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1. Introduction

Let A be the class of analytic functions f(z) of the form
2) :z—i—Zakzk (1)
k=2

in the open unit disc U = {z : |2| < 1} and normalized by f(0) = f/(0)—1=0.
The Lipschitz- Lerch zeta function is a series characterized as follows

Qkﬂzm

(oo}
amszg , s,x,a € C,
(a ks
im0 @

with conditions 1 —a ¢ N and & > 0. The series converges Vs € C if x > 0 and
represents an entire function of s. The series converges absolutely for $(s) > 1
if = 0. Lerch [23] and Lipschitz [26] studied this type of function with
regard to Dirichlet’s well known theorem on primes in arithmetic progression.
The Lipschitz-Lerch zeta function reduces to the meromorphic Hurwitz zeta
function ((s,a) if = € Z with one single pole at s = 1 [37, Section 2, 3 Eq(2)].
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By using a different notation for the Lipschitz-Lerch zeta function, Bateman
gave the following function [3]:

(z,8,a) Z —&—k‘s’

=
a€C\Zy;seC when |z] <1; R(s) >1 when |z| =1). (2)

The equation (2) is connected to Lipschitz-Lerch zeta function by the rela-
tion ®(e?*™* s a) = R(a,r,s) and called later Hurwitz-Lerch zeta function.

Also, the Riemann zeta function ((s), the Hurwitz (or generalized) zeta
function ((s,a) and the Lerch zeta function ¢4(¢) are defined respectively as
follows (see, for details, [3, Chapter 1] and [37, Chapter 2]):

=) ni O(1,5,1) =C(s,1),  (R(s) > 1),
n=1
A |
((s,a) =Y ————=®(L,5,a), (R(s)>1;aeC\Zy),
T;) (n+a) 0

& nmil
and £5(8) = Z (224—1)5 =o(e¥ 5, 1),  (R(s) > 1;€ €R).

n=0

In addition, an important function of Analytic Number Theory such as the
Polylogarithmic function (or de Jonquiére’s function) Lis(2) is given by:

o= 2"
Lis(z g n— (2,8,1),
(s € C when |z| < 1; R(s) > 1 when |z| =1).

It is known that the Hurwitz-Lerch zeta function ®(z,s,a) in (2) can be
written as

1 0 t8 167at
P = dt
(2,5,a) I'(s) /0 1—ze?

(R(a) > 0; R(s) > 0 when |z] <1 (z#1); R(s) >1 when z=1). (3)

Besides, since

00 k—1

D rm)=>2> flkn+j), (keN),

n=0 7=0n=0
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we have
k—1 ati\
D(z,8,a) =k™° Z‘I) (zk,s, k‘j> 2, (k € N). (4)
=0

By combining (3) and (4), immediately we have:

k-1 ,
P 00 ts—le—(a—i-j)t
D(z,s,a) :ZF(S) / Ty dt
§=0 0

(k e N; R(a) > 0; R(s) > 0 when |z| < 1(z #1); R(s) > 1 when z=1). (5)

The above equation is mainly prompted by the sum-integral representa-
tion in which the authors introduce an analogous investigation of the following
general family of the Hurwitz-Lerch zeta function by using (i),n and (v)en
(see [24]):

oo

N . (N’)P" z"
<I>lf7y )(z,s,a) = Z

n=0 (V)on (n—l—a)s’
(n€eC;a,veC\Zy; p,oc €RT; p<o when s,z €C;
p=ocand s € C when |z| <1:p=0and R(s — p+v) > 1 when |z| = 1).

Here, and for the remainder of this paper, (), denotes the Pochhammer
symbol defined in terms of Gamma function, by

_T(y+k)  Jy(y+1)..(v+n—-1) (k=neN;ve€C)
('V)k'— =

I'(v) 1 (k= 0; v € C\{0}).
We then have

O (2,5,a) = @) (2,5,a) = B(2,5,0)

v,V v

and
n

(1,1) . L - (Wn 2
Di (2r9,0) = @z0,0) = 3T L

(6)

n=0
Recently, Goyal and Laddha ([14], p. 100, Eq. (1.5)) studied the generalized
Hurwitz-Lerch zeta function ®7,(z, s, a) given by (6).
For functions f € A given by (1) and g € A (g9(2) =2+ >, by2™), the
Hadamard product (or convolution) of f and g can be defined by

(f*g)zz—i—Zanbnz", zeU.
n=2
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The Hurwitz-Lerch zeta function ®(z, s, a) given in (3) was recently studied
by Choi and Srivastava [8], Ferreira and Lopez [12], Garg et al. [13], Lin et
al.[25], Srivastava and Attiya [36], Lin and Srivastava et al [38] and others

(see [4, 5, 6, 7]).
Now,
Joa: A— A,
Jsaf(2) =Geax f(2), (2€U;acC\{Z};5€C; feA) (7)
where, for convenience
Gs,a(2) = (14 a)°[®(2,s,a) —a™ "] (z€U). (8)

Successfully, by utilizing (1), (7) and (8), we can obtain

J f(z)—z—ki(lJra)sazn
s,a - n .
s n+a

Also let S*(«) be classes of starlike functions and K(«) classes of convex
functions of order o, 0 < @ < 1. In 1975, Silverman [33] proved that f(z) €
S* () if the following condition is satisfied:

2f'(2)
78 1’<1 a, (z€U). (9)
Geometrical importance of inequality (9) is that zf/(z)/f(z) maps U onto
the inside of the circle with radius 1 — o and center at 1.
We can define S,(«) (classes of starlike functions of reciprocal order «)
and K, (a) (classes of convex functions of reciprocal order a), 0 < a < 1,
individually by

Si(ar) = {f(z) €A: %z‘égz) >aq, (z€ U)},
K. (a) = {f(z) GA:?RZJCN(Z(% > a, (zEU)}.

In 2008, Nunokawa and his coauthors [29] enhanced inequality (9) for the
class S,() and they showed that f(z) € S.(a), 0 < a < 1, if and only if next
inequality holds:

1

zf'(z) 1
f(z) 2«

In perspective of these outcomes, we now characterize the accompanying
subclass of analytic functions of reciprocal order and study its different prop-
erties.
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DEFINITION 1.1. A function f € A is said to be in the class L(a,s,vy) with
7€ C\{0,3} and a € C\ Zy, s € C, if it satisfies the following inequality

1 [ Jsaf(2)
w(oes (G205 -1) e
where Js o f(2) = G5 4(2) * f(2).

EXAMPLE 1.2: Let us define the function Js o f(%) by

z
Jsaf(2) = 1+ @2y D)2/
This implies that
2afz) 11—z
Joaf(z) 14 @2y—1)2
Hence

this further implies that

1 Jsaf(2) )): 1+ 2
%(1+7(2J;7af(z) 1 %172>0, (z€U).

Noonan and Thomas [28] considered the gth Hankel determinant H,(n),
q>1,n>1 for a function f € A as

Qn An+1 - Gpig-—1
an+1 e ... e
Hy(n) =1 """ U ap = 1.
an+q71 DR .. an+2q72

In the literature, many authors have shed light on the determinant Hy(n),
where Hy(2) refer to the second Hankel determinant. After that Janteng et
al. ([16, 17]), Singh and Singh [35], and many authors have studied sharp
upper bounds on H(2). Yavuz [39] studied the analytic functions defined by
Ruscheweyh derivative and got an upper bound for the second Hankel determi-
nant |agas —as?| for it in the unit disc. Mishra and Kund [22] studied a class of
analytic functions related to the Carlson-Shaffer operator in the unit disc and
estimated the second Hankel determinant for this class. Singh and Mehrok [34]
investigated p-valent a-convex functions of the form f(z) = 2P + 322 | ax2"
in the unit disc and got the sharp upper bound of |a,1a,43 — a2, ,| for f(z).
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Deniz et al. [10] researched bi-starlike and bi-convex functions of order 3 which
are important subclasses of bi-univalent functions and obtained for the sec-
ond Hankel determinant Hs(2) of these subclasses. Deekonda and Thoutreddy
in [9] by using Toeplitz determinants concentrated on the functions belong-
ing to certain subclasses of analytic functions, and obtained an upper bound
on the second Hankel determinant |asas — as?| for this class. Krishna and
Ramreddy [21] by using Toeplitz determinants, considered p-valent starlike
and convex functions of order o and obtained an upper bound on the second
Hankel determinant |a,q 10,43 — a2, ,]. We refer to Hs(1) as the third Hankel
determinant. In 2014 Arif et al. [2] studied some families of starlike and con-
vex functions of reciprocal order defined by Al-Oboudi operator and obtained
coefficient estimates, Fekete-Szegd inequality, and upper bound on third Han-
kel determinant for these families. Recently Mishra et al. [27] investigated
upper bounds on the third Hankel determinants for the starlike and convex
functions with respect to symmetric points in the open unit disc. Shanmugam
et al. [32] investigated the third Hankel determinant, Hs(1), for normalized
univalent functions f(2) = z + ag2? + ... belonging to the class of « starlike
functions. In 2015 Prajapat et al. [31] focused on the functions belonging to
the class of close-to-convex functions and obtained upper bound on third Han-
kel determinant for this class. Other examples defined on various classes can
be read in [1, 18, 19].

In this paper, the authors study the upper bound on H3(1) for a subclass
of analytic functions of reciprocal order by using Toeplitz determinant. Some
useful results include coefficient estimates, Fekete-Szeg6 inequality, and upper
bound of third Hankel determinant for the functions belonging to the class
L(a,s,7).

To achieve the results, we need the following lemmas:

LemMA 1.3 ([30]). If q(2) is a function with Rq(z) > 0 and is of the form
q(2) =1+ c1z+c2® + ..., (10)
then
len] <2, for m>1.

LEMMA 1.4 ([20]). If q(2) is of the form (10) with positive real part, then the
following sharp estimate holds:

’cz - 1/012‘ <2 max{l,|2v — 1|}, for all v eC.
LEMMA 1.5 ([15]). If q(2) is of the form (10) with positive real part, then

20 =12 + (4 — 1)z
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and

des =1 +2c1(4 —c1P)x —c1(4 — 1) +2(4 — ) (1 — |2)?)z,

for some x and z satisfy |x| <1, |z] <1 and ¢; € [0,2].

2. Some properties of the class L(a,s,7)

THEOREM 2.1. Let f(z) € L(a,s,v). Then

and for all n = 3,4,5, ...

2]y| 2|y |k
n S —S 1 7 4 .
|an] - " H + Py

- 1) (Tl+a> k=2

Proof. The function ¢(z) can be characterized as

) =1+3 (z}aj;(< SG )

where J; o f(2) is given by (7) with

1+a n
Tsaf(2 Z(Ha) :

and ¢(z) is analytic in U with ¢(0) = 1, Rq(z) > 0
Now, by using (1) and (10), we get

z—l—io:Akzk =1+~ (ickzk>
k=2 k=1

(z + Z k‘Akzk> ,
k=2

where

1+a\?®
A, = .
k <k+a> ak

Comparing coefficient of 2", we get

(1-n)A, = ’y{cn_l +2As¢h—2+ ...+ (n— l)An_lcl}.

19

(11)

(12)
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Using triangle inequality and Lemma 1.3, we obtain
(1= n)A,| < 2Py[{1+2|As| + .. + (n — 1)|4,1]}. (13)

For n =2 and n = 3 in (13), we can get the following easily

2| 0] < |’Y|(1+4|87|)
(1) (3:2)
2+a 3+a

Making n = 4 in (13), we note that

|az| <

2[7[(1 + 4[y[) (L + 3[v])
1+4+a s ’
3 (4+a)

In general, by using the principle of mathematical induction, we can obtain

las] <

n—1
29|

2k
|An] < (n_l)kl:[2<1+k_1).

Presently, using relation (11), we get the required result:

n—1
2|

2k
() (lj> ;Ez (1+ k11> .

n+a

lan| <

With 7y =1 — « and s = 0, we obtain the following result.
COROLLARY 2.2 ([14]). Let f(z) € Si(a). Then, for n =3,4,5,..., one has

21— a) o 2(1 - a)k
lan] < (nl)]};[z(1+ k-1 )
with az| < 2(1 — a).

If we make s =1 and 7 = 1 — «, we can get the following easily

COROLLARY 2.3 ([14]). Let f(z) € K.(«). Then, for n = 3,4,5, ..., one has

20—-a) 2(1 — a)k
lan| < —(n— ) (iii) kll <1 t— )
2(1—a)

with |as] < Sy
(%)
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THEOREM 2.4. If f(z) € L(a, s,vy) and is of the form (1). Then

las — pag? <~

= s
14a
(3+a)

maz{l,|2v — 1|},

where
1+a\’ 1 n
v =2y 5 — 55 | - (14)
3+a (m) (1+a>
3+a 2+a
Proof. Let f(z) € L(a,s,7). Then from (12) we have
—~e _
g = 2 157 asz = 7 5(02_27012)’
() (%)
24a 34a
We now consider
1+a\’ 1
|a3—Ma22|=¢s 02—27( ) e 8 2s cr’|.
2(1—’—7@) 3+a (H—a) <1+a)
3+a 3+a 2+a
Using Lemma 1.4, we obtain
. 2 el _
lag — pas®| < smax{l, |2v — 1|},
14+a
(52)
where v is given by (14). O

Putting =1, we get
COROLLARY 2.5. If f(z) € L(a,s,7). Then

THEOREM 2.6. Let f(z) € L(a, s,v) and be of the form (1). Then

2s 2s s s
1+a 1+a 1+a 1+a
o |E) mCs(Es) 2(3) (i) )
\a2a4 — as | <

— s 2s s
3 1+a 14+a 1+4+a
24a 3+a 4+a
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Proof. Let f(z) € L(a,s,7y). Then, from (12), we have

e _
as = 2l ., az = 775(02 — 2v¢1?)
(52) 2($2)
— 7
and a4 = 775 [03 — —~vycieo + 3’y2013} . (15)
3 (1-*-7&) 2
4+a
Consider
—yc — 7
|azas — az?| = s 5" i 5 [63 — -ycice + 372613]
(1+a> 3 (1+a) 2
24a 4+a

2
_ 7725(02 — 26, 2)?

1+a
1(32)
2 14 a\2s
mas—ai?| = |(—— ) (4(57,)
o) () ()
24+a 34+a 4+a
14 a\2s 14+a\s/1+a\s 14 a\2s
-0(1(5,) —o(a) () Jeer® #1202 ((510)
v 3+a 2+a 44 a ez + 12y 3+a
~(ra) ) et =s(a) () =)
2+a 4+a ! 2+a 4+a) )l

Now using values of ¢o and ¢z from Lemma 1.5, we obtain

et e (R GG
S () (2 - () ()
G ) et b ()’
D G ST (o) Yoo

) et 1 ((5e) () ) - enbu— e

) (e - ),




THIRD HANKEL DETERMINANT 23

Applying triangle inequality and replacing ¢; by ¢, |z| by p, and |z| by 1, we
get

| o (G +meGr)
(12(14—(13 X
14a) " (14a )’ 3+a 3+a

ESIDI

o) G ) e () + (65a) ()
D () e LG G

D () )+ )(HZ) Ja=ets
(55a) Z((iii) (4+a))<4—02>}<4—62>p2
C(iii) =)

OF (c, p) [y[? o [fa(Lraye o ((lray
2 ey G n0GE)
+o(ore) (150) ) +3(ar) () -

20 e )(iii)) 4=}ta- e

w32 )

._\
+

+
S | =
+_|__|_+

_l’_
o ©
qu
_|_+
o ©

[\
S

++
S

S
R
++
o

++

+ o+
—~ 9 alw

+
= F(c,p).

+
[\}

Since > 0 for p € [0,1] and ¢ € [0, 2], the maximize of F(c, p) will exist
at p = 1. Let F(c,1) = G(c), then

8F(c p)
dp

Gle) = Iy)? l+a 2s+7 71+a 2s

Oty (G G
+6(35) (a50) ) +12n ((éii) (o) ()
1 re) G e o Gr) meG )
+6(§1”)5(i+a) )+§’(2L) (i) Ja-oe

(e G )u-aja-a)



24 K.A. CHALLAB ET AL.

Now by differentiating with respect to ¢, we obtain

e 2 A (L0 (L)
(c) 1( ( ) 1+ll) [{(3—1—&) H( (3—|—a)

(k) () (e
o5 (ra) ) 1z ((iIZ) o) (52))
w1 ) Yo Gs) ()
+6(51) (s )) 3ot )(HZ) pse—4¢)
H{(Gra) e —3((50) () e},
i;rrllccee 8G(c)/dc > 0 for ¢ € [0,2], G(c) has a maximum value at ¢ = 2 and
lazay — as®| < ol

() () ()
falare) HhEGE) ) ()
rashi*((55) + (o) e ) +elere) (o)

O
THEOREM 2.7. Let f(z) € L(a,s,v) and be of the form (1). Then

) ) )
() () (L0 ) o)
(b ey L ()

Proof. From (15), we can write

|asaz — aq| <

_ lal
o) () Gy |
o) - G () )+ by

1550 () Do +2(5iy) (o)

|a2a3 — a4
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Using Lemma 1.5 for the values of ¢o and c3, we have

ol
o) () )
oo () GE) G
GG G G

) GED) (R G
65 @13)} e

N D

|agas — a

3G
2 e { (G
NV e er

)+

3+
a

Applying triangle inequality and then putting |z| = 1, |z| = p, and ¢; = ¢, we
have

asas — aq| <

D (ra) GE)
(ira) + (a5 )
#3(ara) o))
“)S”(iiZ)SGIZ)S)

1+a\s 9
4 —
) Y-

+v
»
/N
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Differentiating with respect to p, we get
OF(c,p) _ h
vooe() (m) ()
2+4a 3+a 4+a
|y] 1+ays l+a\s/1+a\s
x {{7(3(4+a) +7(3+a) (2+a) )
1+a 1+4+a 9
4—
Jr(3—1—@) (Z—I—a) }( c’)e
1+ays/1+a\s 9
4—
+{(3+a) (2—|—a) }c( )p
14+a\s/1+a\s
~2(57a) () ]
s a) \aga) A=)
Now since %;’p) > 0 for ¢ € [0,2] and p € [0,1], a maximum of F(c, p) will
exist at p =1 and let F'(¢,1) = G(c). Then

_l’_
| |( 1+ays 1+ays/1+a\s
506 ) )
+2 44+a + 2+a 3+a
1/1+a\s/1+a\%) 5
3 (57a) Je
2 3+a

66 G )
l1+a\s/14+a\s
+;(3ia> <21a) }(4702)6}'

Now by differentiating with respect to ¢, we obtain

G'(c) = ol
O (Y () ()’
<[lonr () + Gra) Gr2))
6 G
ABGEE) ) (
+3 G ()

))+a(r) o))
2+a) )

~3¢).
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Since 9G(c)/dc > 0 for ¢ € [0,2], G(c) has a maximum value at ¢ = 2, hence

&
3(322) (B2) ()
ot ((r) + G (55))
s2l(3(55a) () ) )

+2(55) (0 )

lasas — aq] <

THEOREM 2.8. Let f(z) € L(a, s,v) and be of the form (1). Then

1+ a\2s 1+a\2s 1+a 1+a
(500) +hesGr) +2G) )
X{ 57.) TR GE) 20 B
+a\2s 14+a\s/1+a\s 14+a\s/1+ay\s
48 3
+ h‘ (<3+a) +<4+a) (2+a) )+ (4+a) (2+a)}
AP (14 4y) (1 + 3]))
s s 2s
o(b12) () (332)
1+ays 14+a\s/14+a\*
2P () + Gra) (5ra))
X{ ol 4+a + 3+a 2+4+a
y |<3(1+a)5+7(1+a)8(1+a)5)+(1+a)8<1+a)5}
v 44+ a 3+a 2+a 3+a 2+a
Y12 (2917 + 92|v[* + 96|v[* + 3)

6 14+a s 14+a 5
5+a 3+a

Proof. Since

|H3(1)| < |as|lazas — as®| + |ag||azas — aras| + |as||laz — a2?|,
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using Corollary 2.5, Theorem 2.6, Theorems 2.7 and a5, we have

MA+4]) y[?
(m)s 5 (HJ)S (14-7(1)28 (HJ)S
3+a 2+a 3+a 4+a

<o) i) a6 ()

|H3(1)| <

() () Ge) ) v

2\7I(1 +ApNA+31) ol _
3(ke) s(x2) (32) (82)

<[ () + (3570 (52))

r2l((i) () ) ) 2 |

2hI( I+ ZhP 32 +1)
X

(=) (1)
(1+ 4y ) of?

3(5e) (3e) " (2

() hl((a) () (G2) )

Finally, we have

|H3(1)| <

rashi*((55) "+ (55) (0 ) o)
(

421+ 4y (@ + 3]vD)
(i) () ()
44-a 2+a 3+a
1+a\s l1+aNs/14+a\s
2P () + () Gra))
X[ ) e B
1+a\s l1+a\s/1+a\s 1+a\s
) 1) Gra) )+ () (
+h|( 4+a + 2+a 3+a + 2+a
712 (29171 + 92112 + 96|12 + 3)

6(1x) (k)

This completes the proof.

1+a
3+a

l1+a
3+a

14+a
2+a

1+a
24+a

)]

)]

)]

)]
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