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1. Introduction

In our paper [1], published in 1976, we have announced results on the Dirichlet
and periodic boundary value problems for the equation

—a"(t) = g(x(t)) — f(2) (1)

on [0, 7] (though we could also study Neumann boundary conditions). Here,
g : R — R is a continuous function, and f € L'[0,7]. We were interested in
understanding the set of integrable functions f for which this problem has a
solution. In the following, we refer to (1p) for the Dirichlet problem, and to
(1,) for the m-periodic problem associated with (1).

We were interested in cases where g(y)/y has limits at plus and minus infin-
ity (possibly infinite). In particular, we discussed degenerate cases where both
limits are finite and the limit problem has a non-trivial solution satisfying the
boundary conditions, or in cases where one or both limits is plus infinity. Most
of the other cases were largely covered in earlier work. A second motivation
was to try to understand what might be true for analogous nonlinear elliptic
boundary value problems. The idea was that there seemed to be no chance



32 E.N. DANCER

of a good result for the elliptic problem unless the results for the ordinary
differential equation case were similar for the two different types of boundary
conditions. Note that in two dimensions one thinks of a thin annulus as a
perturbation of a circle (at least intuitively).

At the end of that paper, we wrote that

“as the full proofs are long and complicated, the author does not
at present plan to publish them, but will reconsider this if he has
sufficient evidence of interest in them.”

After so many years, in which those handwritten unpublished proofs have
been used and cited by several mathematicians, we think it could be of some
interest to make them more easily available. This is why, mostly motivated by
the interest shown in all these years on the arguments introduced in [1], which
have been quoted by many authors and further developed in several interesting
papers, we decided to finally publish them in the present form.

It will be useful to recall the main results in [1]. Throughout the paper, we
assume that the limits
i 9W) ()
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exist (possibly +00). Let
Xp ={ueC0,7]:u(0) =u(r) =0, v € L*0,x]}

and define Hp : Xp — L'[0, 7] by (Hpz)(t) = 2" (t) + g(x(t)). Note that Xp
is a Banach space under the norm ||z|| + ||z"||, where ||z|| denotes the L'-norm
of . Let Rp denote the range of Hp. Similar definitions are given for X, H,
and R, in the case of the periodic boundary conditions on [0, 7].

In Section 1 of [1], we considered the case when pu, v are finite and positive,
and we stated three theorems. We assume that the limits

+ . _ -+ —

== lim (9(y) —py" +vy~)
exist, where y* = max{y,0}, ¥y~ = max{—y,0}, and the limits are allowed to
be infinite. Let ¢ denote the solution of —z”(t) = u(z(t))™ — v(z(t))~ for
which ¢(0) = 0 and ¢j3(0) = 8. We will also write ¢4 for ¢11 and ¢ for ¢_;.

We first consider the Dirichlet problem, for which we have the following two
theorems. We assume p # v, and that there exist positive integers k and [ such
that |k — 1| <1 and kY2 +1v~1/2 = 1.

THEOREM 1.1. Suppose that k = 1.
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(i) If IT # I~ and at least one of IT and I~ is infinite, Hp is proper
and onto.

(i1) If I and I~ are both finite, let

T— {feLl[O,w]:/wa+1(t)dt/0ﬂf_1(t)dt>0},

where fi1(t) = f(t)dr1(t) — I (dx1(t)T + I~ (d11(t))~. Then, T is
nonempty and T C Rp. Moreovef, Rp contains a relatively closed un-
bounded proper subset of L'[0,n]\T.

THEOREM 1.2. Suppose that k —1 =1 and p > v.

(i) If IT # I~ and either It = —oco or I~ = oo, then Hp is proper and
onto.

(ii) If IT # I~ and either IT = oo or I~ = —oo, then Hp is proper, Rp is
closed, and Rp # L[0, 7].

(i51) If I= and I'" are both finite, let

T = {fGLl[O,W]:/Oﬂf+1(t)dt>0}.

Then, T is non-empty and T'C Rp. Moreover, Rp contains a relatively
closed unbounded proper subset of L*[0, 7|\T.

Concerning the periodic boundary value problem, we stated the following
theorem, where we assumed that p # v and that there is a positive integer k
such that ku=/2 + k=12 = 1.

THEOREM 1.3.  (4) If at least one of I~ and It is infinite and I~ # It, then
H, is proper and onto.

(1) If both I~ and I" are finite, let

FO)= [ f06.(0+0)dt =26 1 070,
T ={feL'0,n]:F(0)#0 for every 0 € [0,7]} ,
and
S={feL'0,n]:(F(0)*+ (F'(0))* >0 for every 6 € [0,]} .

Then, T is non-empty, T C R,, and (R, N S)\T is a relatively closed
non-empty proper subset of S\T .
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In Section 2 of [1] we stated two further theorems. We consider there
the case where ;1 = oo and v = i2, where i is a positive integer for (1p)
and a non-negative integer for (1,). We assume that I~ = limy o gi(y)
exists (where g;(y) = g(y) — i%y) and that there exists an M > 0 such that
gly) + My —z)+ M > g(x) ify > x> M. If I- = —oo, we also assume
that for every € > 0 there exist Ny, No > 0 such that ¢;(y) < (1 — ¢€)g;(z) if
y<ax<-—Njand ¢g;(y) > (1 +e)gi(z) if Nox <y <z < —Nj.

We first consider the Dirichlet problem. If I~ = —oo and ¢ > 0, define
T T
P! = liminf 7(0[) ,  PY=limsup 7(06) ,
"% S(a) P S (a)
where p
1 T/
S(a) =—— gi(—gsinit) sinit dt,
ia Jy i

and T'(«) is the first positive zero of the solution of —x”(t) = g(z(t)), x(0) = 0,
z'(0) = a.

THEOREM 1.4. (i) Ifi=1 and I~ is finite, then
{f e L'0,7] : / f(t)sintdt > QI} CRp.
0

Moreover, if g(y) —y > I~ for all y, equality holds.
(i) Suppose that

(a) i>1and I~ > —o0, or

(b) i=1and I~ = oo, or

‘ _ w1
(c)i=1,1"=—o00 and P" < 3, or

(d) i>1, I~ = —oco and either P' > i(i —1)~!, or P* <i(i +1)7L.
Then Hp is proper, Rp is closed, and Rp # L[0,7].
(iii) Suppose that

(a) i=1, 1" =—oc and either P' > 1 or £ < P! <P" <1, or

(b) i>1, " = —o0 and eitheri(i+1)"' < PL< P* <1, or1 < P' <
P < i(i — 1)1,

Then, Hp is proper and onto.

Concerning the periodic problem, we stated the following
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THEOREM 1.5. (i) Ifi =0, (1,) is solvable if [ f(t)dt > xI~. This condi-
tion is also necessary if I~ is finite and g(y) > I~ for all y.

(i) Suppose that i > 1 and
(a) I~ > —o0, or
(b) I~ = —c0 and either P* < 1 or P! > 1.
Then, Hy, is proper and onto.

This paper is organized as follows. In Section 2, we prove some technical
lemmas on the distance between zeros of solutions of the differential equations.

In Section 3, we prove a simple abstract result and, in Section 4, we prove
the results in Section 1 of [1], i.e., Theorems 1.1, 1.2 and 1.3 above.

In Section 5, we prove the results in Section 2 of [1], i.e., Theorems 1.4 and
1.5 above.

2. Technical Estimates

Subsection (i)

Suppose that z is a solution of

—a"(t) = g(x(t) — f(t) (2)

n [0, 7]. Assume that yg(y) > 0 for y large. Thus we can write g = g1 + g2
where g1 and gy are continuous, yg; (y) > 0 for all y, |g2(y)| < K for all y and
g2 has compact support. Let

and

B(t) = 5((1)) + G(=(1).

By adding a constant to g and f (and with a little more care), we may assume
that [, g2(u)du = 0 (and thus G(y) = [ g(u) du if y is large). This will be
convenient later (in Subsection (iii)).

LEMMA 2.1. (i) There exist K1, Ks, depending only on ||f|1 (and K ), such
that E(t1) < Ka(E(t2) + K1) for t1,t2 € [0,7].

(ii) There exists K3 depending only on || f||1 such that

|E(t1) — E(t2)| < K3\/E(t3) + K4 for ty,to,t3 € [0,7].
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Proof. Let us first prove (i).

|E' (1)) IF(8) + g2(2(0))1|2"(#)] (3)
(O] + E)((Z'(6)* +1)
(I

FOI+ K) + (1f()] + K)E({).

IAIACIA

Hence (i) follows from Gronwall’s inequality.
Let us now prove (ii).

ta

Bt - B < [ 1B @< [(rw)+ g o).

t1 t1

The result follows from this, since |2/(¢)] < /2FE(t) < Ks3y/E(t3) + K2 by
O

part (i).

This lemma shows that, if E(t) is large at one point, then E(t) is large
throughout the interval and, in this case, the variation of E(t) across the in-
terval is of smaller order than E(t).

Subsection (ii)

In this case, we assume that

lg(y) —pyl < Ty + M, (4)

for all y > 0, where p > 0, 7 < p. Suppose that z is a solution of (2) on [tg,¢1]
(where 0 < tp < 7, tg < t; < 27w and f is extended to [0, 27| by periodicity)
and assume that z(tg) = 0, z(¢;) = 0 (or t; = 27), z(t) > 0 on [tg,t1] and
Z'(tp) = o, where « is large and positive.

In the following, we will only prove our results for the case tyo = 0, but we
1.2

will usually state the final results for general ty. Now E(0) = 5a°. Thus, by

Lemma 2.1(ii), |E(t) — 20®| < Kya on [0,#1] if a is large. Since

2G 2G
0 < p—7 <liminf gy)glimsup#S,u—&-T,
Yy

Yy—00 Y y—ro0

it follows that z(t) < (u — 1) " (E(t))Y/? < Ksa on [0,t1], if a is large. Let
w(t) = a~1z(t). Then w(0) =0, w'(0) = 1 and, on [0, 1], w”(t) — pw(t) = h(t),
where h(t) = a=1[g(2(t)) — pz(t) — f(t)]. Then,

h(t)] < a7 rlz()] + M + |f (O] < 7K + a7 (M +]f(t)])

(by our inequality for z(t)). Thus A is small in L' if 7 is small and « is large.
Hence, by continuous dependence, w(t) is near p~/2sin /it in the C'-norm
on [0,¢1] if 7 is small and « is large. (This is easily proved by using the Green’s
function for the initial-value problem for w” () 4+ pw(t).) Thus we have proved:
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LEMMA 2.2. Given € > 0, there is a 7 > 0 such that, if |g(y) — py| < 7y + M
fory >0, |[fllh <M and o > T(=T(e, M)), then [a™ 2(t) — b4 (t—to) o < €
(where ¢4 (t) = p~V/?sin /it and || - ||’ is the usual C'-norm restricted to
[t07t1])'

Let t = to + p~ /27 and assume that t < 27. By Lemma 2.2, either z(t)
has its first zero in (0,27] close to but less than or equal to #, or z(t) > 0 on
[0, 4+ a] (where a > 0). (Note that we have reverted to assuming that to = 0.)
Lemma 2.2 then implies that a~'2z(f+a) is close to ¢ (+a). Since z(t+a) > 0
and ¢ (4 a) = p~/?sin \/fia < 0, this is only possible if a is small. Thus, if
t < 2, z(t) must have its first zero in (0,#;] near ¢, i.e., t; is near . We now
want a more precise estimate for ¢1. Let

Z(t) = 2(t)¢ (t) — ' ()94 (1) -

Since z is a solution of (2),

Z'(t) = [g(=(t)) — pa(t) = f()]) () -
By integrating from 0 to t1, we get

()b (tr) = / o(() — pa(t) — FOIF, (1)t (5)

Since t; is near £, ¢ (t;) = —(t; — 1)(1 + w(ts — 1)), where w(r) — 0 as r — 0.
Moreover, by our earlier estimate for E(t), |3(2'(t1))* — 2a?| < Ka. Hence,
—a—2K4 <7 (t1) < —a+ 2K, if o is large (remember that z'(¢1) < 0). Thus
2'(t1) = —a(l + a~ts(a)) where |s(a)| < 2K4. So, equation (5) becomes

oty =) (Hre(t1=D) (140~ 5(0) = = [ [a(a() O (16 (=)t (6)

(where we have given the formula for the general case). By integrating Z'(t)
from tg to t, we also have

—z(t) = /t l9(=(t)) — nz(t) — f(B)]4) (t —to) dt (7)
(since ¢/, () = —1). Equations (6) and (7) will now be used to obtain our

estimates for ¢7.

LEMMA 2.3. Suppose that € > 0 and g(y) — py > S if y > yo. There exists
7(=71(€6,5)) > 0 such that, if |g(y) — py| < Ty + M fory >0, ||fll1 < M and
a>T(=T(e S, M)), then

t) —t< al[/t~ l(f(t)—5)¢+(t—t0)dt+e .
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Proof. If 7 is small and « is large, ¢; is near ¢ and a~'z(t) is near ¢ (t) on
[0,t1]. Hence, z(t) > yo on [0,t1] except possibly near the endpoints. We can
make the part of [0,¢;] where this inequality fails arbitrarily small and, on this
part of the interval, g(z(t)) — pz(t) is bounded (because 0 < z(t) < yo).

Case (i) t; <t. Thus ¢ 1(t) > 0 on [0,#;] and the right hand side of equa-
tion (6) becomes (for to = 0)

F(0)6 (1) di - / [9(=2(8)) — ()] b (£) At — / (9(=()) — pz(t)) s (1) dt
0 A B
< / F)es(tydt— s /A b (1) dt + m(B)Kq

where A = {t € [0,t1] : 2(t) > yo}, B = [0,t1]\A and K¢ = sup{[g(y) — py| :
0 <y <wyp}. Since m(B) and t; — t are small if 7 is small and « is large (and
thus [, ¢4 (t)dt is near fotl ¢4 (t)dt), the result follows from this inequality
and equation (6).

Case (i) t; > t. In this case, there is an additional difficulty because ¢, (t) < 0
on [t,t;]. However, if we have a bound for z(t) on [t,;], we can estimate the
integral from # to t; (in equation (6)) by the same argument as we used for the
integral over B in case (i) and the proof can be completed as in case (i). Since
#4(t) > 0 on [0,#], we can use equation (7) and, by estimating the right hand
side of (7) by a similar argument to that in case (i) (noting that z(¢) > 0 on
[0,2]), we find that z(f) < K7. Since t; is near {, a~'2/(t) is near ¢/ () and
¢/, (t) < 0, we see that z/(t) < 0 on [{,¢1]. Hence 0 < 2(t) < K7 on [f,#1]. So,
by our comments above, the proof can be completed as before. O

Remark. By the lemma, 7 and T can be chosen to work simultaneously for
the sequence of function {g(y) + Ly}n>n, provided that g(y) — py > S for
Y >0, ¥ tg(y) — 0 as y — oo, and nyg is sufficiently large.

LEMMA 2.4. Suppose that € > 0 and g(y) — puy < S if y > yo. There exists
7(= 7(e,5)) such that, if |g(y) — py| < 7y + M fory >0, [|f[1 < M and
a>T(=T(e S, M)), then

t1—52a—l{/tl(f(t)—S)¢+(t—t0)dt—e .

to

Proof. Case (i) t; < t. This is similar to the proof of case (i) of Lemma 2.3.

Case (i) t; > t. As in case (ii) of Lemma 2.3, it suffices to show that R :=
[P (g(2()) — pz(t))p (8) At is small. Let Kg = [*(f(t) — S)p4(t)dt + 1. If

to

t; —t > a~'Kg, the result is trivial. If not, |¢,(t)] < [t — | < a 'Ky on
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[t,t1]. Since |g(2(t)) — pz(t)| < 72(t) + M < 7Ksa + M, it follows that if
t1 — t < OéilKS, then
|R| < Kg(TKs +a~'M),

and thus R is small if 7 is small and « is large. Hence the result follows. [
A remark similar to the one after Lemma 2.3 is true (except that we consider
{9v) = Zv}tnzno)-

LEMMA 2.5. Suppose that g(y) — py — I (where I is finite) as y — +oo.
Then, given € > 0, there 1s a T > 0 such that

t1
tlfffofl/ (f(t) = ITM)py(t —to)dt| < a™'e

to

if I flli <M and o > T(=T(e, M)).
Proof. This follows from Lemmas 2.3 and 2.4. O
This is Lemma 1 of [1].

Remark. Lemma 2.5 remains true if we replace fttol by fg;) ' where t, — to

as @ — +oo and t; — t; as & — +oo. This follows if we can show that the
change to the integral is small. To see this, note that

/I(I+ — F(£)py(t —to) dt| < sup{|p4(t —to)| 1 11 <t <11 }K < €K

t1

(since ¢4 (f) = 0 and ty,%; are near f if « is large). Similar comments apply
to our other lemmas (including Lemma 2.6 later). Moreover, we could replace
¢+ (t —to) by ¢4 (t —to).

Finally, for this subsection, we need a more precise estimate for t; — ¢
when g(y) — py = r(t) + Ly, where y~'r(y) — 0 as y — oo, r(y) = oo
as y — oo and we assume that, for every ¢ > 0, there exist N;, Ny > 0
such that |r(y)| > (1 — e)|r(z)| if y > 2 > Ny and |r(y)] < (1 + ¢)|r(x)| if
Ny <x <y < Nox. Let

Su@)=a [*  rtaos o,

LEMMA 2.6. Given € > 0, there exists ng > 0 such that, if |1 < M, n > ng
and a > T(=T(e, M)), then

t—T<—(1-e)8,(a).

(Here we allow n to be co.)
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Proof. As before, it suffices to estimate L, the right hand side of equa-
tion (6). Now

L<- / Cr(2(6) b () dt — / ()b () dt + M

to n Jo

Since t is near ¢; and a~'z(t) is near ¢ (), the second term is non-positive.
Since obviously the first term tends to —oo as o — oo, the result will follow
if we show that the ratio of the first term and .S, («) tends to 1 as n — oo
and a — co. We merely sketch the easy but tedious proof of this. One shows
(using our regularity of growth assumptions on r) that the contribution to
both integrals (remember that «S, (o) is defined by an integral) from near
the endpoints is relatively small (compared with the integrals over the central
portion) and that, over the most of the interval,

(1= )r(ag(t) <r(z(t) < (1+€)r(ag(t)).

(Remember that a~!2(t) is near ¢, (t). Here we assume the other regularity of
growth assumption on r.) Hence the integrals over “most” of the interval are
asymptotically the same and so the result follows. O

Remarks 1. If we considered the equality g(y) — py = r(y) — Ly, we would
obtain a similar result except that the inequality becomes t;—# > —(1+¢€)S,,(a).
By combining this result with Lemma 2.6, we see that, if g(y) — py = r(y),
then (t; —¢)/S,(a) = —1 as @ — oo uniformly in f for || f|; < M.

2. Similar results hold if r(y) — —oo0 as y — oc.

3. The argument in the proof of Lemma 2.6 can be used to show that, if M > 0,

t
Sulett) 1 e s s uniformly in ¢ for [¢| < M.
Spu(e)

Subsection (iii)

In this subsection, we consider the case where y~'g(y) — oo as y — oco. We
define ¢; as before and T'(«) as in [1]. (Although g is only continuous, T'(«) is
well defined if « is large.)

We also assume that there exists an M; > 0 such that g(y) + M1 (y )
My > g(z) if y > & > 0. (This is equivalent to the assumption in [1].)
of the work below is true without this assumption. Suppose that z’(0)
where « is large, and ||f|l1 < M (where z is a solution of equation (2) With
2(0) = 0). By Lemma 2.1(ii), there is a K7 > 0 such that

-
Muc

Lot my)? (8)

%(a K < B(D) <
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on [0,#]. Thus, if |2(t)| < C, |2/(t)| ~ a. In particular, 2/(t) # 0, and the time
for a solution to move from zero to C is asymptotic to % We first prove that
t1 — 0 as o — oo. If n > 0, there is a K(n) such that

gly) —n?y > K(n) for y>0 (sincey 'g(y) — ooasy — o).

Let ¢(t) = n~tsinnt and W(t) = 2¢’ — ¢2’. By differentiating and using
equation (2), we find that W’(t) > —|f(t)| — |K(n)| and hence W (t) > K3 on
[0,%1]. If t; > t5 := n~'m, we deduce by putting t = t, that z(t3) < K. Since
z(t) must be large when z'(t) = 0 (by equation (8)), z(t) > K for t ~ 252
and since 2/(t) # 0 if z(t) < Ko (see earlier), z/(t2) < 0. Hence 2/(t) ~ —a on
[ta, t1] (by equation (8), cp earlier). Thus ¢; < to + 252 if « is large. Since n
was arbitrary, it follows that ¢t; — 0 as o — oco.

We want more precise estimates for ¢;. First note that since G(y) — oo as
y — oo and G'(y) > 0 if y is large, G~!(z) is well defined and increasing if
z is large. Let Tmax = sup{z(t) : 0 < ¢t < t;}. Since G(Tmax) > iag if o is
large (by equation (8)), Zmax > G~1(3a?). Also by equation (8), [2/(t)| < 2«
on [0,¢]. Since

S 2% max
T osup{|Z/(¢)|: 0 <t < ty}’

we see that
1
tp >a'G7? <4a2>. 9)

We need more precise estimates for ¢;. The idea is to compare z(t) with solu-
tions 1, xo satisfying

—2(t) = g(z1(t)), z1(0)=0, 27(0)=a—2K;,

and
—af(t) = glza(t)), w2(0) =0, x5(0)=a+2K;.

Let FEi(t), E2(t) denote the functions obtained when, in the definition of
E(t),z(t) is replaced by z1(t) and x2(t) respectively. By equation (8), we
see that F4(t) < E(t) < Ea(t) on [0,t4].

It follows that z(t) > x1(t) as long as z’(s) > 0 on [0,¢]. This follows
because otherwise there is v in (0, ¢] such that z(v) = z1(v) and z}(v) > z(v).
(Remember that z(t) > x1(t) for small non-zero t.) Thus F;(v) > E(v), which
contradicts the result of the previous paragraph. Similarly z(¢) < x2(t) as
long as z4(s) > 0 on [0,¢]. We need extra estimates. To do this we use our
assumptions on the regularity of the growth of g. Using this and by making a
simple calculation, we see that, as long as x1(t) < z(t),

(z —21)"(t) < Mi(z — 21)(t) + [f(t)| + M1 (10)
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By the usual comparison argument, it follows that (z — x1)(t) < W(¢) where
W"(t) = MiW(t) + |f(¢)| + My, W(0) =0, W(0) = (2 — z1)'(0) = 2K;. By
substituting this estimate back in (10) and integrating, we get that (z—z1)’(¢) <
K3 as long as z(t) > x1(t) > 0 i.e.,

Z(t) — 24 (t) < K3 (11)
on the same interval. Similarly,
ay(t) — 2'(t) < K3

as long as z(t) < x2(t). Let to be the first point where 2’(t) = 0, t3 be the first
point where z (¢) = 0 and t4 be the first point where (t) = —Kj3. If {2 > 14,
we see from what we have already proved that x1(t) < z(¢) on [0, t2]. Thus, by
equation (11), 2/(t4) + K5 < K3, i.e. 2/(t4) < 0 and thus ty < t4. Hence, we
always have that to < t4. By a similar argument, t5 < tg where t5 is the first
positive zero of x4(t) and tg is the smallest ¢ where 2/(t) = —K3. Note that
ty = 3T(a — 2K) and t5 = 3T (o + 2K;). We let ¢7 be the largest ¢ in [0,¢;]
for which 2/(t) = —K3. Obviously t7 > tg. We now want to estimate t; — to,
ty —t3 and % We need two sublemmas whose proofs we defer till later.

SUBLEMMA 1. yg(y) > 2G(y) if y is large.

T(a+u)
SUBLEMMA 2. )

Cl>0).

— 1 as a — oo uniformly in u for |u| < Cy (for each

We estimate t7 — to. First note that g(y) > —K on [0,00) (where K was
defined in Subsection (i)). Hence, if 0 < tg < t9 < t1, 2'(tg) — 2/(ts) <
tt:(K + f(t))dt < K4 (since z is a solution of equation (2) and ¢; < 2m).
Since 2'(t2) = 0 and 2/(t7) = —K3, a tedious but easy argument shows that
we can deduce that |2/(t)] < |K3|+ |K4| on [t2,t7]. Hence, by equation (8),
G(2(t)) = 1a? on [tg,t7] if a is large. Since this implies that z(t) is large on
[ta, 7], 2(t)g(2(t)) = 3G(z(t)) > §a? on [t2,t7]. However, by equation (8),
G(2(t)) < a? if a is large and hence z(t) < G~*(a?). Thus

a2

g(2(t)) > m .

Now

LKy = —2(t) 4+ (k) = / "lo(=(0) — £(1)] dt

a2

(t7 —t2)m -M

Y
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(by the previous line). Thus

—1(,2

(tr —t2) < %2)[(5 .

Since y~1g(y) — oo as y — o0, y~2G(y) — oo as y — oo and thus G~ 1(a?) =
O(a). Thus we see that t; — to < a 'K if a is large. By the derivation of
equation (9), we see that, for any C > 0, aty > C if « is large enough (and
similar results hold for ¢35 and t5). Thus t7 — to = o(inf(t2,t3,t5)) as a — oo
(uniformly in f for || f|l1 < M). Since t5 < tg < t7 (see earlier), it follows that
ta > (1 — €)t5 if « is large. Since we can establish by similar arguments that
ty — t3 = o(inf(to,t3)), we find that to < (1 4 €)t3 (since to < t4). However,

ts

by Sublemma 2, 2 — 1 as a — co. Hence we have that i—i —lasa—

(uniformly in f for || f|l1 < M). Also, by Sublemma 2
Hence we eventually find that

1l < 2.

Thus we have estimated the time for z(¢) to reach the point where 2/(t) = 0.
(In fact, there may be more than one such point but any such point lies between
to and t7 and hence the difference between the first and last such point is
o(T(«)).) Since we can use a similar argument to estimate the time for z(¢)
to move from 2z'(t) = 0 back to zero, we have established the following lemma.
(Where, as usual, we have included a t.)

ts
" IT(@) — 1 as a — oo.

% — 1 as @ — oo (uniformly in f for
2

LEMMA 2.7 (Lemma 2 of [1]). Given ¢, M > 0 there is a T > 0 such that
[t1 —to —T(a)| < eT(a) if a>T and ||f|1 < M.

In fact, we have yet to establish Sublemmas 1 and 2.

Proof of Sublemma 1. Since g(z) < g(y) + Mi(y —x) + My if 0 < 2z < gy, we
find by integrating that, if y is large,

Y 1
G(y):/ g(r)dz < g(y)y+§M1y2+M1y
0

1
< gy + iG(y) if yislarge
(since y~2G(y) — oo as y — o). Hence the result follows. O

Proof of Sublemma 2. Tt obviously suffices to prove the result for 0 < u <
Cy. The proof that limsup,_, . T(TCE:)U) < 1 is similar to the proof that
to > (1 —€)ts. (Let z, denote the solution of —z”(t) = g(z(t)) for which
24(0) =0, 2,(0) = o. By using the constancy of % (x/,(¢))* + G(za(t)) in time

(where G(y) = [; 9(u) du), one shows (cp earlier) that Zq4y(t) > 24(t) as long
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as 2, ,,(t) > 0 and then the proof follows closely the proof that t; > (1 — €)t5

and hence we omit the details).
We must be a little more careful to prove that liminf,_ o T(TOEZ)“ ) > 1. Tt
suffices to consider the case where T'(a + u) < T'(«).

If 119 denotes the point where z,,,(t) = 0, an earlier argument (cp the

derivation of equation (11)) implies that zay.(t10) — za(tio) < Kg. Since
the maximum of x4, is greater than the maximum of z, (because the first
is G7'(3(a 4+ u)?) and the second is G~'(1a?)), it follows that, at t9, za
is within K¢ of its maximum value. (Remember z,., achieves its maximum
at tlo.)

Define t;2 to be the point where 2/, (t) = 0 and ¢1; to be the point in [t19, t12]
where z/, (t11) = 1o (Set t11 = t19 if no such point exists.) On [t10, t11], 24 (t) >
lO[ and ZL’a(tll) —Z'Oé(tl()) é l'a(tlg) —l'a(tlo) S Kﬁ. Hence t11 _th S 20[71K6.

2

On [t11,t12], 0 < 2,(t) < Fa and hence, since 3(z/,(t))? + G(za(t)) = 502,

G(za(t) = a2, ie. G(za(t)) = 1a? (since G(y) = G(y) if y is large). Thus,

since yg(y) > 1G(y) for y large, g(za(t)) > tz;,'a? on [tlll,glg] (where x,, is

the maximum of z4(t)). Since —a/,(t) = g(za(t)) > gx,,'0? on [t11,t12], we

see by the two integrations that x,(t) < x,, — %(t —t12)%2 a? on [ti1,t12].
Since z,, — z4(t11) < Kg, it follows that

1
t12 — t11 S 4a_1(xm)%K62 .

However, t19 > %oﬁlxm (cp the derivation of equation (9)). Thus t19 — t17 is
O(tlg). Slmllarly tll - th is O(tlg). Thus tlg - th is O(tlg) i.e. % — 1 as
a — «. This is the required result. (A glance through the proof shows that it

is uniform in « for 0 < u < C1.) O

Remarks. 1. In applications, it often happens that yg(y) > 0 for all large y.
In this case, it follows easily from Lemma 2.1(ii) that there is X > 0 depending
only on k and || f]|; such that

[#'(ts)] — 2" (ta)]| < K,

whenever t3,t4 € [0, 7], 2(t3) = 0 and z(t4) = 0. Thus, if we try to apply the
results of this section between each successive pair of zeros, the corresponding
a’s differ only by K in modulus. By checking each of our results (using some
of the remarks after them) we see that this change of « has only a higher order
effect on our estimates (i.e. it can be incorporated in the € in each case). Thus
the change of a does not matter very much.

2. Obviously we could also obtain analogues of our results for the case when
z(to) = 2(t1) =0, z(t) < 0 on [to, t1].
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Appendix to Section 2

It turns out that we need one more lemma.
LEMMA 2.8. Suppose that € > 0. Then there exist §, ag > 0 such that

T(a+u)

T(a) <l+4e¢ if a>ap and |u| <dla|.

Proof. Tt obviously suffices to assume that u > 0. We use the notation in the
proof of Lemma 2.7. We need only consider the case where T'(a + u) > T(«).
In this case, arguing as in the proof of Lemma 2.7, we see that

(Tatu(t) = za(t)” < Mi(zaru(t) — za(t)) + M (12)
for 0 <t < 1T(a) and thus that
Zotu(t) — x4 (t) S W(t) < Kjut + Ky

(by explicitly calculating W). By substituting this back in (12) and integrating
we get that
/ 1 / 1 / 1
Tty iT(a) =Ty §T(oz) -z, iT(a) < Kzu+ K.

Thus ), (t) < Ksu+ Ky for 1T(a) <t < 1T(a + u). Hence, if § is small,
2., (t) < Sa for t in the same range. Since 32, (t)? + G(za(t)) = (o + u)?
it follows that G(za4u(t)) > +(a + u)? for ¢ in the same range. Since g(y) >
$y~1G(y) for y large, it follows that g(za4u(t)) > £(Zm) 'a? for t as above
(where Z,, = G7'((a + u)?)). Since —a¥_,(t) = g(@atu(t)), it follows by
integrating this equation from 17'(c) to 37(o + u) that

1
Ksu+ Ky > i(T(a +u) — T(a))
ie.
T(a+u) —T(a) < 16a %%, (6 Ksa + Ky) (since u < dar).

However (cp equation (9)), 37 (a+u) > (a+u) " Z,. Thus, if § is small and «
is large, T(a+u) — T(a) < €T(a+u). The result follows easily from this. O

Some of the above ideas can be used to prove that there exist K5, Kg > 0
such that a_1K5G_1(%042) < T(a) < a‘lKgG_l(%ag) for « large and that

—1(1,2
T(a) ~ w if g grows sufficiently rapidly. These are useful estimates
for T(«).



46 E.N. DANCER

3. Abstract Results

Assume that H : X — Y is positive homogeneous (i.e. H(Ax) = AH(z) if
A > 0), where X and Y are Banach spaces. Let R(H) denote the range of H.

LEMMA 3.1. (i) If G : X — Y satisfies ||G(z)|| < K forx € X and z ¢
R(H), then tz ¢ R(H + G) if t is sufficiently large and positive. (Thus,
if R(H) is not dense inY, R(H+G) #Y.)

(i) If v € R(H), then, for each t > 0, there is a u(t) € R(H + G) such that
[lu(t) — tv]| < K.

Proof. (1) If z ¢ R(H), there is an a > 0 such that |H(z) — z|| > a for all z in
H. Ifta > K, tz ¢ R(H + G). This follows because, if H(x) 4+ G(z) = tz, then
ta < |[H(z) —tz[| = | G(2)]| < K.

(ii) Since v € R(H), v = H(u) where u € X. Set u(t) = H(tu) + G(tu) €
R(H + G). Then |ju(t) —tv| = [|H(tu) + G(tu) + tH(u)||= |G(tv)|| < K. O

The following lemma is well-known and we omit the proof. Assume that
f R xR"™ — R" is continuous and let x(t,a) denote the solution of z'(t) =
f(t,z(t)) for which z(0,a) = a.

LEMMA 3.2. If K is a compact connected subset of R™ and if there is a K1 > 0
such that ||z(t,a)|| < K1 when a € K and t € [0, 7], then {z(m,a) : a € K} is
also compact and connected.

This immediately justifies shooting arguments when we do not have unique-
ness (but have a bound of the type in the lemma).

4. Proof of the First Three Stated Theorems

In this section, we prove Theorems 1.1, 1.2 and 1.3.

4.1. The Dirichlet Problem
Define Hp : Xp — L'[0,7] by Hp(x)(t) = =" (t) + p(z(t))* — v(z(t)",

Fo(t) = f(6s(t) and T1={f€L107r [#]r }

Note that the corresponding formula for Hp in [1] had an incorrect sign and
that it is easy to prove that

Ll[O,w]\Tl{feLlow:/ f+/ f_>0}
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Moreover, a similar result holds for L*[0, 7]\T.
If Hp(u) = f and ¢ (7) = 0, we see that, integrating by parts (and noting
that HD(QS-"-) - 0)7

(M—V)[Au¢+—/9u¢+]=/owf¢+7 (13)

where A = {z € [0,7] : u(z) > 0,¢4+(z) < 0} and B = {z € [0,7] : u(z) <
0, ¢4 () > 0}. Moreover, a similar result holds if ¢ is replaced by ¢_ (when
b () = 0).

LEMMA 4.1. Let f(t) = cX[a,p), where ¢ < 0 and X[q,p) is the characteristic func-
tion of [a, b] and assume that z is a solution of —z" (t) = p(x(t)) T —v(x(t))—f(t)
on [to,t1], where z(tg) =0, to < a < b <ty and z(t) # 0 on (tg, a] if to < a.
(i) If 2/ (to) < 0, then z(t) # 0 on [to,d] where d is the infimum of t1 and
tQ —+ 1/7%71
(it) If 2'(to) > 0 and to + p~ 27 < ty, then z has a zero ty in (to,to + p~ 7).
Moreover Z'(ta) # 0 and the next zero ts of z (if one exists in [to,t1])
satisfies tg — to < voI.

Proof. This follows easily from a Wronskian argument (cp the proof of Propo-
sition 1(i) in [2]. O

LEMMA 4.2. Under the assumption of Theorem 1.1, there exist f1, fa inTh such
that f1 € R(HD) and fg S R(HD)

Proof. We first find f;. Choose zq in (0,7) so that m—zo < 7inf{u=/2 v=1/2}
and hence, by the easily constructed explicit formulae for ¢ and ¢_, ¢4 (t) <0
and ¢_(t) > 0 on [zg, 7). Hence, if we define fi(t) = cx[s,,~] Where ¢ <0, fi €
T;. Moreover, if we let ¢, denote the solution of —x”(t) = p(z(t)) T —v(z(t))” —
f1(t) for which 2(0) = 0, 2/(0) = «, we see that, if a > 0, then ¢, (t) = ad, (¢)
for t < x9. Hence we apply Lemma 4.1 to deduce that ¢, (7) < 0 if o > 0.
(Set tg = g and tg = 7 — v 27 if & > 0.) Similarly ¢o(7) < 0 if o < 0. Thus
ba(m) # 0 for all a and thus f; € R(Hp).

Now ¢4 (t) < 0 and ¢_(t) > 0 on [xg, 7). Choose u smooth with support in
[xg,7) such that u takes both positive and negative values. Let fo = Hp(u).
Hence fy € R(Hp). Since the support of u is contained in [xq, 7] and ¢, is
negative on this interval, equation (13) implies that foﬂ fady+ < 0 (where for
simplicity we are assuming that p > v). Similarly, foﬁ fap— > 0. Hence we
have constructed the required fs. O

Proof of Theorem 1.1. (i) Let ¢, denote a solution of equation (2) for which
0a(0) = 0, ¢.,(0) = a. If « is large we see by applying Lemma 2.2 between
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successive zeros (and by using Remark 1, after Lemma 2.7), that a=1¢,(t) is
near ¢ (t) on [0, 7] in the C'! norm. We only prove part (i) when It = oo and
I~ is finite. The other cases are similar. Lemma 2.3 implies that for any C > 0
the distance between successive zeros of z (between which z is positive) (where

Z = ¢q) is less then % —a~1C if a is large (because we can take S arbitrarily

large since It = c0).

On the other hand, Lemma 2.5 implies that the distance between successive
zeros of z (between which z is negative) is %—&-W(a), where [W(a)| < £ (since
I~ is finite). Thus, choosing C' large, we see that the 2k positive zero of z is

less than % + \k/ﬁ i.e. less than . However, this zero is near 7 since a~1z(t) is

near ¢ (t). Now, near m, a~12/(t) is near ¢/, (t) which is positive (and not near
zero). Thus it follows that ¢, (7) > 0 for « large. Similarly, ¢, (7) < 0 for a
large negative. Hence, by a shooting argument, there is an a with ¢, (7) = 0.
Hence f € R(Hp) as required. Moreover, since our estimates hold uniformly in
f for f € L'[0, 7], the above argument shows that, if M > 0, then there is an
ag such that ¢ (m) # 0 if ¢, is a solution of (2) with ||f]]; < M and |o| > ap.
Hence, if Hp(z) = f where ||f|1 < M, then |2/(0)] < ap. Hence, by Lemma
2.1, we have a bound for E(t) uniformly in f for ||f||s < M. Hence we have
a bound for z in C'-norm uniformly in f for ||f||; < M. Properness follows
easily from this. (Note that we have in fact proved that HBl maps bounded
sets of L]0, 7] to bounded sets in Xp.)

(i) We define ¢, as in part (i) and note as there that a=12(¢) is near ¢ (t) if
« is large and positive. Thus the zeros of z(t) are near those of ¢, (t). Hence
in applying Lemma 2.5, we can replace ¢y and t; by the corresponding zeros of
¢+. (Here we are using the remark after Lemma 2.5.) Hence we find that, if «
is large, then the 2k™ zero of z(t) is at m + o~ [ f41(t) dt + o(a™!) (where
the o(a™!) term satisfies this condition uniformly in f for || f||; < M). Hence,
as in part (i), we find that if fo f+1(t)dt #£ 0, then ¢a( ) # 0 if « is large and
sgn ¢ (m) = —sgn [§ f+1(t) dt. Similarly, if [ f- dt # 0, then ¢q(m) # 0
if o is large and negative and sgn ¢, (7) = sgn fo _1(t)dt. Thus T C R(Hp),
by a shooting argument. Since | [; f41(t) d¢| and | fo f_ t) dt| have positive
lower bounds on compact subsets of L[0, 7]\T and since our estimate for the
2k zero of ¢, (t) holds uniformly on bounded subsets of L[0, 7], it follows
easily that, for a compact subset of H of L'[0,7]\T, there is an ag > 0 such
that ¢q(m) # 0 if f € H and |o| > ap. As in part (i), it follows that there is
a K > 0 such that ||z]|ec < K if Hp(2z) € H. A simple compactness argument
now ensures that R(Hp) N H is closed and thus R(Hp) N (L[0, 7]\T) is closed.
Let fi; be that constructed in Lemma 4.2. Remembering that Hp = Hp+
a bounded map, Lemma 3.1 implies that ¢fy ¢ R(Hp) if ¢ is large. On the
other hand, it is easy to check that tf; & L'[0,7]\T if ¢ is large (since f; € T}).
Finally Lemma 3.1 implies that, for a suitable K > 0, there is a u(t) in R(Hp)
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with [|u(t) —tfz|| < K. It follows by a simple calculation that u(t) € L*[0, 7]\T
if ¢ is large. This proves Theorem 1.1. (T is non-empty because it contains
step functions with suitable small support.) O

Proof of Theorem 1.2. The proofs of parts (i) and (iii) of this theorem are es-
sentially the same as the proof of Theorem 1.1, so we merely point out the
differences. Note that ¢ (7) =0, ¢/ (7) < 0 and ¢_(7) < 0 (by our assump-
tions on k, ¢, u,v). f1 can be constructed as before while we let fo = Hp(u)
where u is as before. The rest of the proof is as before.

(ii) The proof that R(Hp) is closed and Hp is proper is similar to the proof
that R(Hp) N (L0, 7]\T) is relatively closed in L'[0, 7]\T in Theorem 1.1(iii).

It remains to prove that R(Hp) # L'[0,7n]. To see this, choose g < 7
so that |1 — o] < = ¢ (t) <0, ¢_(t) <0 and ¢’ (t) # 0 on [zg, ) and
define f, = CnX(zy,204+1/n] Where C < 0. If R(Hp) = L'[0, 7], then there
is a z, in Xp with Hp(z,) = fn. Since the f, are uniformly bounded in
L]0, 7] we can argue as in the proof of Theorem 1.1 and get uniform estimates
for the zeros of the solutions ¢, of —z”(t) = g(z(t)) — fu(t), z(0) = 0,
2'(0) = a. As in Theorem 1.1 , we find that there is an ap > 0 such that
Gan(m) # 0 if |a| > ap for all n. Thus |z],(0)| < ap and hence, by Lemma 2.1,
E,(t) = 3(2},(t))* + G(z(t)) is uniformly (in n) bounded on [0, 7]. It follows
easily that ||z, ||’ is uniformly bounded.

Thus, by the differential equation satisfied by z,, 2/ is uniformly bounded on
[0, 7)\[z0, 20 + 1/n]. Hence, by a simple compactness argument, a subsequence
of the 2, converges in C[0, 7] to z where z is C? except at zg, —2" (t) = g(z(t))
for t # x and 2/(zf) — 2/ (z5) = C (where 2/(zF) are the right and left limits
of 2" at xp). The last equality follows because

-2 (:co + :A) + 2! (zo) = /;Ohlfg(zn)) — fa(®)]dt = —C asn — cc.

0

We now prove that, if C' is large negative, then |2/(0)| must be large. More
precisely, we prove that, given K > 0 there is a K7 > 0 such that |2/(0)| > K if
C < —K;. To see this, note that if |2/(0)| < K, then by Lemma 2.1 (applied to
z), we see that |z(zo)| + |2'(zg )| < Ka. Hence, if C' is large negative, |z(zo)| <
Ky and 2/(zg) is large negative. Hence there is a x1 > x¢ such that 2’(z1) <0
and — Ko < z(z1) < 0if C is large negative. (If 2'(xg) > 0, z(t) must be zero
after a short time.) Now E(t) = 1 (2/(£))2+G(2(1)) = 1(2' (2 ))*+G(2(x0)) for
t > zg. Since 2/(zd) is large negative if |2/(z)] < K and C is large negative,
E(t) is large if |2/(0)] < K and C is large negative.

We prove that, in this case, z(t) < 0 on [zq,w]|. This follows because
otherwise there exist to,t3 such that z; < to < t3 < 7 such that 2/(t3) = 0,
2(t3) =0, 2(t) < 0 on (z1,t3). Since 2”(t) = g(2(t)) on [z1,7] and (2'(t3))? =
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2E(t3) = 2E(x{) (and thus z/(t3) is large negative), we can use our earlier
estimates to estimate t3 — t5. We find that t3 — ¢5 is near # if C is large
negative. This is impossible since 7 — x¢ < ﬁ.

Hence, since z(w) = 0, it follows that |2/(0)| > K if C is large negative.
In this case, we can use our earlier estimates to study z on [0,z¢]. If K is
large and 2/(0) > K, we see (since [2/(0)]712(¢) is near ¢, (t) on [0,z]) that
z(zg) > 0,—2'(z5) > 0 and both are large (and thus E(z;) is large). We
compare z with w, where —w”(t) = g(w(t)), w = z for ¢t near zero. Now
w(xo) = 2(wp), 2'(xf) < 2'(vy) = w'(z9) < 0. It follows easily using the first
integral for z and w on [zd, 7] that z(t) < w(t) on [z],7] as long as both
are positive. Since our earlier estimates for the distance between zeros easily
imply that w has a zero on [xg,7]) (if K is large) it follows that z has a zero in
(w0, 7), say at t5. Now 2/(t4)® = 2E(x{) which is large hence, if ¢5 is the next
zero of z, t5 —t4 =~ % Hence t5 > m, i.e. z(m) # 0, which is impossible since
z(m) = 0. Thus 2/(0) < —K. In this case, [2/(0)]712(z0) is near ¢_(zg) and so
z(zp) is large negative. Hence F(z{) is large. There are now two cases.

Case (i) 2'(x{) < 0. We can then show that z(t) < 0 on [z, 7] by a similar
argument to that at the end of the previous paragraph. Thus, in this case

z(m) # 0.

Case (ii) '(x§) > 0. In this case, we compare z with w where w is as defined
before. Now z(z¢) = w(zp) and 0 < 2'(z) < w(xd). Hence, by arguing as
before, z(t) < w(t) as long as w(t) < 0. But by using our earlier estimates
for the distance between zeros, we see that w(t) < 0 on [z, 7] if K is large.
(Remember that w'(0) < —K and that (w’(0))~!w(t) is near ¢_(¢).) It follows
that z(m) < 0 and so we once again have a contradiction. Thus the assumption
that Hp is onto leads to a contradiction. Hence Hp is not onto. O

Remarks. 1. Our methods can be applied if we replace —y” by rather more
general self-adjoint second order differential operator and also if we allow some
dependence of s in g.

2. Tt would be of interest to study R(Hp) further in the cases where Hp is not
onto. R(Hp) is not well understood in these cases. (Some additional results
are known when p and v are close to the same eigenvalue of —y”.)

4.2. The Periodic Boundary-Value Problem

Dfr:ﬁne H,y: X, — LM0, 7] by H,(z)(t) = 2" (t) + p(z(t)* — v(z(t)~, F(0) =
Jo F()$4(t+6)dt, and

Ty = {f € L'[0,7] : F(#) has only simple zeros, and

F(0) has at least one such zero} .
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Since F’(0) = — [ f(t)¢/.(t + 6)dt (by the dominated convergence theorem),
T5 is open. Ty is non-empty because it contains suitable step functions with
small support. It is also easy to see that F' is C'. Note that T, T», R(Hp),
R(H,) are all translation invariant (i.e., if g belongs to one of them and is
extended to be periodic, then all translates of g also belong to the set) and
that, if f is constant, then F(#) # 0 for all 6.

Finally, if z € X, and H,(z) = f, then

0= B(r) — B(0) = /OW FO)Z (1) dt. (14)
This will be useful later.
LEMMA 4.3. Suppose that the assumptions of Theorem 1.3 hold. Then
(i) there is an f in Ty with f ¢ R(H,), and
(it) To N R(H,) # 0.

Proof. Without loss of generality, we may assume that u > v.

(i) Choose f to be X[q,5) Where b — a is small. It is easy to show that f € Tb
if b — a is small. Suppose by way of contradiction that there is a z in Xp
with H,(z) = f. By equation (14), fow Xja,p)? =0, ie., 2(b) = z(a). Now, for
t & [a,b], —2"(t) = p(z(t))* — v(z(t))~. Since # + % < 1, it follows that,
if |b — a| is small, z(t) has a zero on [0,7]\[a,b]. Hence, by translating f, we
may assume without loss of generality that z(0) =0 and 0 < a < b < 7. We
assume that 2’(0) > 0. (The other cases are similar.) Let 7 = 2/(0). Hence
z(t) = 7¢4+(¢t) for t € [0,7]\[a,b]. (Remember that z and ¢ are periodic.)
Since b— a is small and z(b) = z(a) (and thus ¢4 (b) = ¢4 (a)), b and a must be
both near @ where ¢/, (i) = 0 and so ¢ (t) # 0 on [a,b]. Now if t; <a <b <ty
are the zeros of ¢ adjacent to [a,b], we see that —z"(t1) = 7¢/ (t1) # 0,

2 (t2) = 7¢/, (t2), and to —t; = N <%) if ¢ is positive (negative) on (¢1,t2).
(Note that, by our remarks above, ¢; and ts are adjacent zeros of ¢,.) We can
then use Lemma 4.1 to obtain a contradiction. (This is easy but tedious. One
uses Lemma 4.1 to show that z(t) has no zeros on (¢1,t3) and that one cannot

end up with the correct spacing of the zeros.) We obtain a similar contradiction
if we assume that 2/(0) < 0 and hence f ¢ R(H,).

(ii) We choose u so that H,(u) € To. This will give the required result. We
choose u; to be a smooth function taking both positive and negative values
with support in an interval [a,b] (where b— a is small). By using the argument
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to derive equation (11), we see that

Fi) = /0”f1<t>¢+<t+¢>dt (15)
- <u—u>[ / 00t + 01— [ wor+oa

B(6)

where A(0) = {z € [a,b] : u1(t) > 0,¢94+(t +0) < 0}, B(#) = {z € [a,}] :
ui(t) < 0,¢4(t+0) >0} and f1 = Hy(uz). It follows easily from this formula
that F(#) changes sign and that F(6) can only vanish if ¢, (¢ + 0) has a zero
t' in [a,b]. Suppose in addition that we choose u; so that uq(t) > 0 on (a,a)
(where @ = %) and uy (t — a)¢(t — a) is odd.

Now by considering the integrals from a to a and a to b separately it is
tedious but easy to show that F;(#) can only vanish if ¢ (@ +6) = 0 and that,
in this case F(0) is decreasing in 6 near such a 6 if ¢/, (@ +6) < 0 and Fy(6) is
increasing in ¢ near such a 6 if ¢/, (a+6) > 0. (This is a tedious but elementary
comparison of integrals.) Now we can evaluate Fj(6) by explicit calculation of
the derivative from the definition (using the right hand side of (15))). We find
that F{() =0 if ¢ (a+6) =0 and ¢/, (@ + 0) < 0 and

a b
F{(@)(uu)[/ ul(t)¢;(t+0)dtf[ up ()¢ (t+0)dt| >0

if ¢/ (a+6) >0 and ¢4 (a+0) = 0. Choose uy to be a non-zero, non-negative
function with support in [c, d] where [c, d] is close to [a, b] and does not intersect
it. (Thus ¢/, (t+6) < 0 on [c,d] whenever ¢'(a+60) < 0 and ¢(a+0) =0.) By
an argument used to derive equation (9), we see that

O = [ hOost+0)dt= (=) [ wnbole+ o)

3(0)

where fo = Hy,(ug), A3(8) = {t € [0, 7] : ¢4 (t +6) < 0}. It follows easily that

Fy(0) = (u— V)/ ua ()¢’ (t+6)dt.

As(0)

It follows from the choice of ¢ and d that F}(0) < 0 if 6 is such that ¢(a+6) = 0
and ¢'(a +6) < 0. If we finally define u to be u; + eus where € is small
and positive and let f5 = H(uj + eug) = H(u1) + eH(uz) (since u; and ug
have disjoint support), it is easy to check that f3 has the required properties.
(Remember that F(0;) = Fy(0) + eF»(0) and that F{(f) < 0 and Fj < 0 in a
neighborhood of a point 6y where ¢ (a + 6y) = 0 and ¢/, (a+ 6p) < 0.) O
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Proof of Theorem 1.3. We only prove (ii). The proof of (i) is similar to the
proof that T' C R, and is omitted. (The proof that, under the assumptions of
(i), H, is proper is similar to part of the proof below.) Suppose that f € L[0, 7]
such that F'(f) > 0 for all € [0,7]. Thus F(0) > k > 0 on [0,7]. Consider
the problem

=2 (t) = gn(x(t)) — f(t) (16)

on [0,7], z(0) = z(m), 2/(0) = 2'(r), where g,(y) = g(y) — Ly*. The results in
Section 6 of [2] imply that if n is large this equation has a solution u,,. If we
have a bound for ||u, |l Wwe can pass to the limit by standard arguments and
find that f € R(H,).
Thus it suffices to prove a contradiction if we assume that {||un || }52 1 is nOt
bounded. We may assume that ||uy|lcc — 00 asn — oo since we can achieve this
1

by passing to a subsequence. By Lemma 2.1, E,,(t) = £ (ul,())? + Gn(u,(t)) —

00 as n — oo uniformly in ¢ (where G, (y) = G(y) — 5 (y*)?). Thus u, has
only simple zeros. We first show that u, must have a zero. If not, u,(t) > 0
for all ¢ (or u,(t) < 0 for all ¢).

We obtain a contradiction in the first case. (The other is similar.) If u,,(¢)
achieves its minimum at ¢,,, then G,, (un(t)) = Ey(t,) which is large and hence

un (ty,) is large. Thus inf{u,(t) : t € [0, 7]} — oo asn — co. But by integrating,

/ (D)) dt = / "y ar

which is impossible if u, () is large positive for all ¢ (since g, (y) > (51— =)y
for y large). Thus u,, must have a zero at 0,, € [0,7]. Since u,, is periodic, we
can choose 6, so u},(6,) > 0. Thus v, = u, (¢t + 6,) is a solution of (16) when
f is replaced by f(t + 6,) and v, (0) = 0. We can use the results of Section 2
to estimate the 2k*® zero of v,, (cp the proof of Theorem 1.1). We find that, if
a, = v,,(0), then the 2k*® zero of v, (which is the only zero near ) is at t,
where

tn

Y

™+ ay! {/Ow(f(t+9n)¢+(t)+I+(¢+(t))++f_(¢+(t))_)dt +o(ay!)
= 7+a, ' F(-0,) +ola,).

Since o, — o0 as n — oo and F(—6,) > k > 0, it follows that ¢, > 7 and
hence u, () # 0 (since o, vy, (t) is near ¢ (¢)).

Hence u,,(0) # u,(7) and so we have a contradiction. Thus f € R(H,). If
F(6) < 0 for all 8, we use a similar argument except that we define g,(y) =
9(y) + 5y

We now prove that R(H,) NS is closed in S. As before, it suffices to prove
that, if H,(u,) = fn, where f, € S, f, — f in L*[0,7] as n — oo (where
f € 9), then ||up||e is bounded. If not, we can argue as in the previous
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paragraph and find solutions v,, of Hy(v,) = f,(t + 6,) for which v,(0) = 0,
v),(0) > 0 and ||vp]lec — 00 as n — oo. By choosing a subsequence we may
assume that 6,, — 09 as n — co.

Now, as in the previous paragraph, we find that the 2k zero of v,
is at t,, where t, = 7+ o, F,(—0,) + o(a;t). (Here a,, = v/,(0) and
F,(0) = fow fa®)o(t + 0)dt.) Since F,,(f) — F(6) uniformly in 6, we ob-
tain a contradiction by the same argument as in the previous paragraph un-
less F(—6,) — 0 as n — oo. Thus F(—6y) = 0. But, by equation (14),
Jo fa(@un(t)dt = 0, ie. [i falt + 0n)vp,(t)dt = 0. Since oy '), (t) — ¢/, (1)
uniformly in ¢ as n — oo (cp Lemma 2.2), it follows that, in the limit,

/0 " (4 00)d, (1) dE = 0

i.e.

Fi-t0) = [ £06(t - byt =0.

Thus F(—0y) = F'(—6p) = 0, which contradicts our assumption that f € S.
Hence the result follows.

The remainder of the proof is similar to the proof of Theorem 1.1(iii) (using
Lemma 4.3 instead of Lemma 4.2). O

Our methods can be used to obtain results for more general periodic
boundary-value problems but it is unclear whether our methods give as strong
results for these more general problems. (Note that equation (14) does not
always hold for more general problems.)

5. Proof of the Last Two Theorems

We now prove the results of Section 2 in [1]. We do not need to introduce any
additional techniques.

Proof of Theorem 1.4. The necessity in Theorem 1.4(i) follows easily if we note
that, if u is a solution of (2), then

0 :/0 [—u"(t) — u(t)]sintdt :/O [g(u) —u(t) — f(t)]sintdt.

The sufficiency in Theorem 1.4(i) and Theorem 1.4(iii) now follows by shooting
arguments as in Section 4 (using the estimates of Section 2 for the distance
between successive zeros). We illustrate by considering Theorem 1.4(iii) when
(b) holds and i(i + 1)~! < P! < P* < 1. As before, let z, denote a solution
of eq. (2), with 2,(0) = 0, 2/,(0) = a. If « is large positive, then the first zero
of z, is at (1 + €())T(a) where e(a) — 0 as @ — oo (by Lemma 2.7). By
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Lemma 2.6, the second zero is at (1 + e1(a))T(a) + & — (1 + e2())S(). (S
was defined in the Introduction.) By continuing we find that the (2i —1)'" zero
of z, is less than 7, the 2i'" zero is at m +i(1 + €1 ()T () —i(1 + e2(a))S ()
and the (2i+ 1)t zero is at 7+ (i +1)(1 + €1 ()T () —i(1+e2(a))S(a). Since
P < 1, it follows that the 2i*" zero is less than 7 and, since P! > i(i + 1)~*
the (2i + 1)t zero is greater than 7 (for « large). Moreover, since z/,(0) > 0,
2! (t) > 0 at the 2i*® zero of z,. (Remember that the zeros are simple.) Hence
zo(m) > 0 if « is large. If « is large negative, we see by similar arguments that
the 2i'h zero of z, is less than 7 and the (2i + 1) zero is greater than 7 (it
is near +Tlﬂ') and hence z,(m) > 0 if « is large negative. Hence we obtain the
existence of a solution by a shooting argument. We obtain properness as before
as the above argument shows that z,(7) # 0 if |a| > «g where «g depends only
on ||f|l1- The properness (and hence that R(Hp) is closed) in part (ii) follows
by the same argument.

(a
)t

It remains to prove that R(Hp) # L'[0, 7] under the assumptions of The-
orem 1.4(ii). That this is true under 4(ii)(b) follows by a similar argument
to that in the proof of necessity in Theorem 1.4(i). The proof in the remain-
ing cases are similar and we illustrate by proving that Hp is not onto under
4(iii)(d) when P* < i(i+1)~'. Set a = 7 — . If Hp were onto, then by noting
that Cnx[a’aJr%] € R(Hp) and by using a similar limit argument to that in the
proof of Theorem 1.2(ii), there exists z € C[0, 7] such that z is C? for t # a,
2(0) = z(m) =0, =2"(t) = g(2(¢)) for t # a and 2'(a*)—2'(a”) = C. Asin that
proof, we find that, if C' is large positive, then |2/(0)| is large. We prove that, if
B =2'(0) > 0, then z(7) # 0 and so we have a contradiction. (We can obtain a
contradiction by a similar argument if § < 0.) Since 2’(0) is large positive, we
can use our earlier estimates to find the zeros of z for ¢ < a. We find that the
(2i—1)"™ zero of zis at t(8) = “rn+i(1+e1(8))T(B)—(i—1)(1+e2(B))S(B) and
that, on [t(3), a], B~ 2(t) is near ¢ (t t(ﬁ)) Hence z(a) > 0. (Remember that
t(B) is near “=27 and a—t(f3) is near 3%.) By comparing z with a solution w of
—w"(t) = g(w ( )) which agrees with z fort < a, we see that z(t) > w(t) as long
as z(t) < 0. (Remember that 2’(a™) > w'(a).) Hence the 2i'" zero of z is less
than the 2i'" zero of w (which is at 7+ [i(1 +61(ﬁ))T(ﬁ) —(14+e(B)SB)] <
since P < 1). If we prove that the (2i + 1)* zero of z is less than n, then,
since the (2i + 2)™ zero is approximately % away, it will follow that z(m) # 0.
There are two cases.

1. If C is o(B), then the change of E(t) across t = a is o(3%) and thus
|2/ (t2;) — 2'(0)] is o(3) (Where to; is the 2i*® zero of z). Hence, by Lemma 2.8,
toir1 — T2; < (1 + 63(6))(£2i+1 — 1?21) < (1 + GE(ﬁ))T(ﬁ) (Where t, and %, are
the k'™ zeros of z and w respectively). Since to; < o5, we see that to;,; <
T+ (i 4+ 1)1+ €(8)T(B) + i(1 + e2(B))S(B). (Here we have used our earlier
estimate for the 2i*" zero of w.) Since P* < i(i+1)~!, it follows that to;,1 < 7,
as required.
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2. If C > B, then on [a,tai), 32/(1)? + G((1)) = 2(8+C)% and L(w/(1))* +
G(w(t)) = B2 Since z(t) > w(t) and G(y) > G(z) — M if y < z < 0 (since
)

g(u) < 0 if u is large negative), we see that 2'(¢) — w'(t) > 2§g+CM. Hence if

B is large and C' > puf then 2/(t) — w’(t) 373 on [a, t2;] where T = inf{1, u}.
Hence, by integrating, (tQZ) < — Tﬁ(tg, —a). Thus, elther tyy < m— & or

w(te;) < B (where v = Z-7). Remember that @ = m — . Since |w'(t)] < 8,
if follows that either to; < Zl — —)7r or to; —to; > 7. Slnce tgl < m, we see that
always ty; < m — 1, where y1 = inf{y, £}. If 8 is large, ta;41 — to; is small
(since T'(r) — 0 as r — o0). Hence, if (3 is large, t2;41 < , as required. O

We now consider the periodic boundary-value problem. Note that if a solu-
tion of the periodic boundary-value problem has only simple zeros, then it has
an even number of zeros in (0, 7).

Proof of Theorem 1.5. We first prove part (ii). We only consider the case where
I~ = —oco and P' > 1. The other cases are similar. In this case, we note that,
by the results in Section 6 of [2] the equation

—a"(t) = gula(t)) - F(8), 2(0) = x(m), «(0) ='(m)

has a solution u, (where g,(y) = g(y) + Ly~). If we establish a bound for
||ttr ||, We can pass to the limit by a standard argument.

If not, we can argue as in the proof of Theorem 1.3 and find that E,(t) is
large for all ¢ in [0, 7] and wu, has a zero 6, with ] (6,) — oo. As there, we
may, by replacing w,, by u,(t + 60) and f by f(t + 6,,) assume that u,(0) =0
and u/,(0) = oo as n — oo (since E,(t) — 0o as n — 00).

Since P! > 1, a similar argument to that in the proof of Theorem 1.4
shows that the 2i*® zero of u,, is larger than 7 but near 7. (Remember that
{f(t+6,)} is bounded in L'[0,7].) Since the (2i — 2)" zero is near =7 and
the 2(i+ 1) zero is near “+17 and since u,, must have an even number of 7€ros
in (0, 7] if it satisfies the boundary conditions (u, has only simple zeros since
E,(t) — oo as n — 00), we have a contradiction. Thus ||uy,||« is bounded and
hence f € R(H,). A similar argument establishes properness. (For this, we
replace g, by g.)

The proof of necessity in Theorem 1.5(i) is similar to the proof of necessity
in Theorem 1.4(i). The proof of sufficiency is similar to the proof in the previous
paragraph and we only point out the differences. First, we may, by adding a
constant to g and f, assume that yg(y) > 0 for |y| large (and thus Lemma
2.1 applies). Secondly, we need an analogue of our results of Subsection (ii)
of Section 2 for the distance between zeros when u = 0. As easy modification
of the proof of Lemma 2.2 shows that a~!z(t) is near ¢ on (0,7] and thus,
if o is large, z(t) has no zeros on [0,7]. This replaces our estimates for the
distance between the zeros in Subsection (ii) of Section 2. Using this estimate,
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the argument proceeds as above. There is one slight difference when I~ is
finite. If u,(t) < 0 for all ¢ and {||un|/co} is not bounded, then as in the proof
of Theorem 1.3, u,(t) — —oo as n — oo uniformly in ¢.

Now . - .
[ rwat= [ gtwaoa < [ gune) > a1
0 0 0
as n — 0o. Hence we have a contradiction. O

If i =0o0or IT > —o0, we can delete our extra regularity of growth as-
sumption on g for y large positive in the above two theorems. If I~ = oo in
Theorem 1.5(i), H, is proper. It seems possible that our methods can be used
for more general equations, though there are difficulties in getting analogues
of the estimates for the distance between zeros in Subsection (iii) of Section
2. Tt would be of interest to understand the structure of R(Hp) under the
assumptions of Theorem 1.4(ii). Finally, the estimates for T'(«r) mentioned at
the end of the Appendix to Section 2 are of use in verifying the assumptions
of Theorem 1.4 and 1.5.
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