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Characterizations of strongly
star-Rothberger spaces by means of
sequential singletonic intersection
property and selection principles.
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ABSTRACT. In this paper, using families of closed sets and a few modifi-
cations to the finite intersection features, we characterize the Rothberger
Space and the Star-Rothberger Space. We also provide the selection
principles that, in a reversed approach, can represent the Rothberger
spaces and the star-Rothberger Spaces.
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1. Introduction and Preliminaries

Rothberger property and Menger property are the most fascinating sequential
covering features for the topologists worldwide.

DEFINITION 1.1. A space X is said have Rothberger covering property [12] if
for every sequence {U, : n € N} of open covers of X, there exists a sequence
{Vi : n € N} such that for each n € N, V,, € Uy, and |J,,cn(Vn) = X.

The term ”Rothbergerness” or ”Rothberger covering property” was first
used by Rothberger in 1938 [12]. In literature, there are a lot of generalizations
about Rothbergerness. The St-Rothbergerness, which Kocinac introduced in
1999 [9, 10], strikes us as the most intriguing.

If M is a subset of a set X and U is a collection of subsets of X ,then the
star of M with respect to U is the set St(M,U) = {U eU : UNM # 0} [7].

In 1991, Douwen utilized the star operator for the first time to generalize the
ideas of compactness and Lindeléfness. Then Koéinac [9] used it to generalize
selection principles, Rothberger space, and Menger space. Some examples of
current St-operator usage can be found in [1, 2, 3, 4, 5, 6, 13, 14].

DEFINITION 1.2. A space X is said to have star-Rothberger property [9] if for
every sequence {U, : n € N} of open covers of X, there exists a sequence

{Vi : n € N} such that for each n € N,V,, €U, and X =,y SU(Va, Un).
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Although many scholars have examined these sequential covering properties
in-depth [12, 13], there hasn’t been much focus on how to express them using
a family of closed sets. Recall that a collection F of subsets of a set X has the
finite intersection property(FIP) if the intersection of any finite sub collection
of F is non empty. A topological space is compact if and only if every collection
of closed subsets meeting the FIP has a non empty intersection itself. The use
of the FIP makes this alternative notion of compactness achievable [8].

In our research, we find such type of representations for Rothbergerness
and St-Rothbergerness with a little variation in finite intersection property(FI
property).

Throughout the paper, a space X denotes a topological space X equipped
with the corresponding topology 7. For a space X we adopt the following
symbols:

O : the collection of all open covers of X.

Cx: the collection of all family F of closed sets for which NF = (.

A, B: represents collections of families of subsets of a space X.

Selection principles are other ways to describe sequential covering properties.

DEFINITION 1.3. The symbol S1(A, B) denotes the selection hypothesis that for
each sequence (U, : n € N) of elements of A there is a sequence (V,, : n € N)
such that for each n € N, V, € U, and {V,, : n € N} is also an element
of B [15].

DEFINITION 1.4. The symbol S (A, B) denotes the selection hypothesis that for
each sequence (U, : n € N) of elements of A there is a sequence (V,, : n € N)
such that for each n € N, V,, € Uy, and {St(Vy,,Uy,) : n € N} is also an element

of B [11].

It is important to keep in mind that the selection principle type of character-
ization for Rothberger and St-Rothberger is given by the expressions S1(O, O)
and S5 (0, O), respectively.

We look for new selection principles in our research that can describe Roth-
berger spaces and star Rothberger spaces using the family Cx.

2. Main Results

DEFINITION 2.1. Let {F,, : n € N} be a sequence of family of subsets of X.
This sequence {F, : n € N} is said to have sequential singletonic intersection
property (SSI property) if for every sequence {E,, : n € N} where E,, € F,,, we
have Npen(Ey) # 0

THEOREM 2.2. The following conditions are equivalent.

(i) X is a Rothberger space.
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(ii) For every sequence {F, : n € N} of family of closed sets with sequential
singletonic intersection property (SSI property), there exists a ng € N
such that (\ Fny = Nper,, F # 0.

Proof. (i) = (ii). Let X be a Rothberger space; {F,, : n € N} be a fam-
ily of closed sets having the sequential singletonic intersection property (SSI
property) and let NF, = 0, for all n € N.

We take, G, = {X \ F': F € F,}, for all n € N. Therefore, for all n € N,

UG, =U{X\F:FeF,}
=X \Nper,(F)=X\NF, =X \0=X.

Therefore {G,, : n € N} is a sequence of open covers. But X is a Rothberger
space. Therefore there exists a sequence {H, : n € N} such that H,, € G, for
all n € N and Upen(H,) = X.

Now, we construct the sequence {E, : n € N} where E,, = X \ H, for all
n € N. Clearly E, € F, for all n € N and

mnGN(En) = mnGN({X \ Hn}) =X \ (UHGN(HTI)) =X \ X=0.

Therefore {E,, : n € N} is a sequence such that E, € F, for all n € N but
Nnen(Fyr) = 0, contradicts the fact that {F,, : n € N} has sequential singletonic
intersection property (SSI property). Therefore there must exists a ng € N such
that F,,, # 0.

(i1) = (¢). Let the condition (i7) holds and assume that {G, : n € N}
be a arbitrary sequence of open covers for a topological space X. Therefore
UgG,, = X for all n € N.

If we take, 7, = {X \ G : G € G} for all n € N, then (F,, = () for all
n € N. Therefore {F,, : n € N} is a sequence of family of closed sets such that
NF, = 0 for all n € N.

So by contra-positivity of the statement (i7), {F, : n € N} must not have
the sequential singletonic intersection property (SSI property).

So, there exists a sequence {E, : n € N} such that E, € F, and for all
n € N with N,en(E,) = 0. Suppose H, = X \ E,, for all n € N. Clearly
H, €§,, for all n € N.

Therefore,

UneN(Hn) = UTLEN({X \ En}) =X \ (mnEN(En)) =X \ h=Xx.

Therefore {H,, : n € N} is a sequence such that H,, € G,, for all n € N and
Unen(Hy) = X. Therefore X is a Rothberger space. O

COROLLARY 2.3. 51(0,0) and S1(Cx,Cx) are equivalent.

Proof. Similar to the proof of above theorem. Hence omitted. O
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DEFINITION 2.4. A sequence {F, : n € N} of family of subsets of X is said
to have modified sequential singletonic intersection property (MSSI property)
if for all sequences {E, : n € N} and {H,, : n € N} such that E,, € F,, and
Hn C Fn, for alln € N either

E,UF =X for some F € H,, and for alln € N or

N (NHa) 20

neN
THEOREM 2.5. The following conditions are equivalent.
(i) (X,7) is St-Rothberger space.

(ii) If the sequence of closed sets {F, : n € N} has modified sequential sin-
gletonic intersection property (MSSI property) then there exists a ng € N
such that ( Fny = ﬂFG}-no F #£10.

Proof. (i) = (ii). Let (X, 7) be a St-Rothberger space; {F,, : n € N} be a fam-
ily of closed sets having modified sequential singletonic intersection property
(MSSI property) and NF,, = 0, for all n € N.

Now we assume G, = {X \ F: F € F,} for all n € N.

Therefore, UG, = | {X\F: FeF,} =X, foralln e N.

Therefore, {G,, : n € N} is a sequence of open covers. But(X,7) is a St-
Rothberger space therefore there exists a sequence {G), : n € N} where G}, € G,
for all n € N such that

U {s1(G. 6.} = X

- UNU{GE%:G;HG#@}ZX

= DU{(X\F)GQn:G;ﬂ(X\F)¢@}_X

— nLEJNU{(X\F):Fe]-'n and G, (X \ F) £0} = X
neN

— X\ DNH{FG}'n:(X\En)m(X\F)#@}:X’

where G, = X \ E,, for alln € N

= NN{Fer:x\(B.UF)#0} =0

neN

— nDNﬂ{Fe]-"n:(EnUF);AX}:@.
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Now let H,, = {F € F, : (E,UF) # X} for all n € N. Therefore,
{E, : n € N} and {H,, : n € N} are two sequences such that E, € F,
H,, C F,, for all n € N.

Here E,, UF # X for all F € H,, and for all n € N and (", (N Hn) =
(. Which contradicts the fact that {F,, : n € N} has Modified sequential
singletonic intersection property (MSSI property). Therefore there exists a
no € N such that F,, # 0.

(i1) = (i). Let condition (i) holds and assume that {G, : n € N} be
a arbitrary sequence of open covers of a topological space (X, 7). Therefore
UG, =X, foralln e N. Let 7, ={X\G:G €G,}, forall n € N.

Therefore NF, = {X\G:Ge€G,} =0 for all n € N.

So, {F, : n € N} is a sequence of family of closed sets such that NF, = 0,
for all n € N. By contra positivity of the statement (i), {F, : n € N} must not
have modified sequential singletonic intersection property (MSSI property).

So,there exist sequences {E,, : n € N} and {H,, : n € N} such that E,, € F,
and H,, C F,, for all n € N with E,, UF # X for all F' € H,, and for allm € N

i N () =

neN

Consider the sequences {G), = X\ E, :n €N} and M,, ={M =X\ F:
F € H,}. Therefore, G], € G, and M,, C G, for all n € N. Now,

= E,UF+#X, forall Fe®H,and E, € F,, forallneN
= X\{(E,)UF}#0, forall FeH,and E,cF,, foralneN

= (X\E,)[ X\ F)#0, foral FeH,andE,€F,, forallnecN
= (G,)[\M #0, forall M e M,, forallneN.

And
U suaG,.6.) = J HGeg:ana, #0}
neN neN
> U em:mna, #0p=J UM
neN neN
—JUX\F:Fen,} =X\ [[Ha=X\0=X.
nel neN
Therefore, U St(G!,Gn) = X. So,(X, ) is star-Rothberger space. O

neN

EXAMPLE 2.6. There exists a Tg-space in which selection principles S; (O, O)
and S7(Cx,Cx) are not equivalent.
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Let X = [a,b), where a,b € Rand b—a = 1. 7 = {0}, X }U{[a, @) : a € [a, ]]}.
So (X, 1) forms a Ty space.

Let {U,, : n € N} be an arbitrary sequence of open covers. Clearly, there
exits an U,, € U, such that 0 € U,, for all n € N then St(U,,U,,) = JU, = X,
for all n € N. But X is open. Thus {St(U,,U,) :n € N} = {X} € O. Thus
the space X follows the Selection Principle S (O, O).

Now consider a sequence {F,, : n € N} of family of closed sets such that
Fp={Fn, :me N}, forallneNand F,,, =[b— 1b).

Clearly N Fp = Mpoey Fre =Ny [b— =,0) =0, F,, € Cx, for all n € N.
Now for every selection F, € F,,

St(Fy, Fp) = [a,b) = X, {St(F,,Fn):n €N} ={X}
but ({St(Fn, Fn) :n €N} =X #0, {St(F,,F.):neN}¢Cx.

So, the space X doesn’t follow the selection principle S5 (Cx,Cx). So, S;(O, O)
and S5 (Cx,Cx) are not equivalent.

Now we want a selection principle that can act on Cx and produce an
equivalent condition to the selection Principle S (O, O).

DEFINITION 2.7. The symbol S1 s(A, B) denotes the selection hypothesis that
for each sequence (U, : n € N) of elements of A there exist sequences (Ey, : n €
N) and (H,, : n € N) such that E,, € U,, and H,, C U, for each n € N such that
(En)UF # X for any F € H,, and {(\H, :n € N} € B.

COROLLARY 2.8. S7(0,0) and S1,s(Cx,Cx) are equivalent.

Proof. The proof is similar to the proof of Theorem 2.5, hence omitted. O
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