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ABSTRACT. We consider the Cauchy problem for an attraction-
repulsion chemotaxis system in two-dimensional space. The system
consists of three partial differential equations; a drift-diffusion equa-
tion incorporating terms for both chemoattraction and chemorepulsion,
and two elliptic equations. We denote by 1 the coefficient of the attrac-
tant and by Bo that of the repellent. The boundedness of nonnegative
solutions to the Cauchy problem was shown in the repulsive dominant
case B1 < P2 and the balance case p1 = Po. In this paper, we study the
boundedness problem to the Cauchy problem in the attractive dominant
case 31 > [s.
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1. Introduction

We consider the Cauchy problem for the following attraction-repulsion chemo-
taxis system in R2:

Ou = Au—V - (BuVo) + V- (BuVvy), t>0, v € R?
0= Av; — \jv; +u, t>0, reR? (j=1,2), (P)
(0, z) = ug(z), r € R%

where 8; and A; (j = 1,2) are positive constants. We assume that

up >0 on R?, ug #0, ug € L* N L™, (1)
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and consider nonnegative solutions to the Cauchy problem (P). Here, LP :=
LP(R?) (1 < p < o) stand for the usual Lebesgue spaces on R? with norm
| - ||z», and in what follows, we denote | - ||z» by | - ||, for simplicity.

The system (P) is a simplified mathematical model introduced in [19] to
describe the aggregation of Microglia in the central nervous system. In the
system (P), the functions w, v; and vy denote the density of Microglia, the
concentration of attractive and repulsive chemical substances, respectively.

In the case f2 = 0, the system (P) becomes a minimal version of the classical
Keller-Segel model (e.g., [10, 13]):

Ou = Au— V- (uVoy), t>0,2€R?
0=Avy — \v1 +u, t>0,zeR? (KS)
U(O,JU) = UO(x)v T e R2a

where A\; is a nonnegative constant. The mass conservation for w holds and
plays an important role in the existence of nonnegative global solutions to the
Cauchy problem (KS). Indeed, in the case (3 fRz ug dx < 8w, the nonnega-
tive solutions exist globally in time (e.g., [4, 5, 6, 21, 22, 29]), meanwhile, in
the case [ fR2 ug dxr > 87, a nonnegative solution may blow up in finite time
(e.g., [2, 5, 15, 29]). The boundedness of nonnegative solutions to the Cauchy
problem (KS) was shown under the assumption [; fw updr < 8w by using
rearrangement techniques ([6, 20]). In the critical mass case [g, ug dz = 87 to
the Cauchy problem (KS) with 5 = 1 and A\; = 0, the boundedness of non-
negative solutions has been studied in [3, 18, 23], and it was shown in [23] that
Sup;q ||u(t)]|oo < oo for the nonnegative radial solutions under the assumption
liminfr_, o (R flw\>Ru0 dx) > 0. We also remark that lim; o [|u(t)]|cc = 00
if [oo |2[Puo(z) do < oo ([4]).

The Cauchy problem (P) has a unique nonnegative smooth solution locally
in time for initial data ug satisfying (1) ([26]). The nonnegative solutions exist
globally in time and are bounded in the repulsive dominant case 7 < [
([26]) and the balance case 81 = B2 ([12, 24]). In the attractive dominant case
B1 > 2, the nonnegative solutions exist globally in time under the assumption
(B1 — B2) Jpo uo dx < 87 ([24, 25]), whereas there exists a blowing-up solution
in finite time under the assumption (81 — f2) [z» uo dz > 8 ([26]). We remark
that if sup, g || (u(t), vi(t),v2(t))]|s < 00, then for all 1 < p < oo,

I(u(t), v1(t), v2(D)]l, < CL+)THYP (2> 0)
(see the proof of [26, Theorem 1.3]), and

lim tl_l/pHu(t) —/ uo deG(t)
R2

:O’

t—o0 P

where G(t,x) = (4rt)~Le~1*I*/(4) ig the heat kernel (see the proof of Theo-
rem 1.2 and Remark 1.1 in [12]). Concerning the boundedness problem to the
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Cauchy problem for the parabolic system of an attraction-repulsion chemotaxis
model, see, e.g., [12] for the balance case.

The boundedness problem to attraction-repulsion chemotaxis systems has
been studied on a smooth bounded domain under Neumann boundary condi-
tions (e.g., [7, 11, 16, 17, 28]). When the system (P) is considered on a smooth
bounded domain € in R? under Neumann boundary conditions for u and v,
(j = 1,2), the boundedness of nonnegative solutions in the attractive dominant
case 1 > f2 was obtained in [7] under the assumption (81 — f2) [, uo dx < 47
by showing the boundedness of the entropy [, u(t)logu(t) dz with respect to
t € [0,00). However, the entropy [p. u(t)logu(t) dz on R? is not appropriate
to get the boundedness of nonnegative solutions to the Cauchy problem (P).
The reason is that if lim;_, |Ju(t)||2 = 0, we observe that

/}R2 u(t)logu(t) dx < |ju(t)|]1 log (m /Rz u?(t) dw)

= |uoll1 (log [lu(t)[|3 — log [luo|l1) = —o0  (t = o0).

Here we used Jensen’s inequality for the concave function logu and |[u(t)|1 =
|uolly (t > 0). For this reason, we introduce the modified entropy [p.(1 +
u(t))log(1 4 u(t)) dz in place of [,, u(t)logu(t) dx.

For the nonnegative solutions (u,wv1,v2) to the Cauchy problem (P), the
following relation is satisfied ([26, Lemma 3.1]): For p > 1,

1 4(p—1 1

Ll + L v + (3 - 50 (1- Yl

_ 7ﬂ1)\1(1 - %) /R uP (Yo (t) dz + B2A2<1 - %) / uP (t)vs (£) d.

R2

In the repulsive dominant case 81 < B2, we get the boundedness of |lu(t)]|, in
t > 0 from (2) thanks to 83 — 81 > 0 in the third term on the left-hand side
of (2). In the attractive dominant case 81 > fa2, we need a smallness condition
on initial data to get the boundedness of ||u(t)||, in ¢ > 0. Hence, we first study
the boundedness of the modified entropy [p. (1 +u(t))log(1+ u(t)) dz in t > 0
under the assumption (81 — fB2) [g» uo dz < 47, and then apply (2) to get the
boundedness of ||u(t)||, in ¢ > 0.

The a priori estimate of [, (14 u(t))log(1 + u(t)) dz has been studied for
the Keller-Segel model (KS) in [21] and for the Cauchy problem (P) in [24]
by applying the Brezis-Merle type inequality established in [21]. However,
the a priori bound of [4,(1 + u(t))log(l + u(t))dx for 0 < t < T obtained
in [21, 24] depends on T, which does not give the uniform boundedness of
the solutions on [0,00). Another approach from the application of radially
symmetric decreasing rearrangement does not seem to work for the Cauchy
problem (P) due to the term for chemorepulsion, although it is useful for getting
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the uniform boundedness of the solutions to the Keller-Segel model (KS) (e.g.,
[6, 18, 20]). We prove the boundedness of [, (1 + u(t))log(1l + u(t))dz on
[0, 00) by applying the sharp form of the Gagliardo-Nirenberg inequality under
the assumption (8; — B2) f]R2 ug dzr < 47, but the uniform boundedness of the
solutions is expected under the assumption (81 — f2) fW ug dr < 8.

THEOREM 1.1. Let B1 > (2 and assume that

(81— B2) /R2 up dx < 4m. (3)

Then, sup,s || (u(t), v1(t), v2(t))|lp <00 foralll <p < oo.

We next study the boundedness of nonnegative radial solutions to the
Cauchy problem (P). For the nonnegative radial initial data wug satisfying (1),
the uniqueness of solutions to the Cauchy problem (P) ensures that the solution
(u,v1,v2) for the initial data ug is radial in 2. Considering the mass function
Ul(t,s) = fos a(t,0) do of u, where u(t,z) = u(t,s) (s = w|z|?), we reduce the
boundedness of u to the following (see Lemma 4.2): There exist so > 0 and
C > 0 such that

U(t,s) <Cys (t>0, 0<s<sg). (4)

Constructing a comparison function and applying the comparison principle for
parabolic equations, we show (4) to have the following.

THEOREM 1.2. Let 81 > B2 and assume that the nonnegative initial data ug is
radial and

— d. 8. 5
(b1 52)/RQU0 T < 8w (5)
Then, suppso | (w(t), 01 (1), 2l < 00 for all 1 < p < oo,

We lastly study the boundedness problem to the Cauchy problem (P) in
the critical mass case (81 — B2) f]R2 ug dr = 8m. Using the idea of getting the
boundedness of radial solutions to the Cauchy problem (KS) in [23], we have
the following theorem under a restricted condition on §; and A; (j = 1,2).

THEOREM 1.3. Let 81 > P2, M < Ao and B1A1 > [Bodo. Assume that the
nonnegative initial data ug is radial and

— dr =38 6
(8= B2) [ uodo = 5. ()
lim in (Rz /|m|>3u0 dx) > 0. (7)

Then, sup,s || (u(t), v1(t), v2(t))|lp <00 foralll <p < oo.
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The rest of the paper is organized as follows. In Section 2, we mention
some properties of nonnegative solutions to the Cauchy problem (P) and give
function inequalities on R? used in the proof of Theorem 1.1. In Section 3, we
give the proof of Theorem 1.1, and in Section 4, the proofs of Theorems 1.2
and 1.3.

Throughout the paper, we use a universal constant C' to describe a vari-
ous constant, and C(x,--- ,*) when C' depends on the quantities appearing in
parentheses.

2. Preliminaries

For the nonnegative solutions to the Cauchy problem (P), the conservation
of mass is one of important properties, which is obtained by integrating the
equations for u and v; (j = 1,2) over R%

LEMMA 2.1. Let (u,v1,v2) be the nonnegative solution to the Cauchy prob-
lem (P) with nonnegative initial data ug satisfying (1). Then,

/Rzu(t)d:v:/\1/]RQU1(t)dxz)\g/R2v2(t)dx:/Rzuodx (t > 0).

For A > 0and f € L? (1 < p < 00), we denote by (A—A)~! f the convolution
of the Bessel kernel By and f, namely,

A=A)"'f=Byxf,

where

By (z) :/ e G(0,x)do, x€R?
0

and G(t, ) is the heat kernel given by G(t,z) = (4xt)~Le~|=I"/(40) For f € L?
(1 < p < 00), the function v := (A — A)~1f on R? belongs to W?? and a
solution of

A=Aw=f in R%
By the following estimates
10SBA|lp <o forl<p<ooif|a|=0and 1 <p<2if|a| =1,
applying Young’s inequality for convolution gives LP estimates on (A — A)~!f

in Lemma 2.2 below, which are often used in the course of the proof of Theo-
rem 1.1. For the Bessel kernel, see, e.g., [9, 27].
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LEMMA 2.2. For A > 0, it holds that
1A =2)" fll, < Cp @)l fllgy 1< g <p < oo,
I =2)" flloo < CNDIfllgs 1 < g < o0,
IV =2)" flloo < CNLQIFlgy 2 < g < o0

For later uses, we give some function inequalities on R?. We begin with
the Gagliardo-Nirenberg inequality on R? (e.g., [8]): For 1 < p < oo, there is a
positive constant C' depending on p such that for any f € L! with |V f| € L2,

£l < CIVFls 1 F1™. 8)

The next inequality is a version of the Gagliardo-Nirenberg inequality on R?:
For any f € L? with |[Vf| € L!,
1
< —
1712 < <=

Here, 1/+/4m is the best constant (e.g., [30, Theorem 2.7.4]).
We give two lemmas below, which are proven by applying (9).

IV £l (9)

LEMMA 2.3. For 0 < € < 1 and nonnegative functions g € L' N W12,

1+4e |Vg|? 2/
dr < —— = . 1
/Rzg dx_ 47 (/Rzgdx)(/Rz 1+gd$)—|—€ Rzgdx ( O)

Proof. Let o« > 1. We have that

/ deazz/ g2dx—|—/ ¢*dr = {(g—a)—l—a}2dx—|—/ g% dx
R2 g>a g<a g>a g<a
:/ (gfa)zdx+2a/ (gfa)der/ azdx+/ g% dx
g>a g>a g>a gla
§/(g—a)idw+2a/ gdm—i—a/ gdx
R2 g>a g<la

S/ (g—oz)iderZoz/ gdz,
R2 R2

where (g — a); = max{g — o, 0}. We estimate [;,(g — @)% dz as follows. By
the Gagliardo-Nirenberg inequality (9),

[o-atars ([ Wo-a)ld) - ;T(/mwmda:)z

_ 1 A Vel N
_E( 1+g‘/1+gdx)

g>a

([0 [ )

g
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and then,

1
/ (1+g)da::/ dI+/ gdzga/ gdx—|—/ gdz
g>a g>a g>a g>a g>a

Hence,

Therefore,

/R2g2dm§$(1+é)(/ﬂ§2gdaz)(/ﬂ§2 |1v_f|;dx)—|—2a/kzgdx.

By putting € = 1/a, (10) is derived. O

LEMMA 2.4. It holds that for any nonnegative function g € L* N W12,

/}R2 g?’dx§s(‘/ﬂ§2(l+g)log(1+g)d:ﬂ>(/ﬂ§2 |Vg|2dx) +C(e) /R2gdx,

where € is any positive number and C(e) = oo (¢ — 0).

For the proof of Lemma 2.4, see, e.g., 21, Lemma 2.1].

We lastly mention the following interpolation inequality, which is obtained
by applying Holder’s inequality: Let 1 < p; < po < oo and f € LPr N LP2,
Then f € LP for all p with p; < p < ps and

A 1=2A

1
< A 1=A" Where === +
1l < NN, 1 s o

,0<A<. (11)

3. Boundedness of solutions by entropy estimates

Let (u,v1,v2) be the nonnegative solution to the Cauchy problem (P) corre-
sponding to the initial data ug satisfying (1). For the proof of Theorem 1.1,
we need the following proposition, which is proven in Subsection 3.1.

PROPOSITION 3.1. Let 0 < T < oo and assume that

E:= sup |[(1+ u(?))log(l+ u(t))|1 < oo. (12)

0<t<T

Then,
[u(®)loc < Cllluollr; uollee, E), 0 <t<T.
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REMARK 3.2: The assumption 81 > (5 is not required for proving Proposi-
tion 3.1.

We put ¢ = Siv1 — Bovg in the equations of w and v; (j = 1,2) in (P).
Then,

ou=Au—V-(uVy), —AY= (B —pFlu+h (t>0, zeR?), (13)

where h = Xofova — MiBiv1. As v; = (\; — A)"lu (j = 1,2), applying
Lemma 2.2 as f = u(t), we observe that for j = 1,2 and ¢t > 0,

lo;(D)llp < Cp; Pllu®)]lg, 1 < g <p < oo, (14)
[[0;()]loe < C(@ult)llg: 1 < g <00, (15)
Vv (#)l[eo < Cl@)[u()llg, 2 < g < o0 (16)

Here and in what follows, we drop A; from C();, p, ¢) and C'();, ¢) for simplicity.
In particular, thanks to (14) for ¢ = 1 and ||u(¢)||1 = ||uo|l1 by Lemma 2.1, we
have
lo;(O)lp < CP)lluollr, 1 <p < oo (17)
We give the following lemma for the modified entropy.
LEMMA 3.3. It holds that

2
4 (1+ w)log(l+u) da:—i—/ Vel

d
dt R2 R2 1+’LL v

:—/ uA¢dm+/ log(1 + u) Ay du,
R2 R2

where ¢ = Brvy — Bovs.

Proof. Using d;u = Au — V - (uV1) in (13) and noting [z, dyudx = 0, by
integration by parts, we have that
d

— | A+wlog(l+u)de = [ Owlog(l+u)dr+ [ Owudx
dt R2 R2 R2

= / Au log(1 + u) dx — V- (uV) log(l + u) dz
R? R?

B |Vul|? / u
= /R2 1+udm+ R21+uVu Vi dz

2
:_/ Vul” 4 Vu~dex—/
R

2 14w R2 R2

1

[Vu/?
= - dx — uAp dx — Viog(l+u) - Vipdx
R2 1 + U R2 R2

[Vu/?
=— dx — ulp dx + log(1 + w) Ay dz.
r2 L +u R2 R2
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Thus, we derive (18). O

Proof of Theorem 1.1. Since the nonnegative solution exists globally in time
under the assumption (31 —f2) [2 uo dz < 87 by [24, Theorem 1.1], all we have
to do is to show boundedness under the assumption (57 — f2) fR? updr < 4w
by applying Proposition 3.1 as T' = co.

Since —AY = (81 — B2)u+ h (h = Aafave — A1 S1v1) by (13), plugging this
relation into the right-hand side of (18) yields that

2
%/ (1+u)log(1+u)dm+/ [Vl

R2 R21+u

= (=) [ ot [ unde— (=) [ wlog(1 +u)da

—/ log(1 4 u) hdx (19)
RQ

dx

< (ﬁl—@)/w u2d$+%/w {u® + (log(1 + u))*} da
— (A —32)/ﬂ§2UIOg(1+u)dx+C(€)/th dz,

where 0 < € < 1. By log(1 + u) < u, we have that

3 /R2 {u2 + (log(1 + u))?} dz — (81 — B2) /R2 ulog(1 + u) dz 0

SE/R2u2d:v—(51—ﬁ2>/RQ(1+u)1og(1+u)dx+(31—ﬂz)/ﬂwudx.

Substituting (20) into the right-hand side of (19) and using ||k||3 < C|luo||?
obtained by (17), we obtain that

d Vu?
T Rz(l—&-u)log(l—i—u)dm—&—/kzmdx

s(ﬁl—ﬁ2+e)/ quas—(ﬁl—ﬁQ)/ (14 ulog(l+u)de 2V
R2 R2

+ C([luoll1,€)-

Applying Lemma 2.3 as g = u(t) yields that

1+¢ |Vu(t)|? 2

2

t)dx < d - .
[ e < 2 ol | RS b Sl
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Here we used ||u(t)]|1 = ||uo|l1. Plugging this inequality into (21), we have that

i/ (14 u)log(l + u)dx
dt Jre

1 Vul|?
s{i-G-mr i} [ M e

< —(B1 — B2) /Rz(l + w)log(1 + w) dz + C(||ugl|1, €)-

Thanks to (81 — B2)||uoll1 < 47 by assumption (3), we can take 0 < ¢ < 1 such

that "
€
1—(B1—P2+e¢) 1

Hence, it follows from (22) that

[[uo[lx = 0.
7

1(1+u(t)) log(L+u(t)) |1 < e~ =P2||(1+uo) log(1+uo) 1 +C(|luoll1), ¢ > 0.
Therefore, we conclude the boundedness of ||u(t)||cc on [0,00) by Proposi-
tion 3.1. O
3.1. Proof of Proposition 3.1

The proof of Proposition 3.1 relies on the following lemma, which is proven by
Moser’s iteration technique (e.g., [1, 14, 26]).

LEMMA 3.4. Let 0 < T < 0o and assume

A= sup [[V(Brvi(t) — Bavz2(t))llee < 00
0<t<T

Then, [[u(®)ll < C(luolls, fuollocs 4), 0 <t <T.

To prove Proposition 3.1, we begin with showing
u®)ll2 < C(lluolly, luoll2, E), 0<t<T, (23)

where E = supg;r [|(1+u(t))log(1+u(t))]1. By (2) for p = 2, we have that

%IIU(UII% +2|Vu(t)[I3 — (81 — B2)[u(®)]3

< B /2 wvy da < Bodallu(t)|3]lva(t)]ls < Ballu(®)lI3 + Clloa(®)]13,
R
from which it follows that

d
Ze@3 +20IVu@)3 = Billu@®3 < Cloa(®)lI3 < Clluoll?-
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Here we used ||v2(t)||s < C|luo|ls by (17). To control ||u(t)||s, we recall the
following inequality on R? (see Lemma 2.4): For any € > 0, there exists C(g) >
0 such that for any nonnegative function ¢ € L' N W2,

lgll3 < el (1 + g)log(1 + 9) 11| Vgll3 + C(e)lgll:- (24)

Thanks to E = supg,p ||(1 + u(t)) log(1l + u(?))|1 < oo by assumption (12),
applying (24) as g = u(t) and using ||u(t)||1 = ||uo||1, we have

lu®)l3 < eEIVu®)]3 + Ce)luolls, 0<t<T,
and hence,
d 2 2
ez + 2 = b B)[Vu®)llz < C([luollr,e), 0<t<T,

where 0 < € < 1. Take € such as 2 —¢f1E > 1, that is, 0 < ¢ < 1/(/1E).
Then,

%Hu(t)\\% +[Vu®)|3 < C(lluolh, E), 0<t<T. (25)
Applying (8) as f = wu(t) and using ||u(t)||1 = |Juo||1 yield that
lu@®)z < ClIVut)ll2lluolls < V()| + Clluoll3-
Substituting this inequality into (25), we have that
d 2 2
i le@lz + w2 < C(luolly, E), 0<t<T,

from which (23) follows.
We next show that

u()lla < C(lJuollr lluolla, £), 0 <t <T. (26)
By (2) for p = 4,
d
Ze@® 1+ 3[Vu®)lI3 = 381 — Ba) u(t)II3

< 322 /z ut (t)va(t) o < 3Baaflu(®)5]lv2(t)ll5 < 3Balu(®)][5 + Clloa(t)]I3.
-
Putting w = u? yields that

d
@)1 + 31wl - 36w (@) I2/2 < Clluol.



142 T. NAGAI AND T. YAMADA

Here we used ||v2(t)||s < Cllugll1 by (17). Applying the Gagliardo-Nirenberg
inequality (8) for p = 5/2 and using Young’s inequality, we have that

lw@I22 < CIVa@) 3 ?lwt)l < nlVw®[ + Cmllw()],

where 7 is a positive number determined later. Hence, for 0 <t < T,
%HWU)H% +3(1 = B [Vw®)3 < 36.Cn)|lw®)[} + Clluol3. (27)
Take n > 0 such that 3(1 — S1n) > 1 and note that by (23),
lw®lls = lu@®)]3 < Clluolly, luoll2, ), 0<t<T.
Then, as in the proof of the boundedness of ||u(t)||2, we derive from (27) that
lu@®)llz = lw®)]3 < Clluolls, luolls, B), 0<t<T.

Here we used the fact that ||Jug||2 is estimated by |Jug||1 and ||ug||4 by virtue of
interpolation inequality (11). Thus, (26) is derived.
By (15) for ¢ = 2 and (23),

[0 (D)oo < Cllu®)ll2 < C[luollr, luoll2, E), 0 <t <T,
and by (16) for ¢ = 4 and (26),
VU (#)lloe < Cllu(®)lla < C[luollr; [[uolla; E), 0 <t <T.

Hence, since ||[V(B1v1(t) — B2v2(t))|lec < C(lluoll1, l|uolls, E) (0 < ¢ < T,
Lemma, 3.4 ensures that

[u(®)lloo < Clluollr; luolles, £), 0 <t <T.

Thus, we establish the assertion of Proposition 3.1.

4. Boundedness of radial solutions

In this section, we assume that the nonnegative initial data ug satisfying (1) is
radial in z. Then, by the uniqueness of solutions to the Cauchy problem (P),
the nonnegative solution (u,v1,v2) corresponding to the initial data ug is radial
in .

Define the functions a(t, s) and 9;(¢,s) (j = 1,2) by

u(t,z) =a(t,s), v(t,x)=70(t5s), s= 7T|x\2
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and Go(s) by uo(z) = Go(s). We next define U and V; (j = 1,2) by

Ult,s) = /0 Cilt,o)do, Vit s) = /0 55t 0) do (28)

and Up(s) = [, tio(0) do. By Lemma 2.1, we observe that

U(t,00) = / u(t,s)ds = 27r/ a(t, mr?) rdr = / u(t,x)de = / uo(z) de,
0 0 R2 R2
and - )
V;(t, 00) :/ f)j(t,s)ds:/ vi(t,z)de = —/ uo(x) dx.
0 R? Aj Jre

LEMMA 4.1. It holds that

U = AnsO2U + (B — B2)UdsU — (B1 A1 Vi — Bada V)0 U (t >0, s > 0). (29)
Proof. Calculating that

Oz;u = 0500, ;8 = 2mw;0,1, (‘ﬁju = 47r2x?8311 + 2w,
Au = 478021 + 410, = 470, (s0,11),
V- (’LLV’UJ‘) = 47‘(8(95(1185’0}) + 47‘(’&85’[)]‘ = 471'(95(8&63’[7]‘)7

we have

8ta = 47‘(’33(3(9311) — 47r88(51283(ﬁ1171 - 62@2)), (30)
02471'85(883’[)]‘) —)\j’Jj—f—ﬂ (] = 172). (31)

Integrating (30) and (31) with respect to s, we have that

atU = 471'5(9517, — 47’(517,33(51171 — BQ'DQ)
= 471'88?(] — 8SU{47T883(ﬂ11~}1 — 52’52)},

47TS(931~1j =-U+\V; (j=1,2).
Hence,
U = 4ms02U + (B1 — B2)UOsU — (BiA1Vi — BaraVa)0,U.
O

To obtain the boundedness of the solution (u,v1,v2), by Lemma 3.4 it
suffices to show that

sup [[Vo;(t)[loc < oo (7 =1,2). (32)
t>0
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Thanks to 47s9s0; = A\;V; — U and s = 7|z|?, we have that

- 1
|ij(t,a;)| = 27T|$H(95Uj(t, S)| = 27\/75‘[](@8) — )\jV](t,s)\ (33)

By Holder’s inequality we observe that for 0 < A < 1,

s 0o 12
0<V;(ts =/ oi(t,0)do < s / 9i(t, o) N do
9= [ wttords ([ o) ) -
= sM|vj ()]l /a-x) < CN)||uoll18™.

Here we used |[v;(t)[l1/(1—x) < C(AN)[|uol[1 (¢ > 0) by (17). Since 0 < Vj(t,s) <
Cllugll1+/s by (34) for A = 1/2, we have the following lemma by virtue of (33).

LEMMA 4.2. If there exist so > 0 and C' > 0 such that
Ut,s) <Cys (t>0,0<s<sg),

then (32) is satisfied. Hence, sup,~ ||(u(t),v1(t), v2(%))]|c0 < 00.

Proof of Theorem 1.2. By (29) and 9;U > 0,
0U < 4ms02U + BUOU + BaXaVadsU,

where 8 = 31 — B2 > 0. As Va(t,s) < C(\)|Jug||1s™ for 0 < X\ < 1 by (34),

putting B(A) = S2A2C(N)]|ugl|1, we have that
U < 4nsd*U + BUOU + B(\)s* U, t >0, s> 0.
In what follows, for simplicity we put
Ng = dns02g+ Bgdsg + B(N)s*0sg, (35)
where 0 < A < 1. We then get the following:
U <NU, t>0, s>0,
U(t,0) =0, U(t,00) = ||ugllr, t>0,
U(0,s) =Uy(s), s=>0.
For b > 0 and v > 0, we define W ,(s) by

8T s
1% = —
b,v(s) N s+0

(s >0).
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The function satisfies

AW, . AW,

ams ds? T Woq ds

=0 (s>0). (36)
As Bllug|l1 < 87 by assumption (5), we can choose vy and A in (35) such that

8 . 8 1 B

<l cmn{ ) (L) aacn
B Blluollx 2 /vy

and as a comparison function we take

W(s) = Wi (") (s> 0).

Take b > 0 so small that

/2 _ _
S0 1= ( ’7||u0”1b ) <1, )"Y /8 . 8m ’YHUO‘Il > B()\) (37)

81 — lluollx Y b

Here we used [Juo|l1 < 87/y = Wy 4(00) and Ay > (. Since Wy, ,(s) is decreas-
ing in b and converges to 87/ as b — +0 for each s > 0 and Wy _(0) = 87/(7b)
where ' = d/ds, we can shorten b such that

Uo(s) < ||luolloos < Wy 4(s) for 0<s < sp.
By W (so) = Wy, (s3) = |luoll1, it is apparent that
Ul(t, s0) < |luollh = W(sg) for t>0.

As W), (s) is increasing in s and 0 < s < s* for 0 < s < s9(< 1), we observe
that for 0 < s < sg,

Uo(s) < Wiy~ (8) < Wy (s) = W(s).

Since
dw _ de dQWb Yy de
LIS PP eS| Y (A AN i
P el GO R e dr P T gs
we have
W 2. A—2 ,\d2Wb,7 A A—deb,v A
A2 dW, dW,
= LS W (1) T (5Y) = A1 = ) TR ()
Ny . dW _dw
=——s W—m  —(1-=-X\ —_
47r8 ds ( )s ds’
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and
2w AW AW
B dw dw AW
B aw 8r 1 dw
= (1= s ° {0\7 2 v s +b ()\)} ds

Let 0 < s < sg, where sq is given by (37). As Ay > 3, we observe that

1
A+ b

1
—— — B(\
sy +0b »
_ M =8 87 —lluols

¥ b

8 8
(M—B)7 B(A) > (M—ﬁ)7

- B
> 0.
Hence, NTW < 0 (0 < s < s¢) because of dW/ds > 0. Therefore,

HU <NU, NW <0 ({t>0,0<s<sp),
U(t,0)=W(0)=0, U(t,sg) <Wi(so) (t>0),
U(0,s) = Up(s) <W(s) (0<s<sp).

Then, the comparison principle ensures that

0]
>

™S

U(t,s) <W(s) < 7? (t>0, 0<s<sp).

Therefore, as 1/2 < A < 1, we establish Theorem 1.2 thanks to Lemma 4.2.

Proof of Theorem 1.3. Let U(t,s) and V(t,s) (j = 1,2) be the functions de-
fined by (28). We claim that

Vi(t,s) > Va(t,s) (>0, s>0).
In fact, as v; > 0 (j = 1,2) and Ay < Ag, by the equations for v; (j = 1,2),
—A(Ul — ”Ug) + )\1(’01 — 1]2) = (/\2 — )\1)112 >0 in R?.

By the maximum principle, we have v; > vo on R2. Thus V; > V5.
By Lemma 4.1,

U — 4ms02U — BUOU = (BaraVa — B1 A1 V1)0,U,
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where 8 = 31 — B2. It follows from V; > V5 and 1A\ > Ba)g that
BaAaVa — Bid Vi = Bada(Vo — V1) + (B2 A2 — B1 A1)V < 0.
Hence, as 9;U > 0, we have
U — 4ms0?U — BUIU <0 (t >0, 5> 0).

We note that assumption (7) is equivalent to

lim inf (s / o da) >0, (38)
§—00 s

where g is defined by ug(x) = ig(s), s = w|z|[%. As in the proof of [23,
Lemma 3.1.(ii)], by assumption (6) and (38) we can choose b > 0 such that

8T s

U(07s):/0( todo < Wy 5(s) = i (s >0).

Since U(t,0) = Wy, 5(0) =0, U(t,00) = Wp, g(00) = 8/ (t > 0) and

dQWb 8 AWy 8
4 2 2 =
TS T BWh. 3 Is 0 (s>0)
by (36), the comparison principle ensures that
8T s
Ult,s) < W, = — t>0, s>0).
(t.5) < Wipls) = S5 (£>0.520)
Therefore, Theorem 1.3 is established by Lemma 4.2. O
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