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1. Introduction

1.1. Motivation

The problem of classification of vector bundles over an elliptic curve was con-
sidered and completely solved by Atiyah in [1].

For a group I' acting on a complex manifold Y, an r-dimensional factor
of automorphy is a holomorphic function f : ' x ¥ — GL,(C) satisfying
FOw,y) = fO\ py) f(p,y). Two factors of automorphy f and f’ are equivalent
if there exists a holomorphic function h : Y — GL,.(C) such that h(Ay) f (A, y) =
"N y)h(y).

Given a complex manifold X and the universal covering Y 2, X, let T be
the fundamental group of X acting naturally on Y by deck transformations.
Then there is a one-to-one correspondence between equivalence classes of r-
dimensional factors of automorphy and isomorphism classes of vector bundles
on X with trivial pull-back along p. In particular, if Y does not possess any
non-trivial vector bundles, one obtains a one-to-one correspondence between
equivalence classes of r-dimensional factors of automorphy and isomorphism
classes of vector bundles on X. In particular this is the case for complex tori.

Since it is known that one-dimensional complex tori correspond to elliptic
curves and since the classification of holomorphic vector bundles on a projective
variety over C is equivalent to the classification of algebraic vector bundles
(cf. [13]), it is possible to formulate Atiyah’s results in the language of factors
of automorphy. So for example in the case of vector bundles of rank 1 and 2
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such a formulation using factors of automorphy was given in [4], Theorems 4.4
and 4.5.

This paper is a shortened version of the diploma thesis [7] and aims to prove
some results used without any proofs by different authors, in particular in [12]
and [3]. The main result of this note, Theorem 5.24, gives a classification of
indecomposable vector bundles of fixed rank and degree on a complex torus in
terms of factors of automorhy. Its statement coincides with the statement of
Proposition 1 from [12], which was given without any proof.

The author thanks Igor Burban, Bernd Kreufller, and Giinther Trautmann,
who motivated him to prepare this manuscript.

1.2. Structure of the Paper

In Section 2 we establish a correspondence between vector bundles and factors
of automorphy. Section 3 deals with properties of factors of automorphy, in par-
ticular we discuss a correspondence between operations on vector bundles and
operations on factors of automorphy. From Section 4 on we restrict ourselves
to the case of vector bundles on complex tori. It is shown in Theorem 4.11
that to define a vector bundle of rank r on a complex one-dimensional torus is
the same as to fix a holomorphic function C* — GL,(C). In Section 5 we first
present in Theorem 5.13 a classification of indecomposable vector bundles of
degree zero, using this we give then in Theorem 5.24 a complete classification
of indecomposable vector bundles of fixed rank and degree in terms of factors
of automorphy.

1.3. Notations and Conventions

Following Atiyah’s paper [1] we denote by E(r,d) = Ex(r, d) the set of isomor-
phism classes of indecomposable vector bundles over X of rank r and degree d.
For a vector bundle E we usually denote the corresponding locally free sheaf of
its sections by £. By Vect we denote the category of finite dimensional vector
spaces. For a divisor D we denote by [D] the corresponding line bundle.

2. Correspondence between Vector Bundles and Factors
of Automorphy

Let X be a complex manifold and let p : ¥ — X be a covering of X. Let
I' C Deck(Y/X) be a subgroup in the group of deck transformations Deck(Y/X)
such that for any two points y1 and y2 with p(y1) = p(y=2) there exists an element
v € T such that v(y1) = y2. In other words, I' acts transitively in each fiber.
We call this property (T).
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REMARK 2.1. Note that for any two points y; and ys there can be only one vy €
Deck(Y/X) with v(y1) = y2 (see [5], Satz 4.8). Therefore, I' = Deck(Y/X) and
the property (T) simply means that p: Y — X is a normal (Galois) covering.

‘We have an action of I on Y:
IxY =Y, y=qy) =y

DEFINITION 2.2. A holomorphic function f: T xY — GL.(C), r € N is called
an r-dimensional factor of automorphy if it satisfies the relation

FQwsy) = O\ py) (1, )

Denote by Z1(T',r) the set of all r-dimensional factors of automorphy.

We introduce the relation ~ on Z1(I',r). We say that f is equivalent to f’
if there exists a holomorphic function h : Y — GL,(C) such that

hy)f(Ay) = F' A m)h(y)-
We write in this case f ~ f’.
LEMMA 2.3. The relation ~ is an equivalence relation on Z*(T,r).

Proof. Straightforward verifications. O

We denote the set of equivalence classes of Z!(T',r) with respect to ~ by
HYT,7).

Consider f € Z}(T',r) and a trivial vector bundle Y x C" — Y. Define a
holomorphic action of I' on Y x C:

[xY xC =Y xC',  (Ay,v) = Ay, f(Ay)v) =: Ay, v).

Denote E(f) =Y x C"/T and note that for two equivalent points (y,v) ~r
(y',v") with respect to the action of I" on Y x C" it follows that p(y) = p(y').
In fact, (y,v) ~r (y',v') implies in particular that y = vy’ for some v € T
and by the definition of deck transformations p(y) = p(vy’) = p(y’). Hence the
projection Y x C" — Y induces the map

T E(f) = X, [y, vl = p(y).
We equip E(f) with the quotient topology.

THEOREM 2.4. E(f) inherits a complex structure from Y x C" and the map
m: E(f) — X is a holomorphic vector bundle on X.
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Proof. First we prove that 7 is a topological vector bundle. Clearly 7 is a
continuous map. Consider the commutative diagram

Y x C"—— E(f)

|, )

y —2 5 X,

Let « be a point of X. Since p is a covering, one can choose an open neighbour-
hood U of = such that its preimage is a disjoint union of open sets biholomorphic
to U, i. e, p~}(U) = |licz Vi, pi := plv, : Vi — U is a biholomorphism for
each i € Z. For each pair (4,j) € Z x T there exists a unique A;; € I" such that
)\ijpj_l(:c) = p; }(x) for all z € U. This follows from the property (T).

We have 7= (U) = ((|;ez Vi) x C")/T.

Choose some iy € Z. Consider the holomorphic map

K < | | %) xC'—=UxC", (yi;v) = W), f(Nigi, ¥i)v), i € Vi
€L
Suppose that (y;,v’) ~r (y;,v). This means
(i, v') = Nij (g5, 0) = (Nij¥s, f (Mg yi)v).-
Therefore,
ou (Wi v') = W), f(Nivi, y)v") = (P(Nijys), f(Nivi, i) f (Nig, ¥5)0)
= (p(y;), fNiv g, ¥i)v) = (Y5, v)-

Thus ¢}, factorizes through ((| |;,c7 Vi) x C")/T', i. e., the map

pu << L Vi> X cr) JT = UXC", [(ys,0)] = o), fF(Nigs, yi)v), yi € Vi

i€l

is well-defined and continuous. We claim that ¢y is bijective.

Suppose ¢u ([(yi,v')]) = pu([(y;,v)]), where y; € Vi, y; € V;. By definition
this is equivalent to (p(y:), f(Xipis ¥:)v) = (0(y;), f(Niy > ¥;)v), which means
Yi = )\ijyj and

TNivi> Mijyi)v" = f( i, ya)v' = F(Nig o y5)v
= f(Nigidij, yi)v = f(Nigis Mijyi) f (Mg, y5)v.

We conclude v' = f(\ij, y;)v and [(yi,v")] = [(y;j,v)], which means injectivity
of Yu-
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At the same time for each element (y,v) € U x C" one has

v ([(p7 " ), fNigis vy () " o))
= (pp; " (W), F Nivis 27 W) f Nivis 07 M () "Ho) = (y,0),

i.e., @y is surjective and we obtain that ¢y is a bijective map.

This means, that ¢y is a trivialization for U and that 7 : E(f) — X is a
(continuous) vector bundle. If U and V' are two neighbourhoods of X defined as
above for which E(f)|u, E(f)|v are trivial, then the corresponding transition
function is

<,0U<,0(/1 (UNV)xCr = (UNV)xC", (x,v)+— (z,guv(z)v),

where gyy : UNV — GL,(C) is a cocycle defining E(f). But from the
construction of ¢y it follows that

guv () = fNigiv ,pfvl(iE))-

Therefore, gyy is a holomorphic map, hence goUgo(,l is also a holomorphic
map. Thus the maps ¢y give E(f) a complex structure. Since 7 is locally a
projection, one sees that 7 is a holomorphic map. o

REMARK 2.5. Note that p* E(f) is isomorphic to Y x C". An isomorphism can
be given by the map

PE) =Y xC (v, [g0]) = (u, f(A9)v), Ay =y

Now we have the map from Z!(T', ) to the set K, = {[E] | p*(E) ~ Y xC"}
of isomorphism classes of vector bundles of rank r over X with trivial pull back
with respect to p.

¢ ZNT,r) = Ky f = [B(f)]-

THEOREM 2.6. Let K, denote the set of isomorphism classes of vector bundles

of rank r on X with trivial pull back with respect to p. Then the map
H'(T,r) = K, [f] = [E(f)]

is a bijection.

Proof. This proof generalizes the proof from [2, Appendix B] given only for
line bundles.

Consider the map ¢’ : Z}(I',7) — K, and let f and f’ be two equivalent
r-dimensional factors of automorphy. It means that there exists a holomorphic
function h : Y — GL,(C) such that

PN y) =h(Ay) fy)h(y) ™"
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Therefore, for two neighbourhoods U, V' constructed as above we have the
following relation for cocycles corresponding to f and f'.

guv (@) = f'Owv, ) (7)) = hQwvey! (@) f Aov, pi) (@) h(p) (2)) 7!
= h(pi,, (@))guv (@)h(p;} ()" = hu(2)guv (2)hy (2) 7,

where Apy = Aiyiy, hu(x) = h(p;U1 (x)) and hy(z) = h(p;vl(z)). We obtained
9y = huguvhy',

which is exactly the condition for two cocycles to define isomorphic vector
bundles. Therefore, F(f) ~ E(f’) and it means that ¢’ factorizes through
HY(T,r), i.e., the map

¢: H'(D,r) — Ky [f] = [E(f)]

is well-defined.

It remains to construct the inverse map. Suppose F € K., in other words
p*(E) is the trivial bundle of rank r over Y. Let a : p*E — Y x C" be a
trivialization. The action of I" on Y induces a holomorphic action of I on p*FE

Ay, e) == (\y,e) for (y,e) ep*"E=Y xx E.

Via a we get for every A € I an automorphism ), of the trivial bundle Y x C".
Clearly ¥ should be of the form

w)\ (ya U) = ()‘yv f()‘a y)v)a

where f: ' x Y — GL,(C) is a holomorphic map. The equation for the action
Yau = YA, implies that f should be an r-dimensional factor of automorphy.

Suppose o’ is an another trivialization of p*E. Then there exists a holo-
morphic map h : Y — GL,(C) such that o/a=!(y,v) = (y, h(y)v). Let f’ be a
factor of automorphy corresponding to o’. From

Ay, F'(N y)v) = Py (y,v) = o/)\o/*l(y,v) = a’aila)\ofloza’fl(y,v)
=da” 'y (e'a”h) Ty, v) = /o Ya(y, h(y) o)
v

= o (Ay, fF9)h(y) o) = , Ay) F (A »)h(y) ),

we obtain f'(\,y) = h(Ay)f(\,y)h(y)~!. The last means that [f] = [f'], in
other words, the class of a factor of automorphy in H*(I',r) does not depend
on the trivialization and we get a map K, — H([',r). This map is the
inverse of ¢. O
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Let X be a connected complex manifold, let p : X — X be a universal
covering of X, and let I' = Deck(Y/X). Since universal coverings are normal
coverings, I satisfies the property (T) (see [5, Satz 5.6]). Moreover, I' is isomor-
phic to the fundamental group 71 (X) of X (see [5, Satz 5.6]). An isomorphism
is given as follows.

Fix 2o € X and &y € X with p(&o) = xo. We define a map

® : Deck(X /X)) — w1 (X, x0)

as follows. Let o € Deck(X/X) and v : [0;1] — X be a curve with v(0) = Z
and v(1) = o(Zg). Then a curve

pv: [0:1] = X, ¢ pu(t)

is such that pv(0) = pv(1) = x¢. Define ®(o) := [pv], where [pv] denotes
a homotopy class of pv. The map ® is well defined and is an isomorphism
of groups.

So we can identify I' with m1(X). Therefore, we have an action of 7 (X)
on X by deck transformations.

Consider an element [w] € 71 (X, zg) represented by a path w : [0;1] — X.
We denote o = ®~1([w]). Consider any Zg € X such that p(Zo) = w(0) = w(1),
then the path w can be uniquely lifted to the path

v:[0;1] = X

with v(0) = & (see [5], Satz 4.14). Denote Z; = v(1). Then o is a unique
element in Deck(X/X) such that o(Zy) = #;. This gives a description of the
action of 71 (X, zo) on X.

Now we have a corollary to Theorem 2.6.

COROLLARY 2.7. Let X be a connected complex manifold, let p : X — X be
the universal covering, let I' be the fundamental group of X naturally acting on
X by deck transformations. As above, HY(T,r) denotes the set of equivalence
classes of r-dimensional factors of automorphy

I' x X — GL,(C).
Then there is a bijection
HYT,r) = K., [f]= E(f),

where K, denotes the set of isomorphism classes of vector bundles of rank r on
X with trivial pull back with respect to p.
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3. Properties of Factors of Automorphy

DEFINITION 3.1. Let f : T'x Y — GL,(C) be an r-dimensional factor of auto-
morphy. A holomorphic function s :' Y — C” is called an f-theta function if
it satisfies

s(vy) = f(v,y)s(y) forally €T, yeY.

THEOREM 3.2. Let f : ' x Y — GL,.(C) be an r-dimensional factor of auto-
morphy. Then there is a one-to-one correspondence between sections of E(f)
and f-theta functions.

Proof. Let {V;}iez be a covering of ¥ such that p restricted to V; is a homeo-
morphism. Denote ¢; := (p|v;)~%, U; := p(Vi). Then {U;} is a covering of X
such that E(f) is trivial over each Uj.

Consider a section of E(f) given by functions s; : U; — C" satisfying

si(x) = gij(x)s;(x) for x € U; N Uj;,

where
9 () = fQuvu,, @i (x), =eUinU;

is a cocycle defining E(f) (see the proof of Theorem 2.6). Define s : Y — C”
by s(p;(x)) := s;(z). To prove that this is well-defined we need to show
that s;(x) = s;(z) when ¢;(z) = ¢;(x). But since ¢;(x) = p;(x) we
obtain Ay,u, = 1. Therefore,

si(w) = gij(x)si(x) = fAv,u;, 05(2))si(x) = f(1,05(x))s; () = 3 (2).

For any v € I for any point y € Y take ¢,j € Z and x € X such that y = ¢, (x)
and vy = y;(x) = @i(x). Thus v = Ay,y; and one obtains

S(w) s(pi(@)) = si(z) = gij(x)s; (x)
fQu,, (x)s; (@) = f(v,y)s(e;(2) = (v, 2)s(y).
In other words, s is an f-theta function.

Vice versa, let s : Y — C" be an f-theta function. We define s; : U; — C”
by si(z) := s(wi(x)). Then for a point z € U; N U; we have

si(x) = s(pi(2)) = s(Aviv, 95 (%))
FQuiu; s 0i(@))s(p;(x)) = gij(2)s;(x),

which means that the functions s; define a section of E(f). The described
correspondences are clearly inverse to each other. o

The following statement will be useful in the sequel.
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THEOREM 3.3. Let

_(F'w )
f(A,y>—( o) f,,(Af’y))

be an v’ + v -dimensional factor of automorphy, where f'(\y) € GL.(C),
f”()\a y) € GLT” (C) Then

(o) ' : T xY — GL.~(C) and f" : T xY — GL./(C) are v’ and r"-
dimensional factors of automorphy respectively;

(b) there is an extension of vector bundles

0—— BE(f)) —— E(f) —— E(f") ——0.

Proof. The statement of (a) follows from straightforward verification. To prove
(b) we define maps ¢ and 7 as follows.

i:E(f") = E(f), [y, v] — [y, (8)] vec, (8) cort”
wB) B (L) -l ved, wee!

Since [A\y, f' (A, y)v] is mapped via i to

o (7)) - s ()

one concludes that ¢ is well-defined. Analogously, since [Ay, " (A, y)w] = [y, w]
one sees that 7 is well-defined. Using the charts from the proof of (2.4) one
easily sees that the defined maps are holomorphic.

Notice that ¢ and 7 respect fibers, 7 is injective and 7 is surjective in each
fiber. This proves the statement. O

Now we recall one standard construction from linear algebra. Let A be an
m X n matrix. It represents some morphism C” — C™ for fixed standard bases
in C" and C™.

Let F : Vect” — Vect be a covariant functor. Let Ay, ..., A, be the matrices
representing morphisms C} EL e G Iy C," in standard bases.

If for each object F(C™) we fix some basis, then the matrix corresponding
to the morphism F(fi,..., fp) is denoted by F(Ai,...,A4,). Clearly it satisfies

F(A1By,...,ApBy) = F(A1,...,A,))F(Ba,...,By).
In this way A ® B, S9(A), A?(A) can be defined. As F one considers the

functors

_®_: Vect? - Vect, S™:Vect — Vect, A :Vect — Vect
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respectively.

Recall that every holomorphic functor F : Vect™ — Vect can be canonically
extended to the category of vector bundles of finite rank over X. By abuse of
notation we will denote the extended functor by F as well.

THEOREM 3.4. Let F : Vect” — Vect be a covariant holomorphic functor. Let
fis--y fn be ri-dimensional factors of automorphy. Then f = F(f1,..., fn) is
a factor of automorphy defining F(E(f1),..., E(fn))-

Proof. One clearly has

F(froooos fo) A, y) = F(Fr(Aw, y), - fa(Aps )

(FrOs py) fr(ps y)s - Fu (N py) fu (125 y))
(FrOmy) o fuO py))F(fr(ps y)s - fr(ps y)
(frooo s f) N ) F(frs s fa) (s ).

[
S T 9

Since (f1,..., fn) represents an isomorphism in Vect”, F(f1,..., fn) also
represents an isomorphism C" — C” for some r € N. Therefore, f is an r-
dimensional factor of automorphy.

Since f = F(f1,...,fn), for cocycles defining the corresponding vector
bundles the equality gv,v, = F (910,10, - > 9nv,v,) holds true, where g;r; 7,
is a cocycle defining E(f;). This shows that E(f) = F(E(f1),...,E(fn)) and
proves the required statement. o

For example for F = _® _ : Vect® — Vect we get the following obvious
corollary.

COROLLARY 3.5. Let f':T'xY — GL,/(C) and f”" : T x Y — GL,.»(C) be two
factors of automorphy. Then f = f'® f” : T XY — GLyr (C) is also a factor
of automorphy. Moreover, E(f) ~ E(f') ® E(f").

It is not essential that the functor in Theorem 3.4 is covariant. The following
theorem is a generalization of Theorem 3.4.

THEOREM 3.6. Let F : Vect” — Vect be a holomorphic functor. Let F be
covariant in k first variables and contravariant in n — k last variables. Let
f1,-- -, fn be ri-dimensional factors of automorphy. Then

f:‘F(flv"'7fk7fk_.|}17"'7f7;1)
is a factor of automorphy defining F(E(f1),...,E(fn)).

Proof. The proof is analogous to the proof of Theorem 3.4. O
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4. Vector Bundles on Complex Tori

4.1. One Dimensional Complex Tori

Let X be a complex torus, i.e., X = C/T', I' = Z7 + Z, Im7 > 0. Then the
universal covering is X = C, namely

pr:C—C/T, =z~ [z]
We have an action of I" on C:
I'xC—C, (v,y)—7+y.

Clearly T" acts on C by deck transformations and satisfies the property (T).

Since C is a non-compact Riemann surface, by [5, Theorem 30.4, p. 204],
there are only trivial bundles on C. Therefore, we have a one-to-one correspon-
dence between classes of isomorphism of vector bundles of rank » on X and
equivalence classes of factors of automorphy

f: T xC— GL.(C).

As usually, V, denotes the standard parallelogram constructed at point a,
U, is the image of V, under the projection, ¢, : U, — V, is the local inverse
of the projection.

REMARK 4.1. Let f be an r-dimensional factor of automorphy. Then

gab(2) = f(pa(@) = po(), ()

is a cocycle defining E(f). This follows from the construction of the cocycle in
the proof of Theorem 2.6.

EXAMPLE 4.2. There are factors of automorphy corresponding to classical theta
functions. For any theta-characteristic £ = ar + b, where a,b € R, there is a
holomorphic function 6; : C — C defined by

Oc(z) = Z exp(mi(n + a)?7)exp(27i(n + a)(z + b)),
n€e”Z
which satisfies
Oc (v + 2) = exp(2miay — wip*T — 27mip(z + €))0e(2) = e (7, 2)0¢(2),
where v = pT + q and e¢(v, z) = exp(2miay — wip?T — 27wip(z + £)). Since
ec(11 +72,2) = ec(1,72 + 2)ec (72, 2),

we conclude that e¢(7y, z) is a factor of automorphy.
By Theorem 3.2 0¢(z) defines a section of E(e¢(v,z)).
For more information on classical theta functions see [8, 9, 10].
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THEOREM 4.3. deg E(e¢) = 1.

Proof. We know that sections of E(eg) correspond to e¢ - theta functions. The
classical e¢-theta function 0¢(z) defines a section s¢ of E(eg). Since 6¢ has only
simple zeros and the set of zeros of f¢(z) is % + 5 + &+ 1T, we conclude that s¢
has exactly one zero at point p = [% + 5 +¢] € X. Hence by [6, p. 136] we get
E(e¢) ~ [p] and thus deg E(e¢) = 1. O

THEOREM 4.4. Let & and 7 be two theta-characteristics. Then
E(ef) = trnff] E(en)v
where ty, ¢ X — X, x> 2+ [n—E] is the translation by [n — &].

Proof. As in the proof of Theorem 4.3 E(e¢) ~ [p] and E(e,) = [q] for p =
[+ Z+¢& and g=[3+Z +1n]. Since ty,_gp = q, we get

Eeg) == [p] = 1, g la] = £}, B (en),
which completes the proof. O
Now we are going to investigate the extensions of the type
0 XxC—-F—-XxC—0.

In this case the transition functions are given by matrices of the type

6 1)

and F is isomorphic to E(f) for some factor of automorphy f of the form

o =(; "7

Note that the condition for f to be a factor of automorphy in this case is
equivalent to the condition

N+ XN, 2) = pA\ N +2) + p(N, ),

where we use the additive notation for the group operation since T’
is commutative.

THEOREM 4.5. f defines the trivial bundle if and only if p(\, &) = E(AZ) — £(T)
for some holomorphic function £ : C — C.
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Proof. We know that F is trivial if and only if h(AZ) = f(), Z)h(Z) for some
holomorphic function h : X — GL2(C). Let

b a(Z) bz
S \ce(@) d@))”
then the last condition is

(43 )~ 6 1)

|
7N
)
—
S
+
o
—
SIS
=
—
>
2
N~—
o>
—
S1

In particular it means ¢(AZ) = ¢(Z) and d(Az) = d(&), i.e., ¢ and d are
doubly periodic functions on X = C, so they should be constant, i.e.,
c(\z)=ceC,d\z)=deC.
Now we have
a(Z) + cp(A, &) = a(AZ)
b(Z) + du(A, &) = b(Ax)

which implies

Since det h(Z) # 0 for all # € X = C one of the numbers ¢ and d is not
equal to zero. Therefore, one concludes that (A, ) = £(A%) — &(Z) for some
holomorphic function E

Now suppose (A, Z) ) for some holomorphic function & : C —

)
C. Clearly for (%) ( 51”” > one has that det h(Z) = 1 # 0 and
p(, &
1
)

FOD)h(F) = <0 )) <(1) «E(l:%))
(3 0 49) o

We have shown, that f defines the trivial bundle. This proves the statement
of the theorem. O

THEOREM 4.6. Two factors of automorphy

f(/\,j)<(1) ”(Al’j)) and f’(A,i)(é ”(Al’j)>
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defining non-trivial bundles are equivalent if and only if

(A Z) —kv(\2) =€6(\8) — &), keC, k#0
for some holomorphic function € : C =X — C.
Proof. Suppose that the factors of automorphy

s = (5 M40

roa=(y "57)

are equivalent. Then there is an equality f(A, Z)h(Z) = h(\Z)f (), Z) for some
holomorphic function b : C = X — GL2(C). Let us write & in the form

0= (i i)
Then the condition for equivalence of f and f’ can be rewritten as follows:
(1 u()\,:E)) (a(:i) b(:i)) _ (a()\i) b()\:i)) (1 V(/\,:E))
0 1 c(z) dz))  \c(\z) d(A\x)) \0 1
After multiplication one obtains

(a(:i) +c(@)pN, T) b(T) + d(i)u(k,:ﬂ)) _ (a()\:i) a(Az)v(A,
c(z) d(z) by

and

which leads to the system of equations

a(Z) + c(@)p(A, T) = a(AZ)

b(z) + d(Z)pu(\, &) = a(AT)v(\, &) + b(A\Z)
e(Z) = e(A\2)

d(z) = c(\2)v(\, Z) + d(A\T)

The third equation means that ¢ is a double periodic function. Therefore, ¢
should be a constant function.

If ¢ # 0 from the first and the last equations using Theorem 4.5 one con-
cludes that f and f’ define the trivial bundle.

In the case ¢ = 0 one has

a(Z) = a(Ax)
b(Z) + d(Z)u(N, T) = a(AT)v(A, T) + b(AT)
d(z) = d(\z),
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i.e., as above, a and d are constant and both not equal to zero since det(h) # 0.
Finally one concludes that

du(\, z) —av(A, T) = b(A\Z) — b(Z), a,deC, ad#0 (1)

Vice versa, if p and v satisfy (1) for

we have
oo = (o "57) (5 ")
(o 40+ i)
(8 b(OAE) +da1/(>\,:2))
_ (g b(/c\lj)) ((1) ”(Al’j)) — h(AE) f(N, ).
This means that f and f/ are equivalent. 0

4.2. Higher Dimensional Complex Tori

One can also consider higher dimensional complex tori. Let I' C CY be a lattice,
1":1"1><---><1"g, I'i=%2Z+7%r, Imt>0.

Then as for one dimensional complex tori we obtain that X = C9/T is a
complex manifold. Clearly the map

CI-CIT =X, z+ [z

is the universal covering of X . Since all vector bundles on C9 are trivial, we ob-
tain a one-to-one correspondence between equivalence classes of r-dimensional
factors of automorphy

f:T x CY — GL,(C)

and vector bundles of rank r on X.

Let T' = Z9 + Q7Z9, where ) is a symmetric complex g X g matrix with
positive definite real part. Note that €2 is a generalization of 7 from one di-
mensional case.
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For any theta-characteristic £ = Qa + b, where a € RY, b € RY there is a
holomorphic function ¢ : C9 — C defined by

Oc(z) = 05 (2,9Q) = Z exp(mi(n + a)'Q(n + a)7 )exp( 27i(n + a)'Q(z + b)),
nezI
which satisfies
¢ (v + 2) = exp(2mia’y — wip'Qp — 27wip' (2 + €))0¢(2) = ee(7, 2)0¢(2),
where v = Qp + ¢ and e¢ (7, z) = exp(2mialy — wip'Qp — 2mwip'(z + &)). Since
ee(m +72,2) = (1,72 + 2)ec(v2, 2),

we conclude that eg(7, z) is a factor of automorphy.

As above 0¢(z) defines a section of E(eg(y, 2)).

For more detailed information on higher dimensional theta functions
see [8, 9, 10].

4.3. Factors of Automorphy depending only on the

7-Direction of the Lattice I

Here X is a complex torus, X = C/I', ' = Z7 +Z, Im 7 > 0. Denote g = e>77.
Consider the canonical projection

pr:C"—-C"/<qg> u—lu=u<qg>.

Clearly one can equip C*/ < ¢ > with the quotient topology. Therefore, there
is a natural complex structure on C*/ < g >.
Consider the homomorphism

C Ei{) C* g (C*/ <q>, 2 e?ﬂiz — [627riz]'

It is clearly surjective. An element z € C is in the kernel of this homomorphism
if and only if €2™* = ¢ = €277 for some integer k. But this holds if and only
if z — k7 € Z or, in other words, if z € I'. Therefore, the kernel of the map is
exactly I', and we obtain an isomorphism of groups

iso: C/T — C*/ < q>=C*/Z, [z] — [¢*™].

Since the diagram

C—=C/T

expl ]iiso

5 C ) =—=C")<q>
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is commutative, we conclude that the complex structure on C*/ < ¢ > in-
herited from C/T" by the isomorphism iso coincides with the natural com-
plex structure on C*/ < ¢ >. Therefore, iso is an isomorphism of com-
plex manifolds. Thus complex tori can be represented as C*/ < ¢q >,
where ¢ = 2™, 7 € C, Im7 > 0.

So for any complex torus X = C*/ < ¢ > we have a natural surjective
holomorphic map

C"—-C'/<g>=X, u—|u].

This map is moreover a covering of X. Consider the group Z. It acts holomor-
phically on X = C*:

ZxC*—C* (n,u)r— q"u.

Moreover, since pr(q"u) = pr(u), Z is naturally identified with a subgroup in
the group of deck transformations Deck(X/C*). Tt is easy to see that Z satisfies
the property (T). We obtain that there is a one-to-one correspondence between
classes of isomorphism of vector bundles over X and classes of equivalence of
factors of automorphy

f:ZxC— GL,(C).
Consider the following action of I on C*:
DxC* = C*  (\u) — du=: ™y
Let A:T x C* — GL,(C) be a holomorphic function satisfying
AN+ N, u) = A Nu) AN u) (%)

for all A, \" € . We call such functions C*-factors of automorphy. Consider
the map
idr xexp: T'xC =T x C*, (A x) — () e*™®)

Then the function
fa= Ao (idr xexp) : I' x C — GL,(C)
is an r-dimensional factor of automorphy, because

fA()\+ )\/,:C) _ A()\+ )\/,627riz) _ A()\,e27ri/\’627rim)A(>\/,e27riz)
_ A()\,627ri(,\/+gg))A(>\/7627riz)
= fa(A N +2)fa(N, 2).

So, factors of automorphy on C* define factors of automorphy on C.
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We restrict ourselves to factors of automorphy f : I' x C — GL,(C) with
the property

f(mt +n,z) = f(mr,z), m,neZ. (2)
It follows from this property that f(n,z) = f(0,2) = idcr. Therefore,
fO+kz)=fNE+x)f(kz)=f(\k+zx)forall e, keZ
and it is possible to define the function
Af: T x C* — GL.(C), (N e™) s f(\ ),

which is well-defined because from €271 = 272 follows 21 = x5 + k for some
keZand f(\, 1) = f(\, 2+ k) = f(A x2).

Consider A with the property A(m7 4+ n,u) = A(m7,u) =: A(m,u). Then
clearly fa(mr + n,u) = fa(mr,u). So for any C*-factor of automorphy A :
I' x C* — GL,(C) with the property A(mt + n,u) = A(m,u) one obtains the
factor of automorphy fa satisfying (2). We proved the following

THEOREM 4.7. Factors of automorphy f : T' x C — GL,.(C) with the prop-
erty (2) are in a one-to-one correspondence with C*-factors of automorphy
with property A(mt + n,u) = A(m,u).

Now we want to translate the conditions for factors of automorphy with the
property (2) to be equivalent in the language of C*-factors of automorphy with
the same property.

THEOREM 4.8. Let f, f' be r-factors of automorphy with the property (2). Then
f ~ f"if and only if there exists a holomorphic function B : C* — GL,.(C)
such that

Agp(m,u)B(u) = B(¢"u)Ay (m,u))

for g := €*™7, where A(m,u) := A(mt,u). In this case we also say Ay is
equivalent to Ay and write Ay ~ Ay,

2miT

Proof. Let f ~ f’. By definition it means that there exists a holomorphic
function h : C — GL,(C) such that f(\ z)h(z) = h(Ax)f' (A, z). Therefore,
from f(n,z)h(z) = h(n + 2)f' (n,z) and f(n,z) = f'(n,z) = ider it follows
h(z) = h(n + ) for all n € Z. Therefore, the function

B:C* — GL.(C), €*™  h(x)
is well-defined. We have

Ag(om, ) B(ET®) = f (e, 2)h(z) = h(mr + @) (mr, ) =
B(eQﬂ'i(mT-l-z))f/ (m, eQTrim) — B(qm€27riz)Af/ (m’ e2ﬂ'il)-
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Vice versa, let B be such that Ay(m,u)B(u) = B(¢™ A (m,u)). Define h =
B o exp. We obtain

f(m7 4+ n,2)h(x) = Ap(mT + n, ™) B(e*™7)
_ B(quQﬂ'im>Af/ (mT +n, e?ﬂim) _ B(e27ri(m‘r+z))Af/ (mT +n, e?ﬂim)
= B(eX(MTHETN) AL (mr 4 n, €2™) = h(mT 4 n + x) f' (mT +n, ),

which means that f ~ f’ and completes the proof. O

REMARK 4.9. The last two theorems allow us to embed the set Z*(Z,r) of
factors of automorphy Z x X — GL,.(C) to the set Z*(T',r). The embedding is

lI/ZZl(Z’T)_’Zl(F’T)a f=g, g(n7+ma$) = f(n,:z:)

Two factors of automorphy from ZY(Z,r) are equivalent if and only if their
images under ¥ are equivalent in Z*(T',r). That is why it is enough to consider
only factors of automorphy

I'x C — GL,(C)
satisfying (2).
COROLLARY 4.10. A factor of automorphy f with property (2) is triv-
ial if and only if Af(m,u) = B(¢™u)B(u)~' for some holomorphic
function B : C* — GL,(C).

THEOREM 4.11. Let A be a C*-factor of automorphy. A(m,u) is uniquely de-
termined by A(u) := A(1,u).

A(m,u) = A(g™ ) ... A(qu)A(u), m >0 (3)
A(—=m,u) = A(g"™u)" .. Al ), m > 0. (4)

A(m,u) is equivalent to A'(m,u) if and only if
A(u)B(u) = B(qu) A’ (u) (5)

for some holomorphic function B : C* — GL.(C). In particular A(m,u) is
trivial iff A(u) = B(qu)B(u)~1.

Proof. Since A(1,u) = A(u) the first formula holds for m = 1. Therefore,
A(m +1,u) = AL, ¢™u) A(m, u) = A(q™) A(m, u)

and we prove the first formula by induction.
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Now id = A(0,u) = A(m — m,u) = A(m, ¢ "u)A(—m,u) and hence

A(=m,u) = A(m,q~"u) " = (A(¢™ g ™) .. Algg " u)A(g ")) T
= A(=m,u) = A(g~™u) ™. A(g )
which proves the second formula.

If A(m,u) ~ A’(m,u) then clearly (5) holds.
Vice versa, suppose A(u)B(u) = B(qu)A’(u). Then

A(m,u)B(u) = A(¢™ ) ... A(qu)A(u)B(u)

for m > 0.
Since A(—m,u) = A(m,q ™u)~! we have

S -
|
—

—
—

= (B(u)~ A(
= (B(u)~ 1B(qm o )A’(m g "u)B(g""u
(W) B(u)A'(m, ¢ u)B(g™"u) ) !
= B(g~"u)A'(m,q¢""u) ™" = B(g"u)A'(~m, u),
which completes the proof. o

REMARK 4.12. Theorem 4.11 means that all the information about a vector
bundle of rank r on a complex torus can be encoded by a holomorphic function

C* — GL,(C).

For a holomorphic function A : C* — GL,(C), let us denote by EF(A) the
corresponding vector bundle on X.

THEOREM 4.13. Let A : C* — GL,(C), B : C* — GL,,,(C) be two holomorphic
maps. Then E(A) ® E(B) ~ E(A® B).

Proof. By theorem 3.5 we have
E(A)® E(B) ~ E(A(n,u)) @ E(B(n,u)) ~ E(A(n,u) ® B(n,u)).

Since A(1,u)®B(1,u) = A(u)® B(u), we obtain E(A)® E(B) ~ E(A®B). O
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5. Classification of Vector Bundles over a Complex Torus

Here we work with factors of automorphy depending only on 7, i.e., with holo-
morphic functions C* — GL,.(C).

5.1. Vector Bundles of Degree Zero

We return to extensions of the type 0 — I} — F — I} — 0, where I; denotes
the trivial vector bundle of rank 1.
Theorem 4.5 can be rewritten as follows.

Alu) = <(1) “(1“))

defines the trivial bundle if and only if a(u) = b(qu)—b(u) for some holomorphic

function b : C* — C.
1 1
Au) = (0 1)

COROLLARY 5.2.
defines a non-trivial vector bundle.

THEOREM 5.1. A function

Proof. Suppose A defines the trivial bundle. Then 1 = b(qu) — b(u) for some
holomorphic function b : C* — C. Considering the Laurent series expansion
Zfz bru® of b we obtain 1 = by — by = 0 which shows that our assumption
was false. O

Let a : C* — C be a holomorphic function such that

Ao(u) = ((1) a(llt))

defines non-trivial bundle, i.e., by Theorem 5.1, there is no holomorphic func-
tion b : C* — C such that

a(u) = b(qu) — b(u).

Let F5 be the bundle defined by As. Then by Theorem 3.3 there exists an
exact sequence
00— —F —1 —0.

For n > 3 we define A,, : C* — GL,(C),
1 a

A, = 7
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where empty entries stay for zeros.
Let F,, be the bundle defined by A,,. By (3.3) one sees that A,, defines the
extension
0—-IL—F,—F,1—0.

THEOREM 5.3. F), is not the trivial bundle. The extension
0—-IL—F,—F,1—0.

is non-trivial for all n > 2.

Proof. Suppose F,, is trivial. Then A, (u)B(u) = B(qu) for some B = (b;;);jn.

In particular it means by,;(u) = b,;(qu) for i = 1,n. Let by,; = Zfz bém)uk be

the expansion of b,; in Laurent series. Then b,;(u) = by;(qu) implies b,iml) =

g“b{"" for all k.
Note that |¢| < 1 because 7 = £ 4+ in, n > 0 and

|q| _ |€27ri7'| _ |€2m'(£+i77)| _ |€2m’§e—27r77| — =2 <1.
Therefore, b,iml) = 0 for £ # 0 and we conclude that b,,; should be constant
functions.
We also have
bn—li (U) + bma(n) = bn—li (qu)
Since at least one of b,; is not equal to zero because of invertibility of B,
we obtain

a(u) = bim(bnfli(qzw = bn-1i(u))

for some ¢, which contradicts the choice of a. Therefore, F;, is not trivial.
Assume now, that for some n > 2 the extension

0—-IL—->F,—F,_1—0

is trivial(for n = 2 it is not trivial since Fy is not a trivial vector bundle).

This means
1 0
An ~ (0 An—1> )

i.e., there exists a holomorphic function B : C* — GL,(C), B = (b;;)}; such
that

An(u)B(u) = B(qu) <(1) Af_l) .

Considering the elements of the first and second columns we obtain for the
first column

bnl (U) = bnl (qu)v

bi1(u) + bir11 (w)a(u) = bir(qu), i<n
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and for the second column
bna(u) = bna(qu),
blg(u) + bH_lg(u)a(u) = big(qu), 1 < n.

For the first column as above considering Laurent series we have that b,,; should
be a constant function. If b,; # 0 it follows

a(u) = 7 (brs (qu) — bu—1s ()
bnl

which contradicts the choice of a. Therefore, b,,; = 0 and b,,—11(qu) = by,—11(u),
in other words b,_11 is a constant function. Proceeding by induction one
obtains that b11 is a constant function and b;; = 0 for ¢ > 1.

For the second column absolutely analogously we obtain a similar result:
b12 is constant, b;2 = 0 for ¢ > 1. This contradicts the invertibility of B(u) and
proves the statement. O

COROLLARY 5.4. The vector bundle F,, is the only indecomposable vector bundle
of rank n and degree 0 that has non-trivial sections.

Proof. This follows from [1, Theorem 5]. O

So we have that the vector bundles F,, = E(A,,) are exactly F,’s defined
by Atiyah in [1].

REMARK 5.5. Note that constant matrices A and B having the same Jordan
normal form are equivalent. This is clear because A = SBS™! for some con-
stant invertible matriz S, which means that A and B are equivalent.

Consider an upper triangular matrix B = (b;;)} of the following type:
bii =1, byt1 #0. (6)
It is easy to see that this matrix is equivalent to the upper triangular matrix A,
ai = i1 =1, a;; =0, j#i+1l, j#Fi (7)

In fact, these matrices have the same characteristic polynomial (¢ —1)" and the
dimension of the eigenspace corresponding to the eigenvalue 1 is equal to 1 for
both matrices. Therefore, A and B have the same Jordan form. By Remark
above we obtain that A and B are equivalent. We proved the following:

LEMMA 5.6. A matriz satisfying (6) is equivalent to the matriz defined by (7).
Moreover, two matrices of the type (6) are equivalent, i.e., they define two
isomorphic vector bundles.
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THEOREM 5.7. F,, ~ S"1(Fy).

Proof. We know that F; is defined by the constant matrix

1 1
e (3 1).
We know by Theorem 3.4 that S™(F3) is defined by S™(Az). We calculate
S™(f2) for n € Ny. Since fo is a constant matrix, S™(f2) is also a constant
matrix defining a map S™(C?) — S™(C?). Let e, ez be the standard basis of
C2, then S™(C) has a basis

{eket k| k=n,n—1,...,0}.
n—k

Since As(e1) = ey and Az (ez) = €1 + ea, we conclude that efel ™" is mapped to

As(er)*Az(er)" F =ef(er +ex)" "

1=0 1=0
Therefore,
1 1 1 (g)
12 (
S™(Ay) = L G,

()
where empty entries stay for zero. In other words, the columns of S™(A43) are

columns of binomial coefficients. By Lemma 5.6 we conclude that S™(As) is
equivalent to A, 1. This proves the statement of the theorem. O

Let E be a 2-dimensional vector bundle over a topological space X. Then
there exists an isomorphism

SP(E) @ S9(E) ~ SPTI(E) @ (det E @ SP~H(E) ® S1™1(E)).

This is the Clebsch-Gordan formula. If det E' is the trivial line bundle, then
we have SP(E) ® SU(E) ~ SPTI(E) @ SP~1(F) ® S97}(E), and by iterating
one gets

SP(E)® S1(E) ~ SPTYE)o SPYI2(E)g--- @ SPTIE), p>q. (8)

p
THEOREM 5.8. F), @ Fy > Fpi g1 ® Fpypq3® - ® Fp_qy1 forp>q.
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Proof. Using Theorem 5.7 and (8) we obtain

Fp ® Fy = SP7H(Fy) ® ST (Fy)
~ Sp+q—2(F2) o) Sp+q—4(F2) ©- P SPTYE)
= Fpyg 1O Fprg-3® - O Fpgy1.

This completes the proof. o

REMARK 5.9. The possibility of proving the last theorem using Theorem 5.7 is
exactly what Atiyah states in remark 1) after Theorem 9 (see [1, p. 439]).

We have already given (Corollary 5.4) a description of vector bundles of
degree zero with non-trivial sections. We give now a description of all vector
bundles of degree zero.

Consider the function ¢g(z) = exp(—7itT —27iz) = ¢~ /?u~" = @(u), where

u = e?™*, Tt defines the factor of automorphy

2

eo(pT 4 q, 2) = exp(—mip*T — 2mizp) = ¢ TuP
corresponding to the theta-characteristic £ = 0.

THEOREM 5.10. deg E(pg) = 1, where as above @o(z) = exp(—mit — 27wiz) =
0 = o),

Proof. Follows from Theorem 4.3 for £ = 0. O

12

THEOREM 5.11. Let L' € £(1,d). Then there exists x € X such that L'
t:E(po) ® E(po)'~ 1.

Proof. Since E((po)d~has degree d, we obtain that there exists L € £(1,0) such
that L' ~ E(p0)?® L. We also know that L ~ t*E(pg) ® E(po) ™! (cf. proof of
Theorem 4.3 and Theorem 4.4) for some = € X. Combining these one obtains
L' = B(po)? ® 3 E(0) © E(0) ™" = 13 E(p0) ® E(po)? ™.
This proves the required statement. O
THEOREM 5.12. The map
C*/ < q>—Pic®(X), @~ E(a).

is well-defined and is an isomorphism of groups.
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Proof. Let po(z) = exp(—miT — 2miz) as above. For z € X consider t*E(po),
where the map

ty: X=X, ymy+z

is the translation by x. Let £ € C be a representative of x. Clearly, t*FE(¢p) is
defined by

pog(2) = tepo(z) = po(z + &) = exp(—miT—2miz—2mi) = o (z)exp(—2mif).

(Note that if 5 is another representative of x, then ¢q ¢ and o, are equivalent.)
Therefore, the bundle % E(po) @ E(pg) ! is defined by

(pocp0 ) (2) = po(z)exp(—2mi&)po ' (2) = exp(—2mif).

Since for any L € £(1,0) there exists x € X such that L ~ tE (o) ® E(po) 1,
we obtain L ~ E(a) for a = exp(—2mif) € C*, where £ € C is a representative
of . We proved that any line bundle of degree zero is defined by a constant
function a € C*.

Vice versa, let L = E(a) for a € C*. Clearly, there exists £ € C such that
a = exp(—2mi&). Therefore,

L~ E(a) ~ L(gogpo ") ~ t5E(po) @ E(po) ™",

where z is the class of § in X, which implies that F(a) has degree zero. So
we obtained that the line bundles of degree zero are exactly the line bundles
defined by constant functions.

We have the map

¢:C* — Pic’(X), awr E(a),

which is surjective. By Theorem 4.13 it is moreover a homomorphism of groups.
We are looking now for the kernel of this map.

Suppose F(a) is a trivial bundle. Then there exists a holomorphic function
f: C* — C* such that f(qu) = af(u). Let f = > f,a” be the Laurent series
expansion of f. Then from f(qu) = af(u) one obtains

af, = f,q" for all v € Z.

Therefore, f,(a —¢”) =0 for all v € Z.

Since f # 0, we obtain that there exists v € Z with f, # 0. Hence a = ¢”
for some v € Z.

Vice versa, if a = ¢”, for f(u) = u” we get

flqu) = ¢"v” = af(u).
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This means that E(a) is the trivial bundle, which proves Ker¢p =< g >. We
obtain the required isomorphism

C*/ < q¢>—Pic"(X), aw— E(a).
This completes the proof. o

THEOREM 5.13. For any F € E(r,0) there exists a unique a € C*/ < g > such
that F ~ E(A,(a)), where

Ap(a) = ’ 1
a
a

Proof. By [1, Theorem 5] F ~ F, ® L for a unique L € £(1,0). Since F, ~
E(A,) and L ~ E(a) for a unique a € C*/ < ¢ > we get F' ~ E(A, ® a). So F
is defined by the matrix

where empty entries stay for zeros. It is easy to see that the Jordan normal

form of this matrix is
a 1

This proves the statement of the theorem. O

5.2. Vector Bundles of Arbitrary Degree
Denote by E,; = C/T';, where I'; = Z7 + Z. Consider the r-covering

Tp : Brr — By 2] — [2].

THEOREM 5.14. Let F be a vector bundle of rank n on E. defined by A(u) =
A(l,u) = A(r,u). Then w}(F) is defined by

A(rr,u) = A(u) = A(1,u) := A(rm,u) = A(g" 1) ... A(qu)A(u).
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Proof. Consider the following commutative diagram.

/ C \
E’!‘T ﬂ4T> E‘r
Consider the map
E(A) — 1 (E(A)) = Err xg, E(A) = {([2];r, [2,v]7) € Err x E(A)},
(2, V]rr = ([2]rr, [250]0)

It is clearly bijective. It remains to prove that it is biholomorphic. From the

construction of E(A) and E(A) it follows that the diagram

locally looks as

U xCn (2,v)
Y N
AU xU)xC"— U xC", ((2,2),v) —— (2, ),
l l l l
U=———=1U e

where A(U x U) denotes the diagonal of U x U.
This proves the required statement. O

THEOREM 5.15. Let F be a vector bundle of rank n on E,. defined by A(u) =

A(rr,u). Then 7. (F) is defined by

aw =500 3

Proof. Consider the following commutative diagram.

C
7
ETTﬂ4T>ET
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Let z € C. Consider y = pyr(2) € Eyr and x = p,(2) = mpprr(2) € Er.

Choose a point b € C such that z € V,, where V; is the standard paral-
lelogram at point b. Clearly x € U, = p,(V;) and we have the isomorphism
vp : Up — Vp with gp(x) = 2.

Consider 7, 1(Up) = Wy |- Wis(r—1)r, where y € Wy and m|w, ..,
Whtir — Up is an isomorphism for each 0 <7 < 7.

We have

e (E(A))(Up) = E(A) (n (Uh)) = E(A) (Wb L] WbJr(Tl)'r)
= E(A)(Wb) DD E(A)(Wb-i-(r—l)T)a

where £(A) is the sheaf of sections of E(A).
Choose a € C such that z € V,, z € Voir. We have p,(z) = 2+ 7. As
above, w1 (Us) = Wa ||+ || Wag(r—1)- and

WT*(E(A))(UU,) :;S(A)(ﬂ;l(Ua)) = 5(121) (Wa |_| T |_| WaJr(rl)'r)

= S(A)(Wa) - S(A)(WaJr(Tfl)'r)'
Since gap(z) = A(pa(x) — wp(2), p(z)), we obtain
9ab(x) = Alpa(x) — pp(2), (1)) = Alz + 7 = 2,2) = A(T, 2).

Therefore, to obtain A(7, z) it is enough to compute ga ().
Note that 7m,+(E(A))z = E(A)y @ --- @ E(A)y4(r—1)r- Note also that g is
a map from

e (E(A))(Up) = EA)Wh) @ - - & E(A) Wiy (r-1y7)

to

Tre(E(A)(U) = EA) (W) @ -+ EA) (Way r-1)r)-

One easily sees that y € Wy, y € Wy n_1)r and y +i7 € Wypyr, y +i7 €
Wat(i—1)r for 0 <i < r. Therefore, gus(x) equals

0 ga b+T (y + 7')
~ 0 §a+(r—2)‘r b+(r—a)7’(y + (7’ - 1)T)
Ja+(r—1)r b(y) 0 - 0

It remains to compute the entries of this matrix. Since

ga—i—(r—l)r b(y) = A(@a-i—(r—l)r(y) - @b(y% @b(y))
= Az +7r7 —2,2) = A(r7, 2)
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and

Gat(im1)r brir (Y +17) = A(@at (i—1)r (Y +97) — @iz (y +4T), Posir (y +47))
= Az +it — (z+i1) = A0, z + iT) = I,

one obtains

0o I,
Gab =
(z) 0 L
A(z) 0 0
Therefore,
0o I,
0 I_
Alz) = _ B (r 1)n> 7
) 0 I, (A(U) 0
A(z) 0 ... 0
which proves the required statement. O

LEMMA 5.16. Let A; € GL,(R), i =1,...,n. Then
(0 I, :
1:[1 (AZ- oY ) = diag(A,,..., A1)
Proof. Straightforward calculation. O
From Theorem 5.14 and Theorem 5.15 one obtains the following:

COROLLARY 5.17. Let E(A) be a vector bundle of rank n on E,,, where A :
C* — GL,(CV) is a holomorphic function. Then wim.E(A) is defined by

diag(A(q" "), ..., Alqu), A(u)).
In other words w}im . E(A) is isomorphic to the direct sum

r—1

P E(A(gu).

=0

Proof. We know that 7 m,.. E(A) is defined by B(r,u), where

0 Irfn
B(l,u)(A <01> >
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Therefore, using Lemma 5.16, one obtains

Blru) = (A(qplu) I(T(_)l)n) (A((;u) I(Tf)l)n) (A?u) I(Tal)n)

= diag(A(q" tu), ..., Alqu), A(u)),
which completes the proof. o

COROLLARY 5.18. Let L € £(r,0), then 7}m..L = @] L.

Proof. Clear, since L = E(A) for a constant matrix A by Theorem 5.13. O

Note that for a covering 7, : E,.; — E; the group of deck transformations
Deck(E,,/E;) can be identified with the kernel Ker(m,). But Kerm, is cyclic
and equals {1, [q],...[q]""'}, where [q] is a class of ¢ = €™ in E,.,. Clearly

[q"(E(A(u))) = E(A(qu)).
Therefore, we get one more corollary.

COROLLARY 5.19. Let € be a generator of Deck(E,../E;). Then for a vector
bundle E on E,, we have

T E=E®E®--- @ () E.
To proceed we need the following result.

THEOREM 5.20 (Oda, [11, Theorem 1.2, (i)]). Let ¢ : Y — X be an isogeny of
g-dimensional abelian varieties over a field k, and let L be a line bundle on'Y
such that the restriction of the map

AL):Y - Pic®(Y), y—tiLe L™,

to the kernel of ¢ is an isomorphism. Then End(o.L) = k and p.L is an
indecomposable vector bundle on X.

THEOREM 5.21. Let L € £(1,d) and let (r,d) = 1. Then m..(L) € E(r,d).

Proof. 1t is clear that 7., L has rank r and degree d. It remains to prove that
7+ L is indecomposable.

We have the isogeny =, : E,.;, — E,.. Since Y = E,. is a complex torus
(elliptic curve), Y ~ Pic’(Y) with the identification y < ¢ E(p0) ® E(pg) "
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We know that L = E(yo ) @ L for some L = E(a) € £(1,0), a € C*. Since
ty (L) = ty(E(a)) = E(a) = L, as in the proof of Theorem 5.12 one gets

AML)(y) =ty(L) @ L™ =1, (E(<Po)d®i)®(E(soo)débi)’1
=1, (E(p0)?) @ t;(L) ® B(wo) ™ ® L™ = t;(E(p0)?) @ E(po) ™
= t;(E(¢5)(2)) ® E(pg?) = E(g5(z +m) ® By )
(

= E(¢f(z + )¢y “(2)) = E(exp(—2midn)) = t3,(E(¢0)) ® E(po) ™",

where ) € C is a representative of y. This means that the map A(L) corresponds
to the map
dy : E.p — Erry  y—dy.

Since Ker 7, is isomorphic to Z/rZ, we conclude that the restriction of dy to
Kerm, is an isomorphism if and only if (r,d) = 1. Therefore, using Theo-
rem 5.20, we obtain the required statement. O

Now we are able to prove the following main theorem:

THEOREM 5.22.

(i) Every indecomposable vector bundle F' € Eg_(r,d) is of the form 7 (L' ®
Fy), where (r,d) =h, r=1"h,d=d'h, L' € &g, (1,d').

(i) Every vector bundle of the form m...(L' ® Fy), where L' and r' are as
above, is an element of Eg_(r,d).

Proof*.

(i) By [1, Lemma 26] we obtain F' ~ E4(r,d) ® L for some line bundle
L € £(1,0). By [1, Lemma 24] we have E4(r,d) ~ E4(r',d") ® F},, hence
F~FEA(r',d)® F,®L.

Consider any line bundle L € &g, (1,d"). Since by Theorem 5.21

mw(L) € E(r,d"), it follows from [I, Lemma 26] that there exists a
line bundle L” such that Es(r',d') ® L ~ 7. (L) ® L".

Using the projection formula, we get
Femn (L))o L' ® F,
=~ (L@ (L) @ 73 (F))
~ (L' @ 7 (Fh))
for L' = Le %, (L").
Since F}, is defined by a constant matrix we obtain by Theorem 5.14 that

7% (Fp) is defined by fg/, which is has the same Jordan normal form as
fn. Therefore, 7* (F},) ~ Fj, and finally one gets F' ~ .. (L' @ F},).
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(ii) Consider F' = m,/,(L'®@F},). As above F}, = 7, (F},). Using the projection
formula we get

F=m. (L' @ Fp) =1L’ @75 (F)) = s (L)) @ F,.

By Theorem 5.21 .. (L’) is an element from &g, (r',d’). Therefore,
mrs(L') = Ep(r',d') ® L for some line bundle L € g (1,0). Finally

we obtain
F = WT/*(LI) ® Fh
=EA(r',d)® L® F,
=Ea(r'h,dh)® L
=Fj (7“, d) ® L,
which means that F' is an element of £g_(r, d). O

REMARK 5.23. Since any line bundle of degree d' is of the form t:iE(pg) ®
E(p0)? Y, Theorem 5.22(i) takes exactly the form of Proposition 1 from [12],
which was given without any proof.

Any line bundle of degree d’ over E,., is of the form E(a) ® E(¢®), where
a € C*. Therefore, L' ® F}, = E(a) ® E(p) @ E(Ay) = E(pd An(a)). Using
Theorem 5.15 we obtain the following:

THEOREM 5.24. Indecomposable vector bundles of rank r and degree d on E;
are exactly those defined by the matrices

( 0 anh)
@4 An(a) 0 ’

where (r,d) = h, ' =r/h, d =d/h, po(u) = ¢ 3u""t, ¢ =e*"", a € C*, and
a 1
An(a) = | 6.
a
Note that if d = 0, we get h = r, v/ = 1, and d’ = 0. In this case the
statement of Theorem 5.24 is exactly Theorem 5.13.
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