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Doubling inequality at the boundary
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ABSTRACT. In this article we derive a doubling inequality at the bound-
ary for solutions to the Kirchhoff-Love isotropic plate’s equation satis-
fying supported boundary conditions. To this end, we combine the use
of a suitable conformal mapping which flattens the boundary and a re-
flection argument which guarantees the needed reqularity of the extended
solution. We finally apply inequalities of Carleman type in order to de-
rive the result. The latter implies Strong Unique Continuation Property
at the boundary (SUCPB).
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1. Introduction

In this paper we are mainly concerned with a Strong Unique Continuation
Property at the Boundary for the Kirchhoff-Love isotropic plate’s equation
satisfying the so-called supported conditions. We denote by © C R? the middle
surface of a thin plate having uniform thickness h. Working in the framework
of linear elasticity for infinitesimal deformations and under the assumptions of
the Kirchhoff-Love theory, the transverse displacement u of the plate satisfies
the following fourth order partial differential equation

div (div (B(1 — v)V?u+ BvAul)) =0,  inQ, (1)

where B is the bending stiffness and v is the Poisson’s coefficient. We are
interested in analyzing the case of supported conditions, namely

u =0, on T, (2)
B(1 - V)@%u nin; + BvAu =0 on T, (3)
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where n = (ny,n2) denotes the outer unit normal to 9Q and I' is an open
portion of the boundary of 2. These boundary conditions occur when the
constraint on I' prevents the transverse displacement of the plate and, simulta-
neously, leaves free the rotation of the transverse material fibers = x [—%, 2],
z € I', around the direction of the tangent to the boundary of the plate. Situ-
ations of this type are quite common in engineering structures, for example for
slab plates or roof plates [14].

Assuming B,v € C%(Q) and T' of C** class, we obtain the following dou-
bling inequality at the boundary for problem (1)—(3)

log, (CN*)
F N T 5 R N (1
B.(P)NQ r B, (P)NQ

for every P € T such that B,,(P)N o2 C T, where C,k > 1,0 <r < s <
and N is the frequency of the solution u defined as follows

ro
C

2
B fB,.O(P)mQ Jul
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Inequalities as (4) are classical tools of Strong Unique Continuation at the
Boundary arising in the quantification of the local vanishing rate on the bound-
ary of solutions to PDEs (see, for instance, [1,4,6-8,12]). The quantification of
this property poses significant challenges, in fact one needs to infer quantitative
control on the zero set of u. Moreover, from a more applied side, it has been
proved useful in the context of stability estimates for inverse problems consist-
ing in the determination of unknown coefficients and boundaries [3,9,11,13].

While the overall strategy follows the ideas introduced in [12], we empha-
size that the presence of supported boundary conditions displays several new
features and difficulties that we outline below. As first step, following [12], we
flatten the boundary by means of a conformal map which has been introduced
in [4]. Such a change of variables on one hand simplifies the geometry of the
problem and preserves the structure of the equation, but on the other hand
leads to a quite demanding computation in order to achieve the underlying
boundary conditions. A further obstruction in dealing with supported bound-
ary conditions is due to the fact that, in order to apply a reflection argument,
we need to operate another transformation (see (45)—(46) for a precise defi-
nition) that fits our problem into a new one for a solution v satisfying more
elementary boundary conditions, namely

v=Av=0, in (-1,1) x {0}.

The latter allows us to apply an odd reflection to v, with extended function
¥ belonging to H*(B;) and satisfying a suitable partial differential equation
in Bl.
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Taking advantage of the regularity of the extended solution v, we are now
in position to deal with the following Carleman estimate [12]. For every 7 > 7
and for every r € (0,1) the following inequality holds

3
T4T2/p_2_27‘U|2 +ZTﬁ—2k/p2k+1—27|DkU|2 < C/p8_2T(A2U)2, (5)

k=0

for every U € C§°(B1 \ B,/4), where p(z,y) ~ /2 +y? as (z,y) — (0,0)
(see Proposition 4.2 for a precise statement). Indeed we finally apply the es-
timate (5) to U = nu where 7 is a cut-off function and we conclude by using
a standard procedure. We also remark that the Carleman estimate (5) for the
bi-laplacian operator is analogous to the estimate (6.32) derived in [10], with
the exception of the presence of the first extra integral on the left hand side
of (5) (see [5] for the first derivation of a doubling inequality in the interior
from a Carleman estimate of the form (5)). It can be shown that this term
plays a crucial role in obtaining the doubling inequality (4).

The outline of the article is as follows. After briefly recalling our notation in
Section 2, in Section 3 we introduce and state our main result, Theorem 3.1. In
Section 4, we recall two main ingredients of our strategy, namely the conformal
mapping in Theorem 4.1 and the Carleman estimate in Proposition 4.2. In
Section 5, which contains the central estimates of the paper, we deduce the
doubling inequality at the boundary. The proof is divided into three steps,
namely the reduction to a flat boundary, the extension by odd reflection and
the application of the Carleman estimate.

2. Notation

We shall generally denote points in R? by x = (x1,72) or y = (y1,¥2), except
for Sections 4 and 5 where we rename x,% the coordinates in R2.

We shall denote by B,.(P) the disc in R? of radius 7 and center P, by B,
the disk of radius r and center O, by B, B,” the hemidiscs in R? of radius
r and center O contained in the halfplanes R% = {x5 > 0}, R = {25 < 0}
respectively, and by R, ; the rectangle (—a,a) x (—b,b).

Given a matrix A = (a;;), we shall denote by |A| its Frobenius norm |4| =

Zi,j a’zzj'

DEFINITION 2.1 (CK regularity). Let Q be a bounded domain in R2. Given
E o, withk €N, 0 < o < 1, we say that a portion S of 0Q is of class C** with
constants ro, My > 0, if, for any P € S, there exists a rigid transformation of
coordinates under which we have P =0 and

QN Ryy2Myre = {x € Rrg 2Mor, | T2 > g(x1)},
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where g is a C* function on [—ro, 7o) satisfying

lgllcre((=ro.ro]) < Moo,

where

k
lgllcr.e((=ro,ro]) = ZTE sup ] 1991+ 75| glk a0
=0

[=70,70

|9lk,a = sup
t,s€[—ro,ro0]
t#s

pﬁ%—wmw_

|t —s]*

Throughout the paper, summation over repeated indexes is assumed.
The cartesian components of the divergence of a second order tensor field
T'(x) are defined, as usual, by

(diV T(x))z = Tim(x), i =1,2.

In places we will use equivalently the symbols D and V to denote the
gradient of a function. Moreover, setting 8 = (81, 32) € N?, the multi-index
notation D represents the partial derivative

HB1+B2
PRIpw
Throughout the paper, C' shall denote a positive constant which may change

from line to line, and ps, g2, P, Q2 shall denote second order differential
operators which may also change from line to line.

3. Main results

In this paper we consider an isotropic thin elastic plate Q x [—%, %], having
middle plane € and thickness h. According to the Kirchhoff-Love theory, the
transverse displacement u of the plate satisfies the following fourth-order partial

differential equation
L(u) = div (div (B(1 — v)V?u+ BvAul,)) = 0, in Q, (6)

where the bending stiffness B is given by

50 = 15 (it "
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with the Young’s modulus E and the Poisson’s coefficient v given by

Bla) — M)(2u(a) + 3 ()

w(x) + A(z)

where A and p are the Lamé moduli. Therefore, we may also rewrite (7) as

B () ) + @)
3 2u(z) + ANz)

sy - M@
2(u(z) + M)’

B(x)

We assume that the Lamé moduli satisfy the strong convexity assumptions
w(x) > ap >0, 2u(x) 4+ 3X\(x) > v0 > 0, in Q, (8)
where ag, g are positive constants. Let us notice that the above assumptions

imply that

w(x) + A(z) > min {ao, %} , in Q. 9)

Moreover, we shall assume the following regularity on A and pu:

||/\||c2(§r0)7 ||MH02(§TO) < Ao, (10)

with Ay a positive constant.
We found it convenient to represent the plate equation L(u) in the compact
form

L(u) = afj (cijlkﬁfku) =0 in Q, (11)

with
Cijlk = B(l — u)éiléjk + Byéijélk, in Q, (12)

so that, by a straightforward computation, equation (6) can be rewritten as

L(u) = B(A*u+a - V(Au) + g2(u)) =0, in Q, (13)
where -
a = 2?’ (14)
21
G(u) = > Eafj(Ba —v) + vBd;;)03u. (15)
i,j=1

Let us define
QTo =Qn RT072M0T0 = {‘T € RTOszOTO ‘ T2 > g(xl)}v

Fro =00N R7-072M07-0 = {(.131,9(33‘1)) | T € (—7“0,7“0)},
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with g as in Section 2 and such that

19llca.e ((—ro.ro)) < Moo, (16)

for some « € (0,1).
We notice that, by (8)—(10), the coefficient a and the second order operator
o = Z\a|§2 Cco D™ satisfy

||Zi||C1(§r0,R2) < L, ||CO‘HCO(QTO) < L,
with L > 0 only depending on «g, g, Ap-

We restrict our attention to the set €2,,, and we consider the following
boundary conditions on I'y:

u =0, on Iy,
2 _
cijiOpuning = 0, onTI',,

where n = (nq,ns) denotes the outer unit normal to 9. By setting
02 u= (9i2ju NNy,
the second boundary condition can be rewritten as
cijiOfunin; = B(1 —v)02,u+ BvAu =0, onT,,.

Therefore, we study the following problem

L(u) =0, in Q,, (17)
u=0, on Iy, (18)
B(1 —v)9%,u+ BvAu =0, onT,,. (19)

Let us derive the variational formulation to the problem (17)—(19). Let
H={veC®Q,) | D =0ond, \T,,Vac N> v=00nT,,}.
A weak solution to problem (17)-(19) is a function u € H?(Q,,) satisfying

Ja. cijikdpudiv =0, for every v € H, (20)
ro
u=0, onl,,. (21)

We notice that the elliptic and regularity assumptions on the Lamé moduli (8)
and (10), and the regularity condition (16) on g guarantee that u € H*(Q,,),
see, for instance, [2].
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Hence, by applying the integration by parts we have that, for every v € H,

/ cijlkafkuafjv = / 8i(cijlkal2ku8jv) — 8i(cijlk812ku)8jv =
Qg

70

2 2
= / Cijlkalkuajv n; — / 6i(cijlk6lku)6jv =
(S92 Qrg

2 2 2
:/ ciﬂkﬁlkuajvni-&-/ 0;;(CijinOpu)v.
Q
70

70

Moreover, since v =0 on I',,,, we have

Vo= (Vv-n)n, onTl

709

0;v = (Opv)nj, j=1,2, onT,y,
so that

/ cijlkﬁfkuafjvz/ (cijlkafkuninj)anv—&—/ afj(cijlkafku)v. (22)
(O

Qg Ty

Therefore, given a weak solution u € H?*({,,) to problem (17)—(19), by
choosing the test functions in C§°(2,,) C H in (20), we get the differential
equation (11) and, consequently, we obtain

/ (cijlk(?fku nin;)Opv =0, YveH,

Ty

which implies the boundary condition (19). Viceversa, a classical solution to
problem (17)—(19), in view of (22), must satisfy the weak formulation (20)—(21).
We are now in position to state the main result of this paper.

THEOREM 3.1 (Doubling inequality at the supported boundary). Under the
above notation, let us assume that the Lamé moduli satisfy (8)—(10) and the
boundary Ty, is of Ct*-class, with g satisfying (16) for some o € (0,1). Let
u € H*(Q,,) solve (17)-(19), then there exist k > 1 and C > 1 only depending
on ag, Yo, Ao, Mo, a, such that, for every 0 <r < s < & we have that

log, (CN*)
[opont ()™, (23)
B,NSy, r BrNQy,

2
e
Ty 107

where
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4. Preliminary results

The following Proposition, obtained in [4], introduces a conformal map which
flattens the boundary I',,, and preserves the structure of equation (13).

PRrROPOSITION 4.1 (Conformal mapping [4, Proposition 3.1]). Under the hy-
potheses of Theorem 3.1, there exists an injective sense preserving differentiable
map

¢ = (gp,?/)) : [_17 1] X [07 1] - Qro

which is conformal and satisfies

®((=1,1) x (0,1)) D Bro (0) N 2y,

K

(([=1,1] x{0}) = {(z1,9(x1)) | =1 € [=r1, 1]} C T,

(I)(())O) = (O’O)a
CoTo To
< < = _
o <D< Y. ve L1 x 01,
4 4
2 Do @) < 22 o e a(-1,1] x [0,1))
To CoTo

To ro
=12l < Flyl, vy e[-1,1]x[0,1],
with K > 8, 0 < ¢g < C, :—(1) being constants only depending on My and .

Another basic ingredient for our proof of the doubling inequality at the
supported boundary of the plate is the following Carleman estimate, whose
proof can be found in [12, Proposition 3.5].

PROPOSITION 4.2 (Carleman estimate). Let us define
p(x,y) = ¢ (vw2 + yz) ;

e

Then there exist absolute constants T > 1, C > 1 such that

where

3
T4T2/p_2_2T|U|2+ZT6_2k/p2k+l_2T|DkU|2

k=0
Scf/p8—27'(A2Uv)27 (24)

for every T > 7, for every r € (0,1) and for every U € C§°(B1\ B, 4).
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5. Proof of the doubling inequality at the boundary

The strategy of the proof consists of several steps. Firstly, we flatten the
boundary I',, by means of the conformal mapping defined in Proposition 4.1.
The conformal mapping preserves the structure of the operator and, by the
peculiar supported boundary conditions, the solution can be extended by an
odd reflection with respect to the flattened boundary. Then, the desired dou-
bling inequality (23) follows from the Carleman estimate (24) and a standard
argument.
From now on, we shall simply denote by R the rectangle (—1,1) x (0, 1).

First step. Reduction to a flat boundary.
Given a weak solution u € H?(€2,,) to problem (17)—(19), let us denote

w(y) = u(®(y)),
where & = (®1, ®2) = (¢, 1) is the conformal mapping introduced in Proposi-

tion 4.1.
It is useful to notice that, since ® is a conformal map,

alebl 81}2(1)1 8y190 8@/290
Dd = = ,
ayl(pQ 8@;2(1)2 78?!250 aylsﬁ
det(D®(y)) = [Vo(y),
. 1 Pyr Py
(DP)™ = N2 oo
For any function z = z(x) defined in ®(R), we can compute
(Va2)(2(y) = [(D2(y) 1TV, (2(2(y)). (25)
It follows that 1
(Au)(®@(y)) = W(Aw)(y) (26)
and
2, _ 1 1 w _
(B () \Vw(y)PA (IVsO(y)2A (y))

1 1, Y oia .
= o [ 2 (e Ve + )]

where ¢ is a second order differential operator with C' norm of its coefficients
bounded in terms of «g, 7o, Ag-
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In order to derive the differential equation satisfied by w in R, let us consider
for the moment test functions having compact support in R. Precisely, given

V e C5°(R), let
o(z) = V(@ '(z)), in®(R)C Q.
By integrating by parts (20) and recalling (13), we have
0= / cijlkafkuafjﬂ = / Cijlkafkuagjﬂ = / 82»2]» (Cijlkafku)ﬁ =
Qr,y ®(R) (R)

= B(A%u+a - V(Au) + G(u))v,
3(R)

where @ and g2(u) are defined in (14) and (15), respectively.
By operating the change of variables z = ®(y) in the last integral, we have

that, for every V € C§°(R),

/RB(@(y)) [(A%u)(2(y)) +a(D(y)) - (V(Au))(®(y)) + (G2(u)(@(y))] -
- |det(D®(y)|V(y) = 0.

Since det(D®(y)) = [Ve(y)|2, by the arbitrariness of the test functions V €
C§°(R), we obtain that

(A%u)(®(y)) +a(®(y)) - (V(Au))(®(y)) + (G2(w))(®(y)) =0, in R. (27)
By applying (25) with z = Au, and by (26), we compute
(Va(Au)(2(y)) = [(D2(y) TV, ((Au)(@(y)) =

_ (D) 7V, (ngAw@)) -

_ 1
= [(D2(y)) 1]TWV;/AUJ(?J) + ga(w), (28)
where g is a second order differential operator with C?-norm of its coefficients
only depending on My, a, ag, Yo, Ao-
By (27), (26) and (28), we have

+a(®(y)) - [(D2(y) ™"V, (Aw) + g2(w)

= (29 (roim ) + (DB a00) ) -9, (a0
1

+ WAQUJ + ¢2(w) =0, in R, (29)

1
[Vel|?
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where ¢o is a second order differential operator with C%-norm on R of its
coefficients only depending on My, a, g, Yo, Ag. Therefore the function w sat-
isfies
L(w) =0, in R,

with
L(w) = A%w +b- V(Aw) + Q2 (w), (30)

where b € C*(R,R?) is a vector field and Qo = 2 jaj<2 CaD? is a second order
differential operator such that ||b[| o1 7 gz and Call o (&) are bounded in terms
of ]\407 a, o, Y0, Ao.

In order to derive the boundary conditions satisfied by w = w o ®, with
u € H?(Q,,) a weak solution to problem (17)—(19), let us define

H = {v e C®(®R)) | D*v =0 on d(®(R))\ (I, N ®(R)),Vor € N2,
v=0onT, N®(R)}

It follows that
/ cijlkafkuafjv =0,Yv € 7‘7
®(R)

Given v € 7—~l, let us denote

By operating the change of variables = ®(y), we have that, for every v € H,

= CijinOnudzv
0= /I)(R) k00
:/Rcijuc(@(y))\det(Dé(y))|(azku)(<1>(y))(3?jv)(<1>(y))- (31)

Let us set
M(y) = (D®(y)) "

By applying (25) with z = 0,, u, we obtain

(02,2, (2(y) = {MT () V(9w u)(@(y))]}1 =
= {MT(y)V’U[MT(y)VUw}k}l = mhl(y)ayh (msk(y)aybw)? l7 k= 17 2.

Similarly, given v € 7—~[, we have

(821933 U)((D(y)) = mh’i(y)ayh/ (mS’j (y)aysl V)) la k= 17 2.
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From (31), for every v € H, we have
O = / Cijlkafkuafjv =
3(R)
= /RCz‘jzk(q’(y))|d6t(D‘1>(y))|mhlf9yh (msky, w)mn:iBy,, (ms;0y, V) =
= / Eh/jhkayh (mskaysw)ayh/ (ms/jaysl V), (32)
R

where
Cnrjnk(y) = muri(Y)cijie((y))det (DR (y)) [mn (y)-
By integrating by parts twice, we obtain
BB+ [ 0, mi0, @osnidy (o, )V =0, (33)
AR R

where
Bi = npcpjnk Oy, (MskOy,w)ms ;0 , V,
Ba = ngmg j0y,, (Ch jnk Oy, (Misk Oy, w)) V.

Next, by the definition of ﬁ, B> =0 on R and

/ B, =/ B, =/ —(C2jnk0y, (Msk Oy, w)m2;)0y,V . (34)
OR [=1,1]x{0} [—1,1]x{0}

Let us compute, by using (12),
Cajnk Oy, (Msk Oy, w)ma; = |det(DP(y))|maimajmnicijindy, (MsiOy, w) =
= |d6t(D<I)(y)) M2 M2 Mp| [B(l - u)&iléjk + Buéijélk]ayh (mskﬁysw) =
= Bldet(D®(y))| [mamarmpi (1 — v)

+ maymoimpkV] (mskﬁith + 0y, (M) Oy, w) =
= B|det(D®(y))|(A1 + A2),
where
Ay = [(1 = v)maymormpimasy, + vmaimaimpeme)0; . w, (35)
As = [(1 — v)momaormniOy, (Misk) + vmaimaimpi0y, (M )]0y, w. (36)

In order to evaluate Ay, let us notice that

1

MMT = ——1,.
[Ve[2 ™2
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Therefore,
1
M2 Mok My Mk = W52h525, (37)
1
M2 M2 Mpk Mgl = W(Shs' (38)

By inserting (37) and (38) in (35), we have

1

1
— W[(l —v)dopdas + 1/5h5]82 w

Ay ysyn U T IVolt

[(1-v)d2, w+vAw]. (39)

Y2Y2

On the other hand, since w(y1,0) = 0, we may rewrite (39) as

1
A = ——Aw.
[Vel*
Again by w(y1,0) =0, we compute

m2lm2kmhlayh (msk)aysw = (m2lmhl)m2kayh (ka:)aygw =

1 1 1 1 1
= §W52h3yh (makmar)dy,w = 3 e Oy, <|V<p|2> Oy w.  (41)

Next, let us notice that
(D) (D®) = [Vo|*Lo. (42)

By using again w(y1,0) = 0, by recalling that &, are harmonic functions,
k =1,2, and by (42), we compute

1

= Wmhkayh (Mak) Oy, w =

M2 M2 My, Oy, (msk)ays w

! 0@ .
= Wt o (P10 ( Vel )8”“’ -

1 {a (ayh@k)am(@k))_A<I>kay2<<1>k>
V|t [ [Vl|? [Vel|?

1 0y, (i) Oy, (Prc)
T Vel {ay’l ( vk Ot =

1
= Wayh (On2)0y,w = 0. (43)

:| ay’zw =

From (41) and (43), we have

1 1 1
=—(1- 19) Oy, W. 44
O A L o
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By (34), (40) and (44), we can compute By on [—1,1] x {0}:

By = _(Ethkayh (mskaysw)m%’)ayzv =
B 1—v 1
P Naw+ e, [—— :
Vol? { wt g IVel <|Vso|2) 8”“’] eV’

By (33), we have that

/ 0y, [ms 0y, (ChrjnikOy, (Msk Oy, w))V =
R

B 1—v 1
= Aw + ——|V|?d,, ( ) 0 2w] 0y, V.
/[ Lajx oy Vo2 { 2 | 2\ |Vel2) Y

for every V. = v(®(y)) with v € H . By choosing the test functions v €
C§°(®(R)), that is V' € C§°(R), we obtain that w satisfies the differential
equation

aysz [ms’jayh/ (Eh’jhkayh (mskaysw))] = 07

which coincides with the equilibrium equation (29), and therefore

B
Aw+ 2y 82< )a w}@szo
/[m{o} |Vso|2[ “IVelon o v

for every V € C§°(R). By recalling (30) and the boundary condition implied
by the last identity, we have that w = u(®(y)) € H*(R) satisfies the following
problem

A?w+b- VAw + Qa2 (w) = 0, in R,
w(y1,0) =0, in [-1,1] x {0},
Aw + ’Y(yl)ayzw = 0’ in [_15 1] X {O}a
where )
—v
(Y1) = D) 902 Y2 (|V 2) ‘ (y1,0) (45)
In order to get a simpler boundary condition, let us introduce the function
v = e3¥27(W1)y, (46)
Denoting
a = e 2v27(1)
we have
w = av, (47)
A?w = A?*(av) = aA®v +4Va - V(Av) + pa(v), (48)
V(Aw) = aV(Av) + pa(v). (49)
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Substituting (47), (48), (49) in equation (30), we obtain
9 4
Ay + EVa—&—b - V(Av) 4+ pa(v) = 0.

Noticing that v(yi,0) = 0, 0y, v(y1,0) = 0 and a(y1,0) = 1 for every y; €
[—1,1], we can compute for every (y1,y2) € [—1,1] x {0},

Aw +7(y1)dy,w = Alav) +7(y1)dy,v = 2Va - Vo + Av + 7(y1)dy,0 =
= 20y,a0y,v + Av + y(y1)0y,v = Aw.

Therefore v satisfies the following problem

A%+ (4Va +b) - V(Av) + pa(v) = 0, in R,
v(y1,0) =0, in [-1,1] x {0},
Av(y1,0) =0, in [-1,1] x {0},

with C' and C° norm on R of a and of the coefficients of p, respectively
depending on My, a, g, Yo, A only.

Second step. Fxtension by odd reflection.

Let us introduce the following extension of v to Bi:

_ | v(z,y), in Bf',
v(x,y) = { —v(z, —y), in By .

Moreover, let
f=- <(11(4Va + ab) - V(Av) +p2(v)) ,  feL*B),

and let us define

r _ f(x,y), in B+7
fla,y) = { —f(z, —y), in Bi_.

Then f € L*(B;), v € H*(B;) and
AT =f, in B;. (50)
The proof of (50) can be obtained by adapting the arguments used in the proof
of Proposition 4.1 in [4].
Third step. Application of Carleman’s estimate and conclusion.

Next, by a density argument, we apply the Carleman estimate in Propo-
sition 4.2 to U = n(\/x2? + y?)v, where n € C5°((0,1)) is a suitable cut-off
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function; see, for instance, the proof of Lemma 4.1 in [12]. We obtain the
following result: there exists a positive number 79 € (0,1), only depend-
ing on Mo, o, ap,v0, Ao, such that, for every T and for every r such that

T
0<2r<r< Eo,wehave

7(27’)_27—/+ "U‘2 +Fl_2T/+ |’U|2 S
B B

27 2

r —27 9 ?0 —27 9
<o) e (3) [ ).

for every 7 > 7, with 7 a positive absolute constant and C' a positive constant
depending on My, a, vg, Yo, Ag only.

Finally, by using a standard procedure (see, for instance, the proof of Theo-
rem 2.2 in [12]) and coming back to the original coordinates via Proposition 4.1,
we obtain the desired doubling inequality (23) at the supported boundary of
the plate.
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