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1. Introduction

A Riemannian manifold (M™, g),n > 2, is said to be an Einstein manifold if
its Ricci tensor S satisfies the condition S = =g, where r denotes the scalar
curvature of M. M. C. Chaki and R. K. Maity introduced the notion of quasi-
Einstein manifold in [2]. A non-flat Riemannian manifold (M, g), n > 2, is
said to be a quasi-Einstein manifold if the condition

S(X,Y) = ag(X,Y) + An(X)n(Y),

is fulfilled on M, where a and 3 are scalars of which 8 # 0 and 7 is a non-zero
1-form such that g(X,U) = n(X), for all vector field X and U, a unit vector
field.

Let (B,gp) and (F,gr) be two Riemannian manifolds and f > 0 be a
differential function on B. Consider the product manifold B x F with its
projections m : B X F — B and ¢ : B x F — F. The warped prod-
uct B x; F'is the manifold B x F' with the Riemannian structure such that
[| X2 = || (X)||> + f2(7(p))||o*(X)]|?, for any vector field X on M. Thus we
have that gas = g + f?gr holds on M. Here B is called the base of M and F
is called the fiber. The function f is called the warping function of the warped
product [7]. The concept of warped product was first introduced by Bishop
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and O’Neill [1] to construct examples of Riemannian manifolds with negative
curvature.

Now, we can generalize warped products to multiply warped products. A
multiply warped product is the product manifold M = B Xy, F} Xp, Fa... X3, Fry
with the metric g = gp ® b3gr, @ b3gr, ® b3gr,.... ® b2,gF, , where for each
1€{1,2,...m}, b; : B — (0,00) is smooth and (F}, gr,) is a pseudo-Riemannian
manifold. In particular, when B = (c,d), the metric gg = —dt? is negative
and (Fj, gr,) is a Riemannian manifold. We call M the multiply generalized

Robertson-Walker spacetime.

A multiply twisted product (M, g) is a product manifold of the form M =
B xp, Fy Xp, Fa... Xp,, F, with the metric ¢ = gp @ b%gp1 EBb%gF2 ® b?))gpa.... @
b2 gF,, , where for each i € {1,2,..m}, b; : B x F; — (0,00) is smooth.

In 1924, Friedmann and Schouten introduced the notion of a semi-sym-
metric linear connection on a differentiable manifold [3]. The definition of
metric connection with torsion on a Riemannian manifold, was given by Hay-
den (1932) in [5]. In 1970, K. Yano [10] considered a semi-symmetric metric
connection and studied some of its properties. Then in 1975, Golab [4] intro-
duced the definition of a quarter-symmetric linear connection on a differentiable
manifold, which is a generalization of semi-symmetric connection. Later in [8],
Q. Qu and Y. Wang generalized the results to warped product and multiply
warped product with a quarter-symmetric connection.

In this paper we consider multiply warped products as quasi-Einstein man-
ifolds endowed with a quarter-symmetric connection. In section 2 and 3, we
discuss some preliminary concepts and results which are useful for proving
our main results in the next sections 4 and 5. In Theorem 4.1, we obtain a
necessary and sufficient condition for the warped product manifold to be a
quasi-Einstein manifold with respect to a quarter-symmetric connection. Then
in Theorem 4.2, under some assumptions on base and fiber we study quasi-
Einstein manifold with respect to a quarter-symmetric connection. Next in
Theorem 4.3, we establish that if (M, g) admits a metric for Robertson-Walker
spacetime then it is a quasi-Einstein manifold with respect to the above men-
tioned connection under certain conditions. Then in Theorem 4.5, we charac-
terize the warping function for a warped product space (M, g) with a quarter-
symmetric connection. Later in Theorem 4.5, we show that for quasi-Einstein
warped product with respect to a quarter-symmetric connection the complete
connected (7 — 1)-dimensional base is isometric to a (7 — 1)-dimensional sphere.
In the last section, we study special multiply warped product manifold with
respect to a quarter-symmetric connection.
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2. Preliminaries

Let (M™,g) be a Riemannian manifold with the Levi-Civita connection V. A
linear connection V on (M™, g) is said to be a quarter-symmetric connection if
its torsion tensor T' with respect to the connection V defined by

T(X,Y)=VxY —VyX — [X,Y],
satisfies
T(X,Y) =w(Y)pX — w(X)eY,

where w is a 1-form on M™ with the associated vector field P defined by
w(X) = g(X, P), for all vector field X, and ¢ is a (1,1) tensor field.

A quarter-symmetric connection V is called a quarter-symmetric metric
connection if ?g = 0.V is called a quarter-symmetric non-metric connection
if Vg # 0.

The relation between a quarter-symmetric connection V and the Levi-Civita
connection V of M™ is given by [9]

VxY = VxY + Mw(Y)X — Mg(X,Y)P, (1)

where g(X, P) = w(X) and A; # 0, A2 # 0 are scalar functions.
We can easily see that:

when A\ = Ao = 1, V is a semi-symmetric metric connection,
when A1 = Ao # 1, V is a quarter-symmetric metric connection,
when A1 # Ay, V is a quarter-symmetric non-metric connection.

Further, a relation between the curvature tensors R and R of type (1,3) of the
connections V and V respectively is given by [9],

v

R(X,Y)Z = R(X,Y)Z +Mg(Z,VxP)Y — X\og(Z,VyP)X,
+ A2 [Q(Xv Z)VyP —g(Y, Z)VXP] + A1 Aaw(P) [g(Xv 2)Y —g(Y, Z)X]
+ A3 [9(Y, 2)w(X) — g(X, Z)w(Y)]| P + Nw(2) [w(Y)X —w(X)Y], (2)

for vector fields X,Y, Z on M.
3. Warped Product Manifolds with Quarter-Symmetric
Connection

In this section we consider the following propositions from Propositions 3.5,
3.6, 3.7 and 3.8 of [8], which will be helpful to prove our main results of next
section.
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PROPOSITION 3.1. Let M = B X7 F be a warped product. Let S and S denote
the Ricci tensors of M with respect to the Levi-Civita connection and a quarter-
symmetric connection respectively. Let dimB = ny, dimF = ny, dimM =n =
ny+ne. If X, Y € x(B), V,W € x(F) and P € x(B), then

(i) S(X,Y)=8B(X,Y)+n;,
Ag(¥, Vi P) = Muw(X)w(¥)],

f
[Z2E 0 B g(X, V) + A daw(P)g(X, V) +

(i) S(X,V) = 5(V,X) =0,

(iii) S(V.W) = ST(V,W) + {AadivpP + (ny — )22 1 (7 — 1)A 0, —

M]w(P) + [(7 — 1)A1 + (ne — 1)As] % + Aff }g(V, W), where divg P =

ny
Z5k<kaP7 Ey) and Ey, 1 <k < ny, is an orthonormal basis of B with
k=1

er = g(Ex, Ey).

PROPOSITION 3.2. Let M = B x; F' be a warped product, dimB = n,, dimF =
ng, dimM =n =n; +nq. If XY € x(B), VW € x(F) and P € x(F), then

S f
(i) S(X,Y) = SE(X,Y) + [(R — DA — A3Jw(P)g(X,Y) JrnQHB(;(,Y) N
A2g(X,Y)divp P,

(ii) S(X,V) = [(7i— D)\ — Ao]w(V)

Xf
f b
(iii) $(V.X) = [A — (1~ DA ]w(V) L
(iv) SV, W) = S (VW) +g(V, W) { (na—1) 225 dle 1 200 4 [(a—1)20 00—
A]w(P) + Agdiva} + [ = DA = X]g(W, Vv P) + [A3 + (1 —
) Aw(V)w(W).

By Proposition 3.1 and Proposition 3.2 and by the definition of the scalar
curvature, we have the following propositions.

PROPOSITION 3.3. Let M = B Xy F' be a warped product, dimB = ny, dimF =
ng, dimM =7 = ny + ny. If P € x(B), then

E dp f|? P A
fM = %B =+ % —‘r’flg(’flg — 1)|‘g7quBf|B —|—n2(ﬁ— 1)(/\1 +)\2)7f + 2n9 ‘?f

+ [712(’71 +ny — 1))\1)\2 — ’I’Lg()\% + )\%)]O)(P) + 77,2(/\1 + )\Q)diUBP.
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PROPOSITION 3.4. Let M = B Xy F' be a warped product, dimB = ny, dimF =
ng, dimM =7 = ny + no. If P € x(F), then

F

M TB+%+(ﬁ—1)(A1+A2)dwFP+[ﬁ(ﬁ—1)A1A2+(1—h)(A?+A§)lw(P)
+n2(ng — 1) |graj123f|23 + 2”2%~

4. Generalized Robertson-Walker Spacetime with a
Quarter-Symmetric Connection

In this section we consider a quasi-Einstein warped product manifold with
respect to a quarter-symmetric connection. We prove the following theorem.

THEOREM 4.1. Let (M, g) be a warped product Ix ;F where I is an open interval
in R, diml =1 and dimF = n— 1, i > 3. Then (M,g) is a quasi-Einstein
manifold with respect to a quarter-symmetric connection if and only if F is a
quasi- Finstein manifold for P = % with respect to the Levi-Civita connection
or the warping function f is a constant on I for P € x(F), Ay # (7 — 1)A1.

Proof. Assume that P € y(B) and let g; be the metric on I. Taking f = e?
and using the Proposition 3.1, we get

(9 9y _ N[t L 1\ 2 9 9
S(at’at)_(l n) [2(1 70— ged M =N 505 ) (3)

S (aat,v) =0, (4)

n—1

(@) + 5[ = A1 + (2= 2)A2ld’

S(V,W) =SF(V,W) + e [

A+ 5d + (- n)M)Q] gr(V, W), (5)

for vector fields V, W on F.
Since M is a quasi-Einstein manifold with respect to a quarter-symmetric
connection, we have

(9 0Ny (2. 9N Lpy (2, (2
A A ) "o )"\ ot )

v

S(V,W) = ag(V,W) + Bn(V)n(W).

and
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Then the last two equations reduce to

(0 0 o 0 0 0
S (&, 875) = agr (&, 875) + Bn <8t> Ui (81&) ) (6)

v

S(V,W) = aege(V,W) + Bn(V)n(W). (7)

and

Decomposing the vector field U uniquely into its components U; and Ur on
I and F, respectively, we have U = U; + Ugr. Since dimlI = 1, we can take
U = U% which gives U = U% + Ug, where v is a function on M. Thus, we

can write 5 5
(7)o () = )

Using equations (3) and (5), equations (6), (7) reduce to

< (0 0 5
S(at76t)_a+ﬁv7 (9)
and y
S(V,W) = aelgr(V,W) + Bn(V)n(W). (10)
Comparing the right hand sides of (3) and (9), we get
/
a+6v2(1ﬁ)[;q”+i/ 7A27q+)\1)\27/\% : (11)

Similarly, comparing the right hand sides of (5) and (10), we obtain

1—n
4

(@) — S[(A— D + (1 — 2)hald’

SF(V,W):eq[a—l— 5

1
SN g+ (1= DA g V) 4 B0V, 12
which gives that F' is a quasi-Einstein manifold with respect to the Levi-Civita
connection for P € x(B).

Taking P € x(F) and by the use of Proposition 3.2, we get

S (;,V> _Z (R —1)A1 — Ag]w(V) (13)
and ) 5 / 7
S <V7 at) =5 [Pe— (= DM]w(V), (14)

for any vector field V' € x(F).
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Since M is a quasi-Einstein manifold, we have

S (;71/) =3 (V, zft) =ag (V, ;) + Bn(V)n (;) . (15)

Now ¢(V, %) =0as % € x(B) and V € x(F).
Hence, from the last equation, we get

s(gv)=5(vig)=sm(5). (16)

Therefore, we have

s (55) = S 1= 12 = rglurv), (17)
50 (57) = 5 e = (1= DAJw(v), (18)

From equations (17) and (18), we get

when Ay — (i—1)A; # 0. It follows that ¢ is a constant on I. Then f is constant
on I. This completes the proof. U

Now, we consider the warped product M = B x; I with dimB = n — 1,
dim/l =1, 17 > 3. Under this assumption, we obtain the following theorem.

THEOREM 4.2. Let (M, g) be a warped product B x ¢ I, where diml =1 and
dimB=n—1,n >3, then

i) if (M, g) is a quasi-Einstein manifold with respect to a quarter-symmetric
connection, P € x(B) is parallel on B with respect to the Levi-Civita
connection on B and f is a constant on B, then,

o = [(’/_l — 1))\1/\2 — Ag)]w(P)

it) If (M, g) is a quasi-Einstein manifold with respect to a quarter-symmetric
connection for P € x(I), and Ay # (0 — 1)A1 then f is a constant on B.

iii) If f is a constant on B and B is a quasi-Einstein manifold with respect
to the Levi-Civita connection for P € x(I), then M is a quasi-Einstein
manifold with respect to a quarter-symmetric connection.
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Proof. Assume that (M, g) is a quasi-Einstein manifold with respect to a quar-
ter-symmetric connection. Then we write

9

S(X,Y) = ag(X,Y) + Bn(X)n(Y). (19)

Decomposing the vector field U uniquely into its components Ug and Uy on B
and I, respectively, we have

U=Up+U;. (20)

Since dimlI = 1, we can take Uy = U% which gives U = Ug + v%, where v is
a function on M. From (19), (20) and Proposition 3.1, we have

H(X,Y)
f

9(X,Y) + MAaw(P)g(X,Y) + Aig(Y, Vx P) — )\%W(X)w(Y):| . (21)

SB(X,Y) = agn(X.Y) + Bgs(X, Un)gs(Y. Us) — [

Lid)
f

By contraction over X and Y, we get

+A2

7B = Oé(ﬁ — 1) + Bgs(Up,Up) — % + )\Q(ﬁ — I)PTf
n—1
+[(m =DM = Aw(P) + A1 Y g(e:, Ve, P)| . (22)
i=1
Also from (19), we have
M = an+ Bgp(Up, Up). (23)

Now, putting the value of (23) in (22), we get

On the other hand, from Proposition 3.3, we get

M =P+ (- 1)\ + A2)P—f LR8BS
f f
1
+ [2(7 = DA = AT+ A)]w(P) + (A1 + A2) Y 9(Ve, Pey).

i=1



MULTIPLY WARPED PRODUCTS 595

Then from the above two relations, we get

n—1
a+ % + Xo(71 — 1)P7f + [ = DA = A]w(P) + A1 Y glei, Ve, P)
1=1
= —1)(\ + AQ)PTf + 2% + [2(R = DA A2 — (AT + A3)]w(P)

1
+ ()\1 + )\2) g(VeiP, ei).

i=1

Since P € x(B) is parallel and f is a constant on B, then we get
a=[(n— 1A A — M]w(P).

i1) Let P € x(I). By the use of Proposition 3.2, we get

S(X,P)=[(A— 1)\ — AQ]w(P)XTf, (25)
and x
S(P.X) = [ — (7 1)A1]w(P)7f. (26)

Since M is a quasi-Einstein manifold, we have
S(X,P) = S(P,X) = ag(P, X) + fn(P)n(X).

Again, we have g(P, X) =0 for X € x(B) and P € x(I).
Hence, we have
X[f=0,

where Ay # (7 — 1)A\;. This implies that f is a constant on B.
i74) Assume that B is a quasi-Einstein manifold with respect to the Levi-
Civita connection. Then we have

SP(X,Y) = ag(X,Y) + Bn(X)n(Y), (27)

for vector fields X,Y tangent to B.
From Proposition 3.2, we get

SM(X,Y) = SPOXY) + [ - Dawda — RJw(P)g(X.¥) 1+ 1L EBY)

)

for any vector field P € x(I). Since f is a constant, Hf(X,Y) = 0 for all
X,Y € x(B).
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The above equation reduces to
$M(X,Y) = SP(X,Y) + [(0— DAde — Mw(P)g(X, V). (28)

Using the value of (27) in (28), we get
SMY) = {at [( = 1A — A%}W(P)}Q(X, Y) 4 An(X)n(Y),  (29)

which shows that M is a quasi-Einstein manifold with respect to a quarter-
symmetric connection. O

Next, we study M = I x ; F with metric —dt®>+ f(t)?gr, where I is an open
interval in R, and we prove the following theorem.

THEOREM 4.3. Let (M, g) be a warped product I X F with the metric tensor
—dt?> + f(t)%gr, P = %,dimF = 1. Then (M,g) is a quasi-Einstein mani-
fold with respect to a quarter-symmetric connection V with constant associated
scalars v and B if and only if the following conditions are satisfied:

i) (F,gr) is a quasi-Finstein manifold with scalar ap, Br;
i) —1 (AQfT' L4 - )\1/\2) = —a+v2B;

iii)) ap — ff" — (1 — l)f’2 + ()\% — I\ —a)f?+ [l/\l + (- 1)/\2]ff’ =0
and = Br.

Proof. By Proposition 3.1, we have

o a 8 ! " 5
$(grvar) =1 (= T - aa).

v 5 0
s(27)-5(v.2) o

S, W) = STV, W)+ ge(V,w){ = "~ 1= 1"

F O3 =) 2+ [+ (- 1)>\2]ff’}.

Since M is a quasi-Einstein manifold, we have

v

S(X,Y) = ag(X,Y) + An(X)n(Y).

(2 9Ny (2 9Y 5,(2 9
atror) ~ Y9\ a0 o "o )"\ o)

Now,
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We can decompose the vector field U uniquely into its components Uy and Up
on I and F, respectively. Then we have U = Uy + Up. Since diml = 1, we can
take Uy = U% which gives U = U% + Up, where v is a function on M. Thus,

we can write 5 9
n (815) =9 (U> 6t> =v. (30)

!/ 1"
-1 <)\2f -7 + 22— )\1>\2) = —a+0v28.

Again, S(V, W) = ag(V,W) + Bn(V)n(W).
Also, we have

Therefore, we get

72

SV, W) = STV, W) + gr(V,W){ = £ = 1= 1)f
+ (3 = D) f2 4 [ + (1= e £
From the above two equations, we get

2

STWV.W) = {££7+ 1= D" = (0 = Aide = a)f?
= [+ = D F Fgr (V. W) + Bn(V ) (W).

Hence, (F, gr) is a quasi-Einstein manifold.
Also, we have

72

SV, W) =SV, W) +gr(V,W){ = £1" = (1= 1)
+ (3 = ) f2 4 [ + (1= D] £
After some calculations, we show that
ap = ff7 = (= Df" + (3 =ik —a)f2 + [ + (1= D] £ =0
and 8 = Br. Thus, the proof is completed. O

Putting dimF =1 in Theorem 4.3, we get the following corollary.

COROLLARY 4.4. Let (M, g) be a warped product I x y F with the metric tensor
—dt? + f(t)%gr, P = %,dimF = 1. Then (M, g) is a quasi-Finstein manifold
with respect to a quarter-symmetric connection if and only if

"= 2af + [(a—v2B) — (AT — MA)]f = 0.
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By using Corollary 4.4 and elementary methods for ordinary differential
equations, we obtain the following theorem.

THEOREM 4.5. Let (M, g) be a warped product I xy F with the metric tensor
—dt? + f(t)?gr, P = %,dimF = 1. Then (M, g) is a quasi-Finstein manifold
with respect to a quarter-symmetric connection if and only if

i) a—vB < (\— %)

(231 —22)2—4(a—v2p) )
5 t

()\2—\/(2A1—>\2)2—4(a—v2ﬁ))t
2
+ coe 5

ft) = cle(Az+

A

i) a—vPB =\ - %)% f(t) = cre(F) 4 cote F)T,

A

iii) a—v2p > ()\1_%)2’ Ft) = C1€<72)tcl cos \/4(‘3‘U23)2(2>\1>\2)2> t)+
coe( )t sin <(\/4(“_“25)2—(2/\1—/\2)2> t)'

COROLLARY 4.6. Let (M, g) be a warped product I X ; F' with the metric tensor
—dt? + f(t)%gp, P = %,dimF =1, and Ay = 2\;. Then (M,g) is a quasi-
Finstein manifold with respect to a quarter-symmetric connection if and only

if

i) a— 026 <0, f(t) = creMTVTETR)E (i)
i) a —v?B =0, f(t) = creM! 4 cate?,

i) a—v2B >0, f(t) = cre*t cos (( anQﬂ)t) +eoeMtsin (( afquB)t) )

)

Next, the following theorem shows when the base of a quasi-Einstein warped
product manifold is isometric to a sphere of a particular radius.

THEOREM 4.7. Let (M, g) be a warped product B x s I of a complete connected

(7 — 1)-dimensional Riemannian manifold B where i > 3 and one-dimensional

Riemannian manifold I. If (M, g) is a quasi-Finstein manifold with constant

associated scalars « and B, U € x(M) with respect to a quarter-symmetric

connection, P € x(B) and the Hessian of f is proportional to the metric tensor
then (B ' n—1)-di ional sph di =l

9B, then (B, gp) is a (0 — 1)-dimensional sphere of radius p T

Proof. Let M be a connected warped product manifold. Then from Proposi-

tion 3.1, we have

f
Hp(X,Y) + Agp—fg(X, Y)

i 7
+ A ew(P)g(X, Y) + Ag(Y, Vi P) = Ne(X)w(Y), (31)

SM(x,Y)=S88(X,Y)+
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for any vector field X,Y on B. Since M is a quasi-Einstein manifold with
respect to a quarter-symmetric metric connection, we have

SM(X,Y) = ag(X,Y) + Bn(X)n(Y). (32)

Decomposing the vector field U uniquely into its components Ug and Uj
on B and I, respectively, we have

U=Ug+U. (33)

Putting the values of (32), (33) in (31), we get

5 HL(X,Y
SB(Xa Y) = agB(X7 Y) + ﬁgB(Xv UB)QB(Y7 UB) - |‘B(f)

Pf 2
+/\279(X, V) + M Aw(P)g(X,Y) 4+ Mig(Y, Vx P) = Mw(X)w(Y)| . (34)

By contraction over X and Y, we get
B _ & Apf Py
’rB = ’f‘M — — B - - 1 )\ -
7 (0= 1Az ;
n—1

Again from Proposition 3.1, we obtain

M ! Pf
— =X Zg(ei,VeiP)+(ﬁ—1))\174—[(ﬁ—l))\1)\2—/\§]w(P)+—. (36)
=1

From the last two equations, it follows that

n—1

(P +a)f = (A2 — A1) Z fg(ei, Ve, P) + (i —1)[AAy — Xo] Pf

+[(7 = 1)2Xh + AT = 3] fw(P) + (A — DARS. (37)
Since the Hessian of f is proportional to the metric tensor gp, then we have

n—1

= ﬁ [()\1 — 1) Y f9(en, Ve, P) + (= 1)[ho — AN Pf
i=1

+ (’f&/\% — (’fl — 1)2/\1/\2 — )\f)fw(P) + (1 — ’fZ)ABf gB(X, Y)

HY(X,Y)



600 S. PAHAN ET AL.

Hence, from the above equation, we obtain

P+
HY (X,Y) + ﬁng(X Y)=0. (38)
So B is isometric to the (72 — 1)-dimensional sphere of radius ?;i [6]. Thus,
the theorem is proved. O

5. Multiply Twisted Product Manifold with
Quarter-Symmetric Connection

Now, we have the following propositions from Propositions 4.5 and 4.7 of [§],
for later use.

PROPOSITION 5.1. Let M = B Xp, Fy Xp, Fo... Xp,, Firn be a multiply twisted

product manifold with dimB = n, dimF; = l;, dimM = n. If X, Y € x(B),
Ve x(F;), W e x(F;) and P € x(B), then

b
(i) 5X.Y) = SPXY) + ; b Pods(Plg(x, )+ BT
MWEVGXY) + Mgl VXP)—)\%,J(X)W(Y)}’

(ii) S‘()@ V) =S8(V,X) = (l; - 1) [VX(inb;)],
(iii) S(V,W) =0 if i # j,
|grad3bi|23 Apb;
b? b;
Py;
b;
} if i = j, where divgP =

(iv) SV.W) = SEV.W) + gV,w) {(t - 1)

(A — DA A2 — MJw(P) + AadivpP + [(7i — DA + (I — 1)Ao]

dpb dpbs) Pb
ZlngraBugTaB +>\2le s
$#£1 s#£1 s

Zsk<VEkP, Ey) and Ey, 1 < k < n, is an orthonormal basis of B with
k=1
ex = 9(Ey, Ey).
PROPOSITION 5.2. Let M = B Xp, F1 Xp, Fa... Xy Fyy be a multiply twisted
product, dimB = n, dimF; = l;, dimM = 7. If X,Y € x(B), V € x(F)),
W e x(F;) and P € x(F,) for a fized r, then
y o HY(X,Y
() 3(X,v) = 57(x,v)+ 3 1Y)
i=1 b;

+[(A=1D) A A= A3]w(P)g(X,Y)+
)\QQ(X, Y)diUFTP,
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(i) $(X,V) = (i — 1) [VX(Inb)] + [(7 — DAy — Ag]w(V) L,
(iii) SV, X) = (I, = 1) [VX (inb;)] + [N — (7 — DAy Jw (V) Xbe,

(iv) S(V,W) =0 ifi # j,

v §<V W) = SF(V. ) g (V, W) (1, 1) et | S [ 1)3, 0,

dgbi, gradgb, ]
P+ Y 1,8l P )}+ (7= 1)A1 — Ao]g(W, Vv P) +
sti iUs

[Ag + (1 =) AT ]Jw(V)w(W) + Aeg(V, W)divg, P if i = j.

Let M = B xy, F} ><b2 Fy... xp,, Fy, be a multiply warped product with the
metric tensor —dt? @ bigp, @ .... ® b2, gr, , and let I be an open interval in R
and b; € C>(I).

Now, we prove the following theorem for multiply generalized Robertson-
Walker spacetime.

THEOREM 5.3. Let M = I xp, | Xp, Fi... Xy, Fry be a multiply warped product

with the metric tensor —dt* © b2gp, @© .... b2, gr, and P = gt Then (M, g)

is a quasi-Einstein manifold with respect to a quarter-symmetric connection V
with constant associated scalars o and B, if and only if the following conditions
are satisfied:

i) (Fi,9r,) are quasi-Finstein manifolds with scalars ap,, Br,,1€{1,2,...m};

i1) Zl ()\2 f—Jr/\z >\1)\2)04’U25§

Z’LZ) ap, —bib;/—(li—l)b/ )\2b2—bb/ Zl ( ) 2+(1—ﬁ)A1A2—
s#£1
a)b? + ((7 — A1 + (I — D)A2)bib], = 0 and B = Br,.

Proof. By Proposition 5.1, we have

m b/ b// )
<6t 6t> Zz ( +E—A +/\1>\2> (39)

S (gt, V) =9 (V, ;) = (L, —1)V (Zl) , (40)

S(V,W) = 0,if i # j, (41)
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SV, W) = SF(V, W) + gr, (V, W){ — (i — 1)b<2 — Wb+ [(A— 1)\
+ (I — 1)Aa] blbs + (Agb? — blb; Zl s ﬁ)/\lAQ)bf}. (42)
s#1 S

Since M is a quasi-Einstein manifold, we have

S(X,Y) = ag(X,Y) + Bn(X)n(Y).

$(aan) oo o)+ (30) 0 (5):

Decomposing the vector field U uniquely into its components U; and Ugr on
I and F, respectively, we have U = U; + Ugr. Since dimI = 1, we can take
Ur = v% which gives U = U% + Up, where v is a function on M. Then we can

o(2) () - ”

m b/ b//
dh (/\2 -5 tM - )\1/\2> =a—v’B.
i=1

Hence, we get

Again, S(V, W) = ag(V,W) + Bn(V)n(W).

From Proposition 5.1 and equation (42), we obtain that (F;, gr,) are quasi-
Einstein manifolds.

After a brief calculation, we can easily prove that

ap, — bt — (I; — DB + (Aab? — b;b)) Zl( )

s#1
+ A3+ (1 =)Ao — ab + [(7 — A1 + (I — 1)A2]bb} =0

and 8 = fBp,.
Thus, the proof of the theorem is completed. O

Next, the following theorem establishes the necessary and sufficient con-
ditions on a multiply warped product to be a quasi-Einstein manifold with a
quarter-symmetric connection whenever P € x(F;.).

THEOREM b.4. Let M =1 Xy, Fi ><b2 Es... %y, Fy, be a multiply warped prod-
uct with the metric tensor —dt> ® b2gp, @ .... ® b2, gp, with P € x(F,) and
gr.(P,P) =1 and i > 2. Then (M,g) is a quasi-Einstein manifold with re-
spect to a quarter-symmetric connection V with constant associated scalars o
and B, if and only if the following conditions are satisfied:
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i) (Fi,gr,) (i # r) are quasi-Einstein manifolds with scalars «;,(;, i €
{1,2,..m};
m "

b;
i1) b, is constant and Zl = o, dive, P = i, pio — Aoy + a — 0?3 =

(R — DA Ag — AZJB2,

iii) S (V,W) + agr, (V, W) + Bn(V)n(W) = [(A = 1)A} = A]w(V)w(W) —
(R — 1)A — X]g(W, Vv P), for VW € x(F,), where & = b*{[(7 —
1))\1)\2 — )\%] bg + Aop1 — a}.

where o, [b1 are constants;

) ap, —bb! + [(A — 1)Aid2 — A3]620% — b;b, Zl D)2 = (o —
s#£1 6
Aop1)b? and B = B,
Proof. By Proposition 5.2 (i) and g, (P, P) = 1, it follows that b, is a con-
stant. By Proposition 5.2 (i), we obtain

« (0 O b ~ )
S <8t’ c’)t) = ;libi- + [)\3 +(1- n))\l)\g]b? — \odivp, P = —a +v2p.

By separation of variables, we have
m b//
lebi = o, di’UFTP = U1, ho — )\g,ul + o — UQ,B = [(ﬁ — 1))\1/\2 — )\%] bz
i=1 "

Then we get ii). By proposition 5.2 (v), we have

—(b))? | b
PR

SV, W) = STV, W)+ bgr, (V. W){ (1= 1)

+ [0 = DA = AP+ L% )+ (7= DA = Xa] (W, T P)
s#£i
+ M3+ (1= a)Aw(V)w(W) + dag(V, W)divp, P, if i = j.

When i # r, then Vyy P = w(V) =0, so,

—(by)* | —bf
2

} + Xopr b2 g, (V, W)

SV, W) = ST (VW) + bgr, (V. W){(zi -1)

+ [(7 = 1)A1xe —

= abgp,(V.W) + Bn(V)n(W).
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By separation of variables, it follows that (F;, gr,) (¢ # r) are quasi-Einstein
manifolds with scalars a;, 8;, ¢ € {1,2,...m}, and

ap, — bb + [(7 — 1)Aida — A3]b20? — b;b, Zz —1)(b})?
s#£1 S
= (o= Aopu)b;

and = Bp,. Then we have i) and iv).
When ¢ = r and b, is a constant, then we get

ST (VW) + agr, (V, W) + Bn(V)n(W)
= [(7 = DA} = AJw(V)w(W) = [(7 = D)Ai — Ao] g(W, Vv P),
for VW € x(F,),

where & = b2{[(7n — 1)A\1 A2 — A3]b2 + Aap1 — v}, and thus we obtain ii). O
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