QL 2 € ® FV.
Proof. See [1, 1.3, p. 10] and [8, B.5.8, p. 435]. O

We shall now show how the mth fundamental form of X (with respect to
the map f: X — P(V)) is related to the second fundamental form of the kernel
K,n—1 of the homomorphism

i Vx = PRTHL).
We have the following result.
THEOREM 2.4. The second fundamental form of KCp,—1,
F@™™"): Koy = Q% @ PRTHL),
factors through the inclusion
Q% ® S0k © £ — Q% @ PR TH(L),
and the induced homomorphism
Gt K1 — S™Q% @ L

satisfies B
¢”m = _m¢rn7
where ¢, is the map used to define the mth fundamental form of X.

Proof. In order to show that F(a™!) factors as stated, we must show that the
image of F(a™ 1)(K,,_1) is zero under the homomorphism

LoPRTHL) — Q% @ PRTHL).

This can be checked locally around a point z € X: Let wy,...,u, be local
parameters for X at x (i.e., generators for the maximal ideal m of the local
ring of X at z), and let zg,...,zny € Ox, = Ox(1), be the images of a
basis Xo,..., Xy for V.= H°(P(V),Opy)(1)), so that the z; are functions of
u1,...,ur. A set of generators for the free Ox ,—module

,P)T(n_l(‘a)x = P;(n,gl = OX,Q: Y OX,ac/m;n

is then {du’}|7j<m—1, where I = (i1, ...,i,) and du! = (duy)™ - - - (du,)’. Set
0; = 0/0u; and 9! := 8;11 3; The map a”~! is given by

1®X Z Dlscjdu

[I|<m—1
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forj =0,...,N, where Dy := ﬁal is the Hasse differential operator “dual”
to du! given by the coefficients in Taylor series expansions. In particular,
Dy (du’) = 61 (the Kronecker delta). (See [11, 16.11.2], and [18, p. 248].)

From [1, 1.3, p. 10] it follows that the map F(a™!), is given by sending
an element g € (K;—1)x,

N

g:Zgj®Xj€OX7I®V
=0

to
N
> dlg;) (1® X;) € Ok, ® PP (L)
7=0

(here d = dy: Ox , — Q}(m ~ @ _,Ox zdug, so that dg = >, _; 9 (g)duy,
where Oy = D(o,... 1,...,0) is differentiation with respect to ug).

We need to show that the image of g in Q}(I ®@ PR (L), is zero. But this
image is equal to

x

N

ngﬂ 1®xj Zzakggduk@) Z Dlsc]du

J=0 k=1 |T|<m—2
dup, ® Z Ok g; Z Djxjdu
k=1 7=0 [T]<m—2
Since g € (Kn—1)z = Ker(a™™1), we have
N N
O giwx) =Yg Y. Dadu’.
i=0 J=0  |I]<m-1

Since the du!’s generate the free Ox ,-module 73}?_1([3)1,, this implies that

Znglmj = 0 for each I with [I| <m — 1. (1)
7=0

Applying the differential operators J to these equations, we get, for |I| < m—1,

N N
0= Gk(z ng[l’j) = Z(@kgj . D[l’j + g; - 8kD1xj)
=0 =0

so that

WE

N N
Zakng[a?j = - Zgj . 8kDIZ‘j =—(ix+1)

=0 =0 =0

95 - Dr,x;
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where we have set Iy := (i1, ..., 0x—1, % + 1, tpt1, ooy i) i T = (i1, .0y dpr).
From (1) it therefore follows that

N
> Okg; - Dyxj =0 for [I| <m -2, (2)
j=0
and we also get
N N
> Okg; - Drxj = —(ix+1) Y g;- Dr; if [I| =m — 1. (3)
j=0 7=0

Because of (1), F(a™ ') factors as stated, and we shall use (2) to compare the
induced map ¢, with ¢,,.
If g € (Ki—1)s is as above, ¢, is given locally by

N N
bm(g) = am(z g; ® Xj) = Zgj Z Dyzjdu’
=0

7=0 [ I1<m

N N
:Z‘gj Z Djxjdul = Z (ZngIarj)duI.

=0 [I|=m [I|l=m j=0

The map ¢,, is given by

N N
¢m(g) = d)m(zgj & xj) = ngj ® a;n_l(]. ®.’E])
j=0 j=0
N r r N
= Z Zakgj Z DIdedeUI = Z Z Z@kgj . DIdedeuI
7=0 k=1 |I|<m—1 |I|=m—1k=1j=0

T

N
=— Z Zgj Z(zk +1) Dy, xjdugdu’

|[I|=m—1j=0 k=1

N r
= — Zgj Z Z(’Lk —+ l)ledukdul

§=0  |I|=m—1k=1
N T N
S Y b = Y Sy D
§=0  |J|=m k=1 |J|=m j=0
where we used (2) and (3). This completes the proof of the theorem. O

Given f: X — P(V) as before. Recall that the mth order osculating space
of X at a point x € X is defined to be the subspace Osc% (z) := P(Ima™(x)) C
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P(V). We let s(m) denote the dimension of Osc'y(x) for a general point z, i.e.,
the map
a™: Vx — PY(L)

has generic rank s(m) + 1. Let U,, C X be the open dense subset where a™
has this rank. Set P,, := Im(a™). On U, the sheaf P,, is a (s(m)+ 1)-bundle,
the mth osculating bundle of X. Hence there is a rational map, which is a
morphism on U,,,

Y X == Grassg(m)+1(V),

called the mth Gauss map, or mth associated map, of X (see [21, p. 336]).
We saw in Proposition 2.3 that the second fundamental form of the kernel
/Cmﬂ of
a™ b Vx = Pm-1

restricted to U,,_1, induces
dbm—1: K1 @ Py — Q,
and hence a map (on Uy,_1)
Km-1 — Q% @ Pt — Q% @ PRHL).

It follows from Theorem 2.4 that this map factors through Q% ® S™ 10 @ L,
and hence we get an induced map

G K1 — S™Q% ® L.

The equality B
can be interpreted as a verification of the statement “the mth fundamental

form of X is equal to the differential of the (m — 1)th Gauss map” (cf. [10,
(1.62), p. 379], [14, Remark, p. 307], [4, Thm. 1.18, p. 1202], and [7, Thm. 3.3)).

REMARK 2.5. In [10, (1.52), p. 376] and in the introduction of [7], it is noted
that the vanishing of the third fundamental form implies that X is contained
in its second order osculating space at a general point of X. In fact, as stated
in [7, Remark 2.14], this statement generalizes to higher order fundamental
forms. A simple way to see this is as follows.

Consider the mth fundamental form ®,,: K,,,—1 /K,y — Smﬂ}( QL. Assume
®,, is zero on U,,, where U,, C X denotes the open dense subset on which
rank a™ is constant. Since ®,, is (generically) injective, it follows that IC,,,—1 =
Ky, on U,,. Hence we get an equality of osculating bundles Py, |v,, = Pm—1lu,, -
This means that “adding derivatives” does not make the mth osculating spaces
bigger than the (m — 1)th. But this can only happen if the (m —1)th osculating
spaces are constant, which implies that X is contained in Osc’y ™~ *(x), for (any)
z € Upy.
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3. Geometric interpretation

Now we turn to the geometric interpretation of the fundamental forms as linear
systems on the projectivized tangent spaces of X.
Let z € X be a point such that dim Osc'y¢(xz) = s(m) and consider the

linear subspace
Kin-1(z) CV = H'(P(V), Opay(1))

whose elements correspond to hyperplanes containing Osc’y ™ *(z). At the point
x, the map ™~ is Taylor series expansion:

amfl(x): V — 'P)"g_l(ﬁ)(zzz) = Ox p/my.

Hence, if h € V, then h € K,,—1(x) iff @™ (z)(h) € m™. In particular, this

shows that the hyperplane H defined by h = 0 is such that z € X N H is a

point of multiplicity > m, and that this multiplicity is > m iff H 2 Osc’y(x).
Consider the induced map

Oy () K1 (2) /K () (8™ Qx @ L)(x) = my? /m
= HO(PT("T)v OPT(x) (m))v
where we have set PT(x) := P(m,/m2), the projectivized tangent space to X
at . Thus ®,,(z), the mth fundamental form of X at z, gives rise to a linear
system of degree m and dimension s(m) — s(m — 1) — 1 on PT(x) = P 1.
Denote this linear system by |®,,(z)|. The geometric interpretation of the

members of this linear system is as follows: Let H be the hyperplane defined
by h € K,,—1(z). Then there is an exact sequence of Ox-modules

0— (h) > mx g — Mxaas — 0

and a surjection

m m—+1 m m—+1
mX,z/mX,z - mXﬂH,z/mXﬁH,x'

Then the inclusion

Proj(@m>0m%np o /MY 2) < Proj(@msom¥ , /mEEh)
~ B(m,/m2) = PT(z)
is given as the zeroes of ®p,(2)(h) € H°(PT(x), Opr(z)(m)).

We have thus shown the following:

PROPOSITION 3.1. Let Uy, € X be the open dense subset such that, for v € Up,,
dim Osc (z) = s(i) for i =m — 1,m. Then the mth fundamental form

q)nL: K:nz—l/lcm — Smg%{ ® L
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gives a family (over Uy,) of linear systems |®,,(z)| on PT(x) 2 P"~1, of degree
m and dimension s(m) — s(m — 1) — 1. The members of |®,,(z)| are the
projectivized tangent cones of X N H at x, for H € P(VV), H D Oscy '(x),
H 2 Osc%(x).

The Jacobian of a linear system of divisors on a projective space is the linear
system generated by the partial derivatives of the members of the original sys-
tem. More generally, let X be a variety and assume K C S™QY is a subsheaf.
Define the Jacobian J(K) of K to be the image in S™~1QL of K® (2L )Y under
the natural contraction map

ST @ ()Y — SO,

given locally by sending vy - - - vy, QWY to Y ioj wY (v;)v1 ;- Uy, 9, (B.14),
p. 476]. The next theorem says that the Jacobian of the linear systems associ-
ated to the mth fundamental form is contained in the linear systems associated
to the (m—1)th fundamental form. This result was stated in [10, (1.47), p. 373],
where an analytic proof was sketched in the case m = 3. See also [15, 4.2], [4,
Thm. 1.12, p. 1199], [5, Cor. 3.5, p. 5143], and [7, Remark 2.14].

THEOREM 3.2. The Jacobian of the linear system |®,,(x)| is contained in the
linear system |®,,_1(z)|.

Proof. The theorem follows from the next proposition. O
PROPOSITION 3.3. Set K := @, (Kyp—1/Ki) @ L1 C S™QL . Then
J(K) C @ 1(Kim—a/Km—1) @ L7 C S™1O%.

Proof. By restricting to an open subset of X, we may assume that the ranks
of a™ and a™~! are constant. It suffices to show (locally) that J(K) C
Gm—1(Km_2) ® L7, We use the local description of ¢,, given in the proof
of Theorem 2.4. Let g € (Ky—1)g. Then ¢,,(g) = Zm:m(Z;‘V:o g;Drz;)dul.
The contraction map sends ¢,,(g) ® Juy to Zm:m_l(Z;\;O ngIk.’Ej)dqu,
where I* := (iy,...,i — 1,...,i.). Now g € (Kpm_2)z, since K1 C Ko,
k
hence E|I’C|:m71<Z§V:O ngIkxj)duI € ¢m71(lcm72)a:- O

The geometrical interpretation of the fundamental forms gives of course a
finer invariant for the osculating behavior of X than just the dimensions s(m)
of the osculating spaces. The simplest way to illustrate this, is to look at the
case of surfaces with s(2) = 4.
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ExAMPLE 3.4. (Togliatti’s Del Pezzo surface [25, p. 261], [23, Ex. 1, p. 248].)
This is the (toric) surface X C P® given by the rational parameterization
f:P? ——5 P5 where

flr,y) =1y xy?: 2%y 22y?).

It is the projection of the Del Pezzo surface of degree 6 in P® from the common
point of its second order osculating spaces (the construction can be generalized
to higher degrees). In this case, the second fundamental forms are pencils with
no base point.

To see this, we first find (local) equations for X: G := X3 — X1 X3 = 0,
Gy = X4 — XXy =0, G3 := X5 — X?X3 = 0. We take u; = x and up = y.
The map ¢2: K1 — S?Q% ® L is then given locally by the matrix product
a%. K,, where 2 is the matrix obtained by taking the last three rows of
the matrix of the map a?:

1 2y xzy? 2%y z2y?
01 0 y* 22y 2zy°
4@ _ 0 0 1 2zy 22 22%
“1 000 O y y?
0 0 0 2y 2z day
00 0 =« 0 z?
and the matrix
2cy? 222y 3x3y?
—y?  —2xy —2xy?
—2xy —a? —2z%y
Ky = 1 0 0
0 1 0
0 0 1

is obtained from the matrix

9G1/0X, 0G2/0Xy 0Gs/9X,
9G1/0X1 0G2/0X: 0Gs3/dX,

9G1/0Xs 0G2/0X5 0Gs/0Xs

by substituting Xo = 1, X1 = 2, Xo =y, X3 = 292, X4 = 2%y, X5 = 224>
(Alternatively, one can compute directly the kernel of the matrix A).) Hence
the map ¢ is given by the matrix

) 0y ¥
A7 Ky = 2y 2z 4dxy

x 0 2
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Thus the image of ¢9 is generated by 2ydzdy + xdy? and yda? + 2zdxdy. This
means that the linear system |®o(xq,y0)| at the point (1 : zg : yo : Toyd :
23yo : x3y3) is equal to (2yovive + V3, YT + 2wov1va), Where (vy : vy) are
coordinates on PT'(f(xo,%0)) = P'. These linear systems have no base points.

To find the third fundamental forms, note that the kernel of A is given
by the column matrix Ky := (—22y?, xy?, 2%y, —x, —y,1)T. Let

00000 0
@ _[ 0000 1 2
00010 2z
00000 0

denote the matrix obtained by taking the last four rows of the matrix A®).
Then the map @, is given by the product Z(B) - Ko = (0,y,2,0)T. Therefore
we get the linear system ®3(wo,%0) = (yovive + xov1v3). We observe that
the partial derivatives of the generator for ®3(xo,yo) are the generators for
Dy (0, y0), i-e., the Jacobian of ®3(xg,yo) is equal to Po(zo, yo)-

EXAMPLE 3.5. Any ruled, non-developable surface in PV, N > 5, has s(2) = 4,
hence the linear systems corresponding to the second fundamental forms are
1-dimensional. It is easy to see that they have a base point, corresponding to
the (direction of the) ruling (see Proposition 4.1). In [10, p. 377], the authors
ask whether this only occurs for ruled surfaces. However, in their Appendix B,
they assert that the answer is no. Indeed, Shifrin [23, p. 248] gave an explicit
example of a non-ruled surface such that the second fundamental forms have a
base point. A slightly modified version of this surface is given by the rational
parametrization f: P? --» P5, where

flz,y)=(1: z4+y2 iy P+ 3xy y4 + 6xy? + 322 1 y° + 10xy® + 15x2y),
which satisfies a “differential heat equation”
D%f/0y? = Of |ox.

This surface has s(2) = 4, it is not ruled, but the second fundamental forms
have a base point, as was also shown in [24, pp. 49-51].

In fact, any surface in P° of heat equation type has this property [23,
Thm. (2.14), p. 237]. Suppose the surface is given by a parametrization f(x,y),
satisfying

*f/0y* = o(x,y)0f 0z,

for some function ¢(x,y). Let A®) denote the matrix corresponding to the map
a'. Then with the notation of the previous example, A . K| = 0, in particular

Of/0x - K1 = 0. The last row of the matrix 2% s given by 92 f/0y?, so that
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0?f/0y? - K1 = 0. Hence each linear system is generated by linear forms in v?

and vivy and therefore has a base point (0: 1).

In Shifrin’s example, local equations for the surface X are G := X3 —
3X1 Xy +2X3 =0, Gy 1= X4 +2X1 —3X2 =0, G5 := X5 — 6XJ + 20X, X5 —
15X2X5 = 0. Computations as in Example 3.4 then give

o 0 3 15y
AV K= 3 12y 30(z+9%) |,
0 0 0

so that ®o(f(z0,10)) = (v?,v102).
With notations as in the previous example, set

0000 0 0

4@ _[ 0000 0 15
0000 6 30y
00 0 1 4y 10z + 1042

To compute the product Z(S) - K5, we only need to know the three last entries in
K5. We find that Ky = (x, %, %, —10z + 10y?, =5y, 1)”, and hence we get 2(3) .
Ky = (0,15,0,0)T. Therefore ®3(f(z0,%0)) = (viva), again confirming that
the Jacobian of the third fundamental form is equal to the second fundamental
form.

EXAMPLE 3.6. There are also non-rational non-ruled surfaces in PV such that
s(2) = 4. An example is the Kummer surface I'y provided by Dye [6, p. 1]
(see also the discussion in [17]). Consider the intersection of three quadrics
Z?:o ngf =0, j = 0,1,2, in P°, where the b; are distinct (and nonzero)
elements of the base field. It was shown in [24, pp. 53-56], that in this case the
second fundamental forms are pencils without a base point. According to [23,
Thm. (2.17), p. 239], this surface must be of “wave equation type”.

4. Ruled varieties

Let Y be a smooth variety of dimension n and g: ¥ — Grasse4+1(V) a mor-
phism, where V is a vector space of dimension N + 1. Let V3 — & denote
the pullback via g of the tautological (e + 1)-quotient on Grass.;1(V). Set
X :=P(€),let f: X — P(V) denote the induced morphism and 7: X — Y the
projection. Set L := f*Opy(1). Note that m.L = £ [12, Ex. 8.4.(a), p. 253].

Let x € P(E) be a general point and U C Y an open subset, with 7(z) € U,
such that 771(U) =2 U x P°. Then we can find coordinates such that, around
x € U x A®, the morphism f is parametrized by

Flur, o ytn, b1,y te) = (12 (u,t) s -+ s 2y (u, t)),
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where the z; are linear in the ¢;. Let again A" denote the last ("+;+7";71) TOWS
of the matrix defining (locally) the homomorphism a’}: Vx — PR(L). Since
the z; are linear in the t;, their partial derivatives of order > 2 with respect to

the t; are 0. The first column is also 0, so in order to study the mth fundamental

forms we can replace the matrix am by the (("1") + e(m;ﬁ”)) x N-matrix
(we use the same name)

O™ xy /Oul O™ xo/Oul e " x N /Oul
Oy /Ou Ouy  OMas /O Ous ... OMan/Ou ' Ous

Z(m) _ 6mx1/6u? 8mx2/8unm . 6m$N/aunm
Oy JOuT 10t OMag/OuT T Ot ... OMan/Ou ot
Omxy /Oum 0t  OMay/Oum 1Ot ... OMan/Oumlot,

PROPOSITION 4.1. Let f: X = P(E) — P(V) be a ruled variety as above. Let
x € X be a general point, let L, := w1 (n(z)) denote the ruling containing
x, and let PTy(x) C PT(x) denote the projectivized tangent space to L, at x.
Then each member of the linear system |®,,(x)|, for m > 2, contains PTy,(x).
In particular, if n = 1, PTy(x) is a fixed component of each member, and if
n > 2 and m > 3, then each member is singular along PTy (x).

Proof. Let vq,...,v,,w1,...,w. denote homogeneous coordinates on the tan-
gent space PT(x) = P"t¢~1 where v; corresponds to du; and wj to dt;. The
subspace PTr(xz) C PT(z) is defined by v; = --- = v, = 0. It follows from the

shape of A" that |®,,(x)| consists of hypersurfaces defined by some linear
combination of the monomials

m , m—1 m , m—1 m—1 m—2
Uy, Uy V2, ..., U, , Uy Wi,y ...,0 We, Vq VoW1, ..., Uy We.

The first statement follows from this. So does the third, by taking partial
derivatives. If n = 1, then PTy (z) has dimension n+e—1—1=¢e — 1, hence
is a hyperplane in PT(x). O

COROLLARY 4.2.

dim |, ()] < (“*m_1>+e<”+m_2) 1

m m—1

One can ask for a “converse” statement to Proposition 4.1, namely how can
one characterize ruled varieties given their fundamental forms. Here we shall
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just consider the case of surfaces. To show that a surface in PV, N > 5, is
ruled, it is necessary that the second fundamental forms are pencils with a base
point. However, we have seen that this is not sufficient.

To show that a surface X C P is ruled, it suffices to show that a general
projection X C P? is ruled. So we may assume X C P3. Consider a general
point * € X. We may choose coordinates such that x = (1 : 0 : 0 : 0) and
X N A% has Monge form (x1, s, f(x1,22)), where f(x1,22) = folz1,22) +
fa(x1,z2) + fa(x1,22) + -+, with fo(z1,22) = x122. Then the tangent plane
to X at = is the plane z3 = 0, and ;3 = 0 and x2 = 0 are the principal
tangents. Write f3(x1,22) = ax$ + bxixe + cr123 + dod. The intersection of
the zero loci fo = 0 and f3 = 0 in PT(z) is given by z120 = az?$ + da3 = 0,
and hence is empty unless a = 0 or d = 0. Say a = 0, then the principal
tangent x5 = x3 = 0 intersects the surface X in the scheme k[z1, o, z3]/(x3 —
fyxa,x3) = k[x1]/f(21,0). Now f(x1,0) = fa(x1,0) + -, so that the tangent
line intersects the surface with multiplicity at least 4. By [16, Thm. 1, p. 55],
it follows that the tangent is contained in X. So if this happens at (almost)
all points, then X is ruled. The form f5 is the second fundamental form at
z. The form fs3 is called the Fubini cubic form in [10, pp. 448-449] and it is
studied and generalized by Ivey and Landsberg in [13, pp. 356-357]. It would
be interesting to define this cubic form in terms of bundle maps and diagrams
as we have done with the second fundamental form.

We have shown that a sufficient condition for a surface in P? to be ruled
is that the intersection of the second fundamental form and the Fubini cubic
in the projectivized tangent space PT(z) is non-empty, for almost all points
x € X. See also the discussion in [10, pp. 448-449] and in [23, pp. 235-236].

Let Py (€) denote the sheaf of principal parts of order m of &, which is a
bundle of rank ("F™)(e+1). Set aP(£): Vy — PP(E) equal to the natural

m
homomorphism obtained by composing

Vy = H(P(V), Op(vy(1)y = H(X, L)y

with HO(X, L)y = HO(Y,m,L)y = HO(Y,E)y — PE(E) [20, § 6, p. 492]. Note
that a’y: Vx — PR(L) is the composition 7*Vy — 7*E = 1w, L — PR(L).

PROPOSITION 4.3. For each integer m > 1, we have a natural isomorphism of
ezact sequences

0 —— S — PPE) —— PPHE) —— 0

Qm J{ﬁ Bm l ~ Bm—1 J{Z

0 —— m(SmOL ® L) —— mPR(L) —— TPY (L) —— 0
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and the diagram

v S P

H o=
Vy /2, PR(L)

commutes.

Proof. Define 3, as the adjoint of the composition of the natural maps
T Py(E) = PR (n*E) = PR (n*m. L) — PR (L).
Thus the map «,, making the diagram commute is defined as the adjoint of
T (SO, @ E) = S @ mF . L — STOL @ L.
We want to show that the «,,’s are isomorphisms.
Consider the exact sequence
0= 70y — Oy = Qx/y =0,
which gives
0— S™r* 0, — S"QY = G = ST /ST — 0.
Then S™Q% has a filtration [12, 11, Ex. 5.16 (c)]
SO =F°DOF' D ..DF"DF™ =0

such that o _ 4
FI/FI* = S Q3 © S™ Q% y

Now consider the exact sequences
0—S™m* 0y L= SN QL -G @@L —0
and the diagram
0 —— m(S™1*0 @ L) —— m.(S"QL ® L)

SmOL @ —tms o (SMOL ® L)

T(F"®L) —— 7w (F°®L)



(18 of 21) R. MALLAVIBARRENA AND R. PIENE

In order to show that «,, is an isomorphism, it suffices to show that the
maps

T (FIT @ L) = 7. (F @ L)

are isomorphisms for 57 = 0,1,...,m — 1. But this will follow if we can show
that

T (FI/Fitt @ L) =0

for j =0,1,...,m — 1. Now we have

T (F1/FITL @ L) = 7770} @ ™90k )y © L)

=990 ® m(Smijk/Y ®L).
It therefore suffices to show
T (S )y ® L) = 0,
for j =0,1,...,m — 1. Consider the base change map
T (ST )y © £) @ k(y) — HO(x ) (y), SR, © L,).

Since 7: X — Y is a projective fiber bundle, with 7=1(y) = P¢, the right hand
side has constant dimension for y € Y. By Grauert’s theorem [12, Cor. 12.9,
p. 288], it follows that w*(Sm*jQﬁ(/Y ® L) is locally free and that the base

change map is an isomorphism. Hence it suffices to show that H°(IP¢, S0k ®
Ope(1)) =0 for ¢ = 1,...,m. But this holds by Bott’s theorem [3, Prop. 14.4,
p. 246]. O

We can also define fundamental forms for varieties in Grassmann varieties.
Set K&, := Kera(€). We get a map ¢,,(€): K1 — S™0L ® &, which
induces

() KE,_/KE — ST} @ €.

COROLLARY 4.4. With notations as above, we have
TP = @ (E).

Proof. This is an immediate consequence of Proposition 4.3. O



ON FUNDAMENTAL FORMS AND OSCULATING BUNDLES (19 of 21)

EXAMPLE 4.5. (Rational normal scrolls [22].) Assume Y = P! and £ =
D o Opi(d;), with 0 < dyp < --- < de. Then X = P(€) C P(V), where
V = @;_, H*(P',Op:(d;)) has dimension Y ;_,(d; + 1), is a rational normal
scroll of degree d := Y7 d;.

Assume 2 < m < dy. We have rank a’y = m(e + 1) + 1. The rank of P{*(E)
is (11—:@) (e+1) = (m+1)(e+1), and this is also the rank of api (£). Indeed,
we have

PY(E) = Pt (€D Opi (di) = P Pii (i) = @D O (di — m)™ Y,
i=0 i=0 i=0
and aft (£) = @;_, apt, where each al has rank m + 1.

We can parametrize an open subset of X (X is a toric variety) by the map
(C*)t*re — P(V), given by

(t,Sl,. . .,Se)
(Lt t®o sy s syt st :~-~:se:set:~--:~--:setd€).
This gives
M;z slMé’; seM;’:
m
o[ 0N
0 0 ... Mp!
where M7 denotes the 1 x (d; + 1)-matrix (0,...,0,1, (mntl)t, e (Z;‘)tdi’m).
From this one can deduce, with the notations from the proof of Proposition 4.1
that the linear system |®,,(z)| is generated by v™,v™ lwy,...,v™ tw,, and

hence that its dimension is e and its fixed component is given by v = 0.

It is not quite clear how to give a geometric interpretation of the fundamen-
tal forms for a variety in a Grassmann variety. In the case of a rational normal
scroll, we have

Sm(E): K,y = S0 ® & = P S" % @ Opi (di).
i=0

Since allt (£) = @;_, apt, we can view D,,(€) as giving e + 1 linear systems
of degree m in each PTy(y), for y € Y = P!, So it means that the linear
system (v™, 0™ Ywy, ..., v™ tw,) corresponds to (v™) in each of e + 1 copies

of PTy (y).
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