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ABSTRACT. The De Giorgi classes [DG],(E;7), defined in (1)+ below
encompass, solutions of quasilinear elliptic equations with measurable
coefficients as well as minima and Q-minima of variational integrals.
For these classes we present some new results (§ 2 and § 3.1), and some
known facts scattered in the literature (§ 3-§ 5), and formulate some
open issues (§ 6).
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1. Introduction

Let E be open subset of RV and for y € RV, let K ,(y) denote a cube of edge 2p
centered at y. The De Giorgi classes [DG]F(E;v) in E are the collection of

functions u € WLP(E), for some p > 1, satisfying

Y
Du—k pdxgi/ u—k)i|Pdx 1
/w = R)sdr < g [ (1=

for all cubes K,(y) C Kr(y) C E, and all k € R, for a given positive constant .
We further define

[DG,(E; ) = [DG]f (E;~) N [DG], (E; 7). (2)

A celebrated theorem of De Giorgi [2] states that functions u € [DG],(E; ) are
locally bounded and locally Holder continuous in E. Moreover, non-negative
functions u € [DG],(E; ) satisfy the Harnack inequality [7].

Local sub(super)-solutions, in Wlf)’Cp(E), of quasi-linear elliptic equations

in divergence form belong to [DG];(_)(E;'y) ([12]), with ~ proportional to
the ratio of upper and lower modulus of ellipticity. Local minima and/or Q-
minima of variational integrals with p-growth with respect to |Du| belong to
these classes ([10]). Thus the [DG],-classes include local solutions of elliptic
equations with merely bounded and measurable coefficients, only subject to
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some upper and lower ellipticity condition. They also include local minima or
@Q-minima of rather general functionals, even if not admitting a Euler equation.

The interest in the De Giorgi classes stems from the large class of, seem-
ingly unrelated functions they encompass, and from properties, such as local
Holder continuity ([2]), and the Harnack inequality ([7]), typically regarded as
properties of solutions of elliptic partial differential equations ([12, 14]).

The purpose of this note is to present some new results on De Giorgi classes
(§ 2 and § 3.1), as well as collecting some known facts scattered in the literature
(§ 3-§ 5), and formulate some open issues (§ 6) to serve as a basis for further
investigations.

2. De Giorgi Classes and Sub(Super)-Harmonic Functions

The generalized De Giorgi classes [GDG];'E (E;7), are the collection of functions
u € WEP(E), for some p > 1, satisfying

/Kp(y) |D(u— k)1 |Pdx < (ij)p (RJE p)Np /KR(y) l(u—k)|Pde  (3)+

for all cubes K,(y) C Kr(y) C E, and all k € R, for a given positive constant ~.
Convex, monotone, non-decreasing functions of sub-harmonic functions are
sub-harmonic. Similarly, concave, non-decreasing, functions of super-harmonic
functions are super-harmonic. Similar statements hold for weak, sub(super)-
solutions of linear elliptic equations with measurable coefficients ([14]). The
next lemma establishes analogous properties for functions u € [DGJE(E; ).
Given any such class, we refer to the set of parameters {p,v, N} as the data
and say that a constant C' = C'(data) depends only on the data if it can be
quantitatively determined a-priori only in terms of the indicated set of param-
eters.

LEMMA 2.1. Let ¢ : R — R be conver and non-decreasing, and let u €
[DG];‘(E;W), There exists a positive constant 5 depending only on the data,
and independent of u, such that ¢(u) € [GDGY(E;7).

Likewise let vp : R — R be concave and non-decreasing, and let u €
[DG];(E;'y). There exist a positive constant 7y depending only on the data,
and independent of u, such that ¢(u) € [GDG], (E;7).

Proof. By De Giorgi’s theorem ([2, 12]), there exists a constant C' = C(data),
such that for any u € [DGJ¥(E; ), there holds

C
10— Ryl < (g [ Bade (@
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for every pair of cubes K,(y) C Kr(y) C E and all k € R. It suffices to prove
the first statement for ¢ € C?(R), and verify that ¢(u) satisfies (3) for cubes
K, C Kg centered at the origin of RY. For any such ¢ and all h < k

(o) = ), = =) = [ (w=B)ixone" W 6)

From this, a.e. in

D) = eh), = &) —h):]| < ( [ 1pt- k>+|x[k>w”<k>dk)p .

Integrate over K,, take the p root of both sides, and majorize the resulting
term on the right-hand first by the continuous version of Minkowski inequality,
then by applying the definition (1) of the [DG]F (E;v)-classes, and finally by
using (4). This gives

|Pletw) — o), — /@ —n.]|

< / 1D — k)4 i, xon " (k) dk

C
< [ = Kl g X ()
P JRr 3

CRv
< SB[ = Bl g Xy (e
P JR =

N
CR>»
< W/R (/K (u— k)+d55> X[k>h]<P”(k)dk
R

= (Rfiw /. (= Baxune @ie) as

B (Rgi;\/ﬂ /K [(p(u) = o(h) . — ¢ () (u — )+ ]dx

N
<2 () et~ o), 0= 1]

In these calculations, we have denoted by C = C(p, N,) a generic constant
depending only upon the data, and that might be different from line to line. In
the last two steps we have interchanged the order of integration with the help
of Fubini’s Theorem and have applied Hdélder’s inequality. By the convexity
and monotonicity of ¢,

(o(u) = (), = &' (h)(u—h)+ > 0. (6)
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Therefore,

C N
DGt =), < s (7o) 1ot =200,
D01

Upon applying the definition of (1); of [DG]}(E;~), and then (6), the last
term on the right-hand side is majorized by

C
Ri—p ||(<P(U) - @(h))+||p’KR-

Combining these estimates yields

/Kp(y) |D(p(u) — k) |"dx < = jp)p (RR p)N /KR(y) (e(u) — k)" dz (7)

for all k € R and all K,(y) C Kr(y) C E, for a constant 7 = J(data). O

If u € [DG]; (E;7) and ¢ is convex, there is no guarantee, in general, that
¢(u) € [GDG]; (E;7) for some 5 = 7(p, N,v). The next lemma provides some
sufficient conditions on ¢ for this to occur.

LEMMA 2.2. Let ¢ : (a,+00) = R, for some a < 0o be convex, non-increasing,
and such that
. o . ’ o
Jm p(t) = lim te'(t) =0, (8)
and let u € [DG]; (E;7), with range in (a,+00). There exists a positive con-
stant 7 depending only on the data, such that o(u) € [GDG]}(E;7).
Likewise let ¥ : (—oo0,a) — R, for some a > —oo, be concave, non-
increasing, and satisfying
. T 1
Jim (1) = Tim_00/(t) =0, )
and let u € [DGJ¥(E;~), with range in (—oc,a). There exists a positive con-
stant 5 depending only on the data, such that ¢(u) € [GDG]; (E;7).

Proof. Tt suffices to prove the first statement for ¢ € C?(R) over congruent
cubes K, C Kg centered at the origin. The starting point is the analog of (5),
ie.,

Pl = [ (= b))k (10)

Since u € [DG]; (E;7), by (4) the function u is locally bounded below in £, and
without loss of generality we may assume u > 0. Hence, the representation (10)
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is well defined by virtue of the assumption (8) on ¢. From this, by taking the
gradient of both sides, then taking the p-power, and finally integrating over K,

gives
| wewra— |
K K,

P

P
D(u—k)_¢"(k)dk| dux.
R+

The proof now parallels that of Lemma 2.1. Specifically, apply sequentially the
continuous version of Minkowski’s inequality, the definition (1)_ of the classes
[DG], (E;7), the sup-bound (4), interchange the order of integration, and use
Holder’s inequality. This gives

Do), < [ 1DG= k)l ()

C
< 25 [l B g (0
N
CR»
“R-p ) M= k)fHoo,K%w”(k’)dk
CR>
—k)_¢" (k)dk
(R—pN+ /R+ /KR " (k)

CR»
= (R—/))NH/KR p(u)dx

- <RR_p)N .

Now if ¢ is convex, non-increasing and satisfying (8), the function (¢ —¥¢), for
all £ in the range of ¢, shares the same properties. Hence,

oo g ) -
Ko(w) (B=p)P \B=p/)  Jknw
for all cubes K,(y) C Kr(y) C E and all £ € R. O

2.1. Some Consequences
The sup-bound in (4) can be given the following sharper form ([7]).

LEMMA 2.3. Let u € [DG]%(E;’y). Then for all o > 0 there exists a constant
C, depending only upon the data and o, such that

sup (u—k)+ < Cs (R) ’ ][ (u—Kk)qdz | . (11)
Ko(y) R—p Kr(y)
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If u € [DG], (E;~) is non-negative, then Lemma 2.2 with p(u) = ™" and

a = 0, implies that u=! € [GDGJ}(E;~). Therefore Lemma 2.3, with k = 0,
implies that for all 7 > 0,

N 1
1 T 1 T
S C- (RR ) (][ de) : (12)
inf u - U
K, (y) p Kr(v)

PROPOSITION 2.4. Let w be a non-negative function in the De Giorgi classes
[DG,(E;7). Then for any pair of positive numbers o and T
sup u

N(2+1) g
o T 1
I(.p(y) S CUOT < R) (][ uUdJS) (][ Tdﬂ?) . (13)
Klil(g) u R—p Kr(y) Kr(y) ¥

Inequalities of the form (11) are at the basis of Moser’s approach to the
Harnack inequality for non-negative weak solutions to quasilinear elliptic equa-
tions with bounded and measurable coefficients ([14]). The Harnack inequality
will follow from (13) if Inuw € BMO(E). This fact is established by Moser for
non-negative weak solutions of elliptic equations. We will establish that for
non-negative functions u € [DG]; (E;~), one has Inu € BMO(E) by using the
Harnack inequality established in ([7]).

al=

3. De Giorgi Classes, BMO(FE) and Logarithmic Estimates
The proof of the following lemma is in [7].
LEMMA 3.1. Let u € [DG]; (E;7) be non-negative. There exist positive con-

stants C' and o, depending only upon the data, such that

][ u’dr < C inf %, (14)
Ko (y)

Ky (y)
for any cube K,(y) such that K,,(y) C E.

Such an inequality, referred to as the weak Harnack inequality, was es-
tablished by Moser for non-negative super-solutions of elliptic equations with
bounded and measurable coefficients ([14]). It is noteworthy that it continues
to hold for non-negative functions in [DG]; (E;+), with no further reference to
equations.

LEMMA 3.2. Let u € [DG]; (E;7) be non-negative. Then Inu € BMO.
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Proof. By Lemma 3.1

1 1
][ u"dw][ —dz S][ u’dr sup —
Kp(y) Ky(y) U Kp(y) Kp(y) ¥

:][ u’dx — ! —-<C
K gy

for any cube K,(y) such that Ks,(y) C E. Set

(Inu?), :][ Inu’dz,
Ko (y)

and estimate

][ e\lnu'yf(lnu")p\d‘r < ef(lnu”)p][ elnu"dx
Ky(y) Ky (y)

+ e(lnua)f’][ e~ g,
K, (y)

The second term on the right-hand side is estimated by Jensen’s inequality
and (15) and yields

e(lnmp][
K

o (o4 1
e~ " g S][ e dy —de
() Ky(y) Ky(y) Y

S][ u"dx][ igda: < C.
Kp(y) Ko(y) U

The first term is estimated analogously. Hence, there exists a constant C,
depending only upon the data, such that

P

][ e|lnu“7(1nu“)p|dx < c
K,(y)
for any cube K,(y) such that K,(y) C E. Thus Inu € BMO(E). O

3.1. Logarithmic Estimates Revisited

Let u € VVl(ljf (E) be a non-negative weak super-solution of an elliptic equation
in divergence form, and with only bounded and measurable coefficients. Then
there exists a constant C, depending only on p, N, and the modulus of ellipticity

of the equation, such that

][ |DInulPdx < _c (16)
Kp(y) (R —p)
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for any pair of cubes K,(y) C Kr(y) C E. Such an estimate, established by
Moser, permits one to prove that Inu € BMO(E), which in turn yields the
Harnack inequality. Our approach for functions in the [DG]; (E;7) classes is
somewhat different. For non-negative functions in such classes we first establish
the weak Harnack estimate (14), and then the latter is used to prove Lemma 3.2.
It is not known, whether non-negative functions in [DG], (E;~) satisfy (16).
The next proposition is a partial result in this direction.

PROPOSITION 3.3. Let u € [DG], (E;7) be non-negative and bounded above by
some positive constant M. Then

M
/ |D1nwulPdx < L/ In —dz (17)
Ko(w) (R=p) Jpw) —u

for any pair of cubes K,(y) C Kr(y) C E.

Proof. The arguments being local may assume that y = {0}. By the defini-
tion (1)_ of classes, for all 0 <t < M,

P — u—t)P dx.
/K |D(u—t)_|Pd S(RP)P/KR( t)"d

P

Multiply both sides by ¢t~P~! and integrate over (0, M). The left-hand side is

transformed as
M 1
_ P
/0 [D(u )|yt | da

M
dt/ /
— D(u—1t)_|Pdx =
/0 et [ 1P| A
Mg
_ p _
_/K Dyl /O e Xueqdt | do

P

Mo
K, u tp

/ ( 1 |Dulp 1|Du|p>
= 2 de
K p MP p uP

P

1 1
:f/ |DInu|Pde — / | DulPdz.
P JK pMP g,

P
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The integral on the right-hand side is transformed as

Mo
— u—tpdx)dt
[ (e
M ;o \p
:/ (/ (ttpﬁ) dt) dx
KR u
L[ [ e wma),
ksl Pt y w1 |
1 Mo\ gt
- _ _\P v @
i [ or=wr [ ([T
< - ! / (M—u)pdx—i—/ ln%dx.
pMp Kgr Kgr u

Combining the previous estimates gives
/ |DInulPdx < L / |DulPdz — +/ (M — w)Pdz
K MP\ Jk, (R=p)P Jkp

P
P M

+7/ In —dx.
(R—=p)P Ji, wu

Since u € [DG],; (E;7), the term in round brackets on the right-hand side is
non-positive and can be discarded. U

REMARK 3.4. Applying Lemma 2.2 to p(u) = Iny(M/u), gives the weaker

estimate
/ |DInulPde < $/ <ln ) dz. (18)
Kp(y) (R =p)? Jrp) uw

4. Higher Integrability of the Gradient of Functions in
the De Giorgi Classes

PROPOSITION 4.1. Let u € [DG]E(E). Then there exist constants C > 1 and
o > 0, dependent only upon the data, such that, for any pair of cubes K,(y) C
Kr(y) C E, there holds

1
p(1+0o)
K,(y) p

(529 () -

3|2
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Proof. Let u be in the classes [DG],(E;~) defined in (2). For any pair of cubes
K,(y) C Kr(y) C E, write down (1) and (1)_ for the choice

Adding the resulting inequalities gives

~y
|DulPdx < 7/ |u — ug|Pde.
/Kp<y> (B=p)" Jrcn(y)

By the Sobolev-Poincaré inequality

Np
|u —ug|Pdx < C, RP ][ |Dul?dz | for all g € [,p]
]£<R<y) ! Ka(y) N+p

for a constant Cy, = Cy(N, q). Hence, for all such ¢

p N %
][ |Du|Pdz < Cyy <R> (R> ][ | Du|?dx
Ky (y) R—p p Kr(y)

for all pair of congruent cubes K,(y) C Kr(y) C E. The conclusion follows
from this and the local version of Gehring’s lemma ([9]), as appearing in [11].
O

QP

REMARK 4.2. Hence, the higher integrability of the gradient of solutions of
elliptic equations with measurable coefficients ([15]), and more generally of
Q-minima ([10]), continues to hold for function in the De Giorgi classes. If
u € [DG];‘:(E; v), the conclusion is in general false, as one can verify starting
from sub(super)-harmonic functions. However, essentially the same arguments
give the inequality

p N L
][ |D(u— k)4 [Pdx < Cyy <R> (R> <][ Du|qu>
K, (y) R—p P Kn

for all ¢ € [NN—fp,p], and

all k 2][ udz if ue [DG]}(E;7),
Kr(y)

all k S][ udr if u € [DG], (E;7).
Kr(y)
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5. Measure Theoretical Decay Estimates of Functions in
De Giorgi Classes

For a non-negative function f € Ll (E) one estimates the measure of the set
[f > t] relative to a cube K,(y) C E, as u([f > ] N K,(y)) <t fll1,x, @)
Estimates of the measure of the set [f < t] relative to K,(y) are not, in general,
a consequence of the mere integrability of f. One of De Giorgi’s estimates of [2],
is that if u is a non-negative function in [DG]; (£;7), then

[u < 11N Ky()] _ CN.p.7)
K T

asymptotically as t — 0, (20)
provided |[u > t] N K,(y)| > 3|K,|. Here |o| denotes the Lebesgue measure of
a measurable set ¢ C RV, The next proposition improves on this estimate.

PROPOSITION 5.1. Let u € [DG], (E;7) be non-negative, and assume that for
some t, >0 and a € (0,1), there holds

[u > ti]]gf(p(y)” - (21)

There exist positive constants C,t.,0 = C,t.,0(N,p,7,to, ), depending only
on the indicated parameters and independent of u, such that

[lu<t]NK,(y)| C
|Kp| - |lnt|0'|lnt\%’

for t < t,. (22)

Proof. In what follows we denote by C' a generic positive constant that can
be determined a-priori only in terms of {N,p,v,t,,«} and that it may be
different in the same context. The arguments being local to concentric cubes
K,(y) C Ka,(y) C E, may assume y = {0} and write K,(0) = K,. Let n, be
the smallest positive integer such that 27" < t,, and for n > n, set

def

1
An,p = [u < 2”] nK,, for n > n,.

The discrete isoperimetric inequality ([3, Chapter I, Lemma 2.2]), reads

N+1
PN+

(€ —h)|lu<hNEK,| < C(N)m [h<u<fnK,

| Du|dx

for any two levels 0 < h < £. Applying it with

1

5227, :W’

sothat [h<u</{NK,=A,,— Ant1,p,
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and taking into account (21), yields

1 C(N) n
— 1A, < — Duldzx.
2n+1| +1,p’ = o P / N | u\ i

n,p —4int+1l,p

Majorize the right-hand side by the Holder inequality, then raise both terms
to the power p”j, and majorize the right-hand side by (1)_ in the definition
of the classes [DG], (E;7). These sequential estimates yield

1 e e "
2’”?|An+l,p|p71 § Cpl’*l </ |D(U — 2171)_|pd1'> |An,p — An+1,p|

1

SC(/ (u—zln)pdx> |An,p — Ant1p
K

1
|A7lo,2p|p71 ’An,p - An+1,p|-

This in turn yields the recursive inequalities
»_ 1
|Apt1,| 77 < C(N,p, v, @) | Any 25|77 [Anp — Angapl.
Let n, be a positive integer to be chosen. Adding them from n, to n, — 1 gives
C(N,p,, )

(e —10) "7

1 p—
A, ,| < A 20| 7 [Any ol 7 (23)

Return now to the assumption (21) and estimate

Hu > to] N K2p(y)]| |[u > o] N Kp(y)H o
K| =K, S

Therefore, the same arguments leading to (23) can be repeated over the cube
K, and give

C(N,p,, ) : =t

[An. 20| < ——5 [An o] " [Ang20 7 - (24)

(M —mo) 7
While the constant C' in (24) differs from the one in (23), we may take them
to be equal by taking the largest. The assumption (21) continue to hold with
t, replaced by 27"+. Hence, the previous arguments can be repeated and yield
the analogues of (23)—(24), i.e.,

C(N 1 -
|A2n*,p| S m |14n*,2p|}17 |14n,“p|pr
* — ITto
C(N 1 -
‘AQ’I’L*,2p‘ < % ’An*Ap‘Il) ‘An*,Qpl%

(M —mo) P
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for the same constant C'. Combining them gives

0242N
‘A2"*’P| = op—1 K.
* no)
Iteration of this procedure yields
CI4IN
’Ajn*,p‘ S ]E |Kp| fOr all ]EN

Ny —Ny) 7

Choose n, so large that n, —n, > %n*, and then take j = n,. By possibly
modifying the various constants, the previous inequality yields

CIqiN
’Aj2’p‘ S F |KP| for all ] e N.
] P

The constant C' being fixed, for each 0 < & < ijl there exists j* so large that

1 ) .
’A.F,p‘ < j? | K, | for all j > j*.

Fix now t < 27" and let 7 be the largest integer such that 9—(+1)* <t< 9-3%,
For such choices

|[U<t]pr’ < |Aj2,p’ < c '
L N N T

The parabolic version of this result has been used in [6].

6. Boundary Behavior of Functions in the De Giorgi
Classes

Let b € WLP(RY) N C(RN). The De Giorgi classes [DG];(f)(E;'y, h), in the

closure of E are the collection of functions u € Wﬁ)f (E), such that (u — h) €
WhP(ENKRg(y)), for all cubes Kg(y) centered at some y € OF, and satisfying

5
|D(u — k)4 (—y|Pdx < 7/ (w— k), dz (25)
/Kp(y)ﬂE M) (R = p)P JrnynE )

for all pairs of congruent cubes K,(y) C Kgr(y), centered at some y € OF and
all levels

k> sup A, (k < inf h) (26)
Kr(y)NOE Kr(y)NoE
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We let further
[DGI,(E;~, h) = [DG]} (E;~, h) 0 [DG], (E;, h).

Functions in [DG],(E;~v,h) are continuous up to points y € F, provided E
satisfies a positive geometric density at y, i.e., there exist p, and n € (0,1),
such that (see [12])

|E°NK,(y)| = nlK,(y)l,  forall p<p,.

For 1 < p < N, the p-capacity of the compact set E°N K ,(y) is defined by

GENEW= [ e (@)
wew(},p(RN)ﬁcmN) RN
ECNK,(y)Cly>1]

For 1 < p < N, the relative p-capacity of E°N K,(y) with respect to K,(y) is

cp[ B N Kp(y)]
dy(p) = %7 (L<p<N). (28)
If p= N, and for 0 < p < 1, the N-capacity of the compact set E¢ N K,(y),
with respect to the cube Ks,(y), is defined by

en[ECN K, (y)] = inf / | D[N dex. (29)
vewy N (Ko, (1)NCo(K2p (1)) J Ky, (y)
BeNR,(y)Clw>1]

The relative capacity d,(p) can be formally defined by (28), for all 1 <p < N.
For p = N, we let 6,(p) = en[E° N K,(y)], as defined by (29). For a positive
parameter € denote by I, .(y, p) the Wiener integral of OF at y € JE, i.e.,

1 dt

1
el = [ B0 (30)

The celebrated Wiener criterion states that a harmonic function in E is con-
tinuous up to y € OF if and only if the Wiener integral I51(y, p) diverges as
p — 0 ([16]).

It is known that weak solutions of quasilinear equations in divergence form,
and with principal part exhibiting a p-growth with respect to |Du|, when
given continuous boundary data h on JFE, are continuous up to y € OF if
Ly, (p—1)(y, p) diverges as p — 0 ([8]). Since such solutions belong to the bound-
ary [DG],(E;~,h) classes ([10]), it is natural to ask whether the divergence of
the Wiener integral I}, (, 1) (y, p), is sufficient to insure the boundary continuity
for functions u € [DG],(E;~, h).
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The only result we are aware of in this direction is due to Ziemer ([17]). It

states that a function u € [DG],(E;~, h) is continuous up to y € OF if

! 1 dt
exp( ————)— — oo as p—0. (31
/p ( 5y(t)p_1) t )

Ziemer's proof follows from a standard De Giorgi iteration technique. It has
been recently established that local minima of variational integrals when given
continuous boundary data h are continuous up to y € JF provided ([5])
I (y,p) diverges as p — 0. Here ¢ is a number that can be determined a-
priori only in terms of the growth properties of the functional. While such
minima are in the classes [DG],(E;~, k), the result is not known to hold for
functions merely in such classes. Also the optimal parameter e = (p — 1) re-
mains elusive. A similar result has been recently obtained with a different
approach in [1].

The significance of a Wiener condition for Q-minima, is that the structure
of OF near a boundary point y € OF, for u to be continuous up to y, hinges
on minimizing a functional, rather than solving an elliptic p.d.e.
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