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New inequalities for the confluent
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ABSTRACT. In this paper, we obtain some new inequalities for the
confluent hypergeometric function. These results, at least for large ar-
gument, improve the well-known inequalities of Y. L. Luke and B. C.
Carlson.
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1. Introduction and main results

The confluent hypergeometric function, which is defined as

n

1F1(a;b;:v) _ Z (a)nl’i
n=0

(b)n n!

for b # 0, —1, ..., has been studied in great detail from its mathematical point of
view (see, for instance, [4, 12, 20]). In particular, the estimate of the confluent
hypergeometric function 1 F (a; b; ), as well as for its particular cases, has been
considered in several papers from different point of views (see [1, 2, 5, 8, 9, 10,
11, 13, 16, 18, 19, 21], and references therein). For instance, Luke [11] and
Carlson [5] proved the following inequalities, respectively,

(b—1)e*

1F1(a;b;x)<(b—a—1)(1+a;)’ r>0,b—1>a>0, (1)
1F1(a;b;x)<1—%+%ex, x>0, b>a>0, (2)

whereas in [8] it has been showed that
[ F(a;b2)] < e, (3)

where a < 0, b > 1, x > 0, and equality holds only when = = 0.
On the other hand, the estimate of the cumulative gamma distribution
F(x;,\), which in terms of the confluent hypergeometric functions can be
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written as

()\x)ae—/\x

ol'(a)

has been studied, among others, in [9, 13, 16, 18, 19]. In particular, in [9] the
sharper inequality than (2) has been obtained when a = 1, i.e.

F(z;a,)) = 1F1(L a+ 15 M), z,a, A >0,

1 1 (b—1)z?
L—g+ge" = 2b(b+ml)’

1

1F1(1;b;2) < min x>0, b>1. (4)

As has been remarked in [8], from the asymptotics

1Fi(a;b;2) = wx“_bew[l +0(z™1)], x — 400, (5)

I(a)

where a is not a negative integer or zero, it follows that e in (3) cannot be
replaced by any e, 0 < ¢ < 1, when z — co. In the case when a is a negative
integer or zero, we have

m&(}){e*% |1 Fy(a;b;z)| = 1, b>1. (6)

On the other hand, it is well known that, for a < 0 and b > 0, there are
precisely —|a] positive zeros of 1 F (a; b; x) (see [14, §13.9]). All these real zeros
of 1Fi(a;b;x), except at most one, lie in the oscillatory interval Z = (0,x4),
where (see Appendix A)

2(b — 2a) if0<b<2,

Ty =

b—2a++/(b—2a)2+b(2—-0b) ifb>2.

When x € (O, W) , the following sharp inequality has been established
in [8]:
1Py (a;0;2)] < eZ,

where a < 0 and b > 2. Obviously, for large b we have x4 < W'

We note that, according to (5), inequalities (1), (2), (3) and (4) are not
sharp when x becomes large. In this paper we obtain some new inequalities
for the confluent hypergeometric function which, at least for large x, improve
inequalities (1), (2), (3) and (4).
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Here is our results.

THEOREM 1.1. (i) For z > 0, a <0 and Re(b) > 1

x%e(b)flefa:f%\%m(b)‘ |1F1(CL; b7 g])‘ < |F2(b)|B <;, %e(bQ) — 1) ) (7)
™

where B(-,-) is beta function.
(ii) For x >0, a >0 and Re(b) —a > 1

T I'(b 1 Re(b) —a-—-1
JCﬂ?e(b)faflefarflf§|\sm(b)| |1F1(a;b; I)| < | 2(7T)|B <2a 6( ) . a ) ' (8)

(iii) Forz >0,2a <bandb>0

b F(b)
27 - b: < 27
xze |1 Fy(a; b )] < 50— a)

V220700 2a+ DI(b—2a).  (9)

Next, for some special cases of parameters and argument, we compare our
results with (1), (2), (3) and (4).

[ (5]

the inequality (7) is sharper than the inequality (3).

(i) For a < 0,b> 1 and

(ii) When a > 0, b > a + 2 and z is large, the inequality (8) is sharper than
the inequality (1).

(iii) For a > 0,b—a > 1 and

1
— — b—a—1
- F(b+1)B l,b a—1 ’
2am 2 2

the inequality (8) is sharper than the upper bound of (2).

(iv) At least when z is large and
ea>1,b0>2a
ea>0,b>2q;
eq<0,b>0;

the inequality (9) is sharper than the inequality (1), the upper bound
of (2), and the inequality (3), respectively.
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(v) At least when x is large and a = 1, b > 2 the inequalities (8) and (9) are
sharper than the inequality (4).

REMARK 1.2. Using inequalities for Pochhammer symbol (see [7])

[(@)n] < (la]),, .
9 n—1
[(@)n| > (cos 2) (lal),, » 0 =arg(a), |0 <7 neN
we obtain
0 0
|1 Fi(a; b; )| < cos §1F1 lal; |b]; || sec 5) , 0 = arg(b), 0] < =.

With the help of this observation, we can obtain the complex extensions of
inequalities (1), (2), (7), and (8) for a > 0.

2. Proof of Theorem 1.1

(i) The proof is based on the well-known inverse Laplace transform of 1 F (see

[12, p. 60])
L(b) [rHiee ~a
1F1(a;b;2) = Q/ elt? <1 - f) dt,
278 Jy—ico t
where > 0, Re(b) > 0 and v > =, which can be transformed to the integral
over the real axis

Loy L) T s b z \7°
VFi(aba) = o [m i) (1o ) s ()

Taking absolute values in (10) we get

sne(b)

e‘""gl%m(b)thl(a;b;x < 2 7 +52 do
IT'(b

7 2152~ s

(22 + 6% " dg,

where a < 0 and we implement inequalities

|ZC| — |Z‘$€e(c)€7§‘9m(c)-arg(z) < |Z|§Re(c)e§\3m(c)|’ %e(z) > 0.

‘ R <1, T < 2.

v+ i
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Now, taking into account the integral (see [17, p. 295])

+oo 1-2p 1 1
2 | ,2\— ?
+12)Pdt = Bz.p-=
/0 (z ) 2 (2,p 2)’

where Re(z) > 0 and Re(p) > 3, we have

T r'® 1 Re(b) —1
PO Ol i) < BB (5, ).

If for any finite £ > 0 we choose v such that v =z + ¢, € > 0, we get

T I'(b 1 Re(b) —1
SR —L=a=F13mO)| || 7 (41 by )| < ee| 2(W)\B (2’ 6(2) > .

Since the above inequality holds for any € > 0, we get the desired result (7) for
any finite x > 0.
On the other hand, according to (5) and (6), we have for large > 0

aRe®) L=z =3[8m® || [y (a;b; 2)| = o(1),

where a < 0 and Re(b) > 1. This completes the proof of case (i).
(ii) By making use of (10) and the fact that for x <y —1

((y — x) +146] > 1,

the proof of (8) can be completed by following the proof of (7).
(iii) For the proof of (9), we shall use the Mellin—Barnes integral represen-
tation (see [15, §3.4.1])

1F1(a;b; —x)

I'(b) /7”00 I'(a+ s)I'(—s)z® ds

" 2mil(a) ), i T(b+s)

where Re(z) > 0and 0 > v > —Re(a), which can be transformed to the integral
over the real axis

. D) [T®T(a+v+id)I(—y —id)z7+
hlabi—n) =500 /_Oo T(b+ +i0) do.
In particular, for v = —% we have
0D (a— 8 +i8) T (4 —id) a2t
1Fi(as by —x) = L) / (@ 2+Z)b (2‘ i9)a”? dé.
27T (a) J_o I (% +1i6)

Since
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it follows that
IT'(2)] = [L(2)].

['hus, for 0 < b < 2a and x > 0
F(b)ar;_g Foo b .
Fi(a;b;—z)| < —=———— I'fa—- i
|1 Fy(a; b; —x)| < 27T (a) /_ ‘ (a 2+26>’d6

On the other hand, applying Ramanujan’s remarkable integrals involving gamma
functions, it is easily observed that (see Appendix B for details)

Foo , I'(2z +2)
/_OO T(z +iy)ldy <7 i1y (11)
Thus,
L(b)z~2
b < b—2a _ —b).
(o) < s V272420 — b+ 1)T(2a — b)

Finally, based on the Kummer transformation
1Fi(a; by —x) = e "1 F1(b — a; b 2),

we obtain, after some algebraic operations, the proof of inequality (9).

A. The oscillatory interval

A remarkable result established by Tricomi (see [22]) states that the positive
zeros of 1 F(a;b;x), possibly with the exception of the largest, have the upper
bound

zy =b—2a+/(b—2a)2+b(2—b).

Later on, this result has been proved by several authors by using different
approaches (see, for instance, [6, 23], and references therein).

Here we improve the Tricomi result when 0 < b < 2. For this, we need the
following result due to Picone (see [23]):
Let p and q be two functions with first and second derivatives in some interval
(x1,22). Consider the self-adjoint linear second order differential equation

[p(2)y' ()] + q(z)y(x) = 0. (12)

If p and q have different signs in (x1,x2), then the solutions y can vanish at
most once in that interval.

It is straightforward to check that the function y(z) = e~ 21 F(a;b; x) sat-
isfies the following self-adjoint linear second order differential equation (see, for
instance, [8])
2b — 4a — T b1

(=" (2)) + 1 y(z) =0,
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which corresponds to equation (12) with

2b — 4a —
_ 4a T b1

Thus, for a < 0 and b > 0, the functions p and ¢ have different signs in
(2b—4a, 00). Now, by Picone’s result, we conclude that the function 1 Fj(a; b; x)
has at most one zero on the interval (2b — 4a, +00).

p(z) =",  q(z)

B. Proof of inequality (11)

By using different estimates of gamma function, next we present several in-
equalities for the integral

+oo
/ IT(z + iy)| dy.

(i) Taking into account Ramanujan’s integrals involving gamma functions
(see, for instance, [3])

/+°° D +iy) |
oo | T(z+141y)

_ VL@ (z+3) T (z -2+ 3)
Fz4+ 1l (z+ ) T(z—a+1)

1
s O<$<Z+§,

—+oo
/ ID(z +iy)|* dy = 72" ~2*T(2z), x>0,

— 00
and using Cauchy—Schwarz inequality we have

2

(/+°°|r<x+iy>dy) s/+°°|r<x+1+iy>|2dy

— 00 — 00

y /+°° ‘ T(x + iy) ‘2(1 _ T2z +2)
oo | D(x+1+1iy) 22z+1y 7
which proves inequality (11).
(ii) Taking into account inequalities (see [7])
eT(z +1)
|z + iy

BN

ID(z +iy)| < e’%lyl, x>0,y <

)

e/ T2z +2) fm, \%+3
= (Sl

2
|z + iy T

ID(z +iy)| < 257 e e >0y >

)
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it is straightforward to show that

de(e — 1)

[ Mgy < (o)
lyl<2

v em?/T(2z +2) ( 3 )
T(z +iy)|dy < 252 V22 T2 p (4 2 )
/lyIzz (x + i) dy e ’

where T'(+, ) is incomplete gamma function.
As consequence,

/+OO IT(z +iy)| dy < @ I(z)

2 T2z +2 3
L ey +2) F<x+,1>. (13)
23 /irz) 1 4 2

(iii) Using inequality (see [14, §5.6])

IT(z +iy)| < V2r(x? + (7;2)214_1 e~ 5 Wl eaTatam , x>0,
< V2r(2? y2)2m‘fle 51l ens

we get

oo 1 oo 2x—1 s
/ |T(x + iy)| dy < 2v2mes= / (z® +y?) T e 3
0

—0Q0

Now we can apply equation (see [14, (11.2.5)] and [17, p. 323])

+o00 v+35
2 2
/ (22 + y2) e MVdy = g (;) v+ 1K, ;1 (pz),
0

where | arg(z)| < 7, Re(n) > 0 and K, (+) is Struve function of the second kind,
to yield

2z+41

+oo (4 T 2r + 3 T
) < 6z [ — = — .
/ ID(z + iy)| dy < 7v/2e7 (W> r( - )xKQII(z) (14)

—00

In our opinion inequality (11) is to be preferred over inequalities (13) and (14),
because the upper bound of (11) is given in terms of simplest functions.
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