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Blow-up for Semilinear Wave
Equations with a Data of the Critical
Decay having a Small Loss

YUKI KUROKAWA AND HIROYUKI TAKAMURA )

SUMMARY. - It is known that we have a global existence for wave
equations with super-critical nonlinearities when the data has a
critical decay of powers. In this paper, we will see that a blow-up
result can be established if the data decays like the critical power
with a small loss such as any logarithmic power. This means that
there is no relation between the critical decay of the initial data
and the integrability of the weight, while the critical power of the
nonlinearity is closely related to the integrability. The critical
decay of the initial data is determined only by scaling invariance
of the equation. We also discuss a nonexistence of local in time
solutions for the initial data increasing at infinity.

1. Introduction

We are concerned with classical solutions of the following initial value
problem for semilinear wave equations. For a scalar unknown func-
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tion u = u(z,t), we shall investigate
Ou = F(u, Opu, Vzu) in R" x [0, 00), (1)
uli=0 = uo, utl=0 = u1,

where O = 9?2 / ot?> — A, and ug, u; are given smooth functions. The
general theory can be discussed only for small amplitude solutions, so
that we assume that F' is a power nonlinearity. As for the initial data,
most of existence theorems for (1) require the compactly supported
data. By finiteness of the propagation speed of solutions, it seems to
be removable assumption. But in fact we have the following stories.

First we consider the case where the nonlinearity includes only
unknown function itself, for example

F=luP, or F=luf'u (2)

with p > 1. For the compactly supported data, we know the following
Strauss’ conjecture. See Sectiond in W.A.Strauss[22]. If p > py(n),
(1) of (2) has a global solution for “small” data. If 1 < p < po(n),
(1) of (2) has no global solution for “positive” data. The critical
number pg(n) is a positive root of the following quadratic equation;

(n—=1)p" = (n+1)p-2=0 (3)

which comes from the integrability in the iteration of a weight (1 +
[t — |z||)(»~Dp/2=(+1)/2 " This weight also comes from the itera-
tion of the decay of a solution to free equation; (1 4 t + |z|)~1/2,
This conjecture was first verified by F.John[11] for n = 3 and by
R.T.Glassey[6][5] for n = 2, except for the ciritical case. The crit-
ical case was studied by J.Schaeffer[19] for n = 2,3. For higher
dimensions, T.C.Sideris[21] proved the sub-critical case. There are
many partial results on the super-critical case, but the final proof
was given by V.Georgiev & H.Lindblad & C.Sogge[3]. The critical
case for n > 4 is open. We note that the non-existence result for
n > 4 is proved only for a positive nonlinearity |u|’, and that we
should consider a weak solution near the critical power due to the
lack of the differetiability of the nonlinearity.

For the noncompactly supported data, we may have a nonexis-
tence result even for the super-critical case. Actually, for p > po(n),



BLOW-UP FOR SEMILINEAR WAVE EQUATIONS etc. 167

we know that (1) of (2) has no global solution provided the initial
data satisfies the following condition.

e

w() =0, () > i

2
with 0 < kK < ko = ——, (4)
p—1
where € is any positive constant. kg is the critical decay in the
following sense. (1) of (2) with p > po(n) has a global solution
provided

(1+ ]yt ( Yo Vouw(x)l+ Y !ng(w)!) (5)
|| <[r/2]+2 1B1<[n/2]+1
with x > kg

is small enough. This fact was first verified by F.Asakura[2] for
n = 3 except for the critical decay. The critical case was studied
by K.Kubota[l6], or independently by K.Tsutaya[26]. The two di-
mensional case was verified by R.Agemi & H.Takamura[l] for the
nonexistence part and K.Kubota[l6] for the existence part, or in-
dependently both parts by K.Tsutaya[24][25]. In higher dimensional
case, only a radially symmetric solution was studied. But the nonex-
istence part was verified by H.Takamura[23], and also the existence
for odd n by H.Kubo[15]. Note that, in the nonexistence case, we
have an estimate of the lifespan T'(¢) of a solution by making use of
long-time existence under (5) with 0 < k < ko. More precisely, let
uo(x) = ef(x),ui1(x) = €g(x), where € is a positive parameter and
f, g are given smooth functions. Then there exist positive constants
¢ and C independent of any small ¢ such that

ce Vmo=r) <) < Ce™V 0% when 0<k<ry (6)

holds with arbitrarily fixed f,g for the estimate from below, and
with some special data for the esitmate from above.

We find many similarities between compactly supported case and
for noncompactly supported case. So naturally one may have that
the critical decay of powers is not a real critical decay from the
viewpoint of the itegrability. More precisely, we may have the critical
decay of [ > 0 in the following condition which guarantees the global
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existence instead of (5).

ko+1
% ( S Veugl@)+ Y |V§Zm(x)|) << 1.
o] <[n/2]+2 181<[n/2]+1
(7)
But we do have a negative answer for this conjecture.
We now consider the radially symmetric version of the problem.

o8 a7~y gy ) D = Blutn) - in[0,00)%

u(r,0) = ug(r), u(r,0) = ui(r),

<a_2 #? n-10 2

(8)
where F, € C1(R) satisfies

F,(u) > AuP  with a constant A > 0 for u > 0. 9)

Then we have the following result.

THEOREM 1.1. Assume that

¢(r)

up(r) =0, wuy(r) > A+ )

(10)

where ¢ is a positive and monotonously increasing function in [0,00).
Then (8) with (9) admits no global C2-solution if

lim ¢(r) = o0 (11)

r—00

REMARK 1.2. One can put
o(r) =celogl(2+7)  with arbitrarily fized € > 0. (12)

In this case (11) holds for any I > 0. Therefore the critical decay
ko 1s not related to any integrability. We note that kg is the number
of the scaling invariance since uf(z,t) = Rfu(Rx, Rt) with R > 0
is a solution of the equation if so is u(x,t). This observation is

regarded as a self-similarity of solutions. See the existence result in
H.Pecher[18], or in K.Hidano[10].
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The proof of Theoreml also gives us the following nonexistence
result of local in time solutions for the increasing data. This is
closely related to large amplitude solutions which was discussed in
R.T.Grassey[4], or in H.Levine[17].

COROLLARY 1.3. Supporse that the same assumptions as in Theo-
reml are fulfilled. Assume that there exists a function ¢y such that

Br) = (1+7)60(r), T do(r) =00 (13)
Then (8) with (9) admits no C*-solution till any positive time.

According to Remark1.2, one may have an estimate of the lifes-
pan also in this case. Actually we have the following result for three
space dimensions. Let us consider

Ou = Gp(u) in R3 x [0, 00), (14)
ult=o0 = €f, utlt=0 = €g,

where ¢ > 0 is a parameter, f € C3(R?) and g € C?(R3) satsify

(1 + |yt (Z IV f(@)l+ ) IVfg(w)l) <¢(lz]).  (15)

lal<3 161<2
Here 1 € C'1([0,00)) satisfies the following conditions.
P >0, ¢ >0, Tlirgozb(r) = 00.
There exist constants § > 0 and K > 0 such that
(14 7)Y (r) < Kep(r)=° for r € [0, 00). (16)
For any Ky > 0, there exists K; > 0 such that
P(Kor) < K13(r) for r € [0, 00).

The assumption on the nonlinearity G, € C%(R) is the following.
There exist p > 14+ /2 and 4; > 0 such that,
for |sl,|s1], |s2| < 1,
G ()] < AdlsPT - (5=0.1,2),
|G (s1) = Gy (s2)]

(max{[s1], [s2|})P~?[s1 — 52| if p >3,
< Alp(p - 1) { |51 _ S2|p—2 if p<3.
(17)
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Then we have the long-time existence.

THEOREM 1.4. Let p > po(3) = 1+ /2. Assume that (15) and
(16) on the ititial data, and that (17) on the nonlinearity. Then
there exists g = €o(p, 1, A1) > 0 such that, for any 0 < € < g, the
problem (14) admits a unique C*-solution u(x,t) in the time interval
[0,T] as far as T satisfies

T <y e, (18)
where ¢ is a positive constant depending on p,, Aj.

Consequently we have an estimate of the lifespan of the solution
in the special case.

COROLLARY 1.5. Let Gp(u) = AlulP~tu, or AluP with A > 0. As-
sume (15), (16), and that there ezists a constant gy > 0 such that

f(@) =0, g@)=g(z|) > : 9o¥(|z])

1+ |z|)t+ro” (19)

Then there exists eg = eo(p, ¥, go, A) > 0 such that, for any 0 < e <
€0, the lifespan T(g), the mazimal existence time, of C*-solution of

(14) satisfies
Yol ee ) ST(e) <y (CeT, (20)

where ¢,C (c < C) are positive constants depending on p, go, 1, A.

REMARK 1.6. Taking the spherical mean of u(x,t), we can remove
the assumption of the spherical symmetricity on g in Corollaryl.5.
See F.John[11] for example.

REMARK 1.7. The second condition on 1 in (16) implies that

b(r) < [6(0)° + 3K log(1 +1)] . (21)

Hence (r) = log!(3 + ) with I > 0 is admissible. In this case
we have T(e) ~ exp(Ce ). Also ¥(r) = log(3 + log(3 + r)) is
admissible. In this case we have T(¢) ~ exp(exp(Ce™1)).
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REMARK 1.8. One can check the compatibility between 1 in (16) and
¢ in Corollary1.3 as follows. In Corollaryl.3 we assume that ¢ € C.
Suppose that we can put ¥ = ¢. Since

¢/(r) = (1+ o) (1 +7)o(r) + (1 +1)gg(r),  (22)
the second line in (16) implies that

(1+1)gh(r) S

—— = < Ko¢(r)™°. 23
¢o(r) ) (@)

But Tlirgo o(r) = oo and ¢g > 0 show ¢y(r) < 0 for large r. This is

a contradiction to Tll)rgo ¢o(r) = oo. Therefore it is impossible to set

h(r) = L+ 7)1 0d(r).

14 Ko+

Next we consider (1) in the case where the nonlinearity includes
only time-derivative of unknown functions,

F=|wP, or F=/ul"‘u (24)

with p > 1. In this case we also have the similar result to the equation
of w itself, (2). For (24), one can discuss long-time existence in L?
framework if the nonlinearity is smooth, but the precise behaviour on
the support will be lost. So we should outline the radially symmetric
case in three dimenosions here. We note that the critical decay is
clarified only in this situation. The results for other dimensions are
cited in Introduction in H.Takamura[23].

For the compactly supported data, F.John[12] proved that (1)
with (24) has no non-trivial global solutions provided 1 < p < 2.
T.C.Sideris[20] proved the counter part, the existence of a unique
global C?-soltion for any small data having compact support pro-
vided p > 2. This critical power is regarded as (n + 1)/(n — 1)
by general theory. For the noncompactly supported case, we have
the following results. Even if p > 2, (1) with (24) in three space
dimensions has no global C2-solution provided

€ 2—p

up(r) =0, wuy(r) > W with 0 < Kk < K1 = Ea (25)
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where r = |z| and € is any positive constant. 1 is the critical decay in
the following sense. (1) of (24) with p > 2 in three space dimensions
has a global C%-solution provided

(1+ T)“*l[\ue(r)! + lua (r)] + [(ruo(r)™] + |(rua (r))"]

L+ ) ()] + e, ()] (26)

with k > k1 is small enough. We note again that x; is also related
to the scaling invariance of the equation. See Remark1.2. Except for
the critical case, the results above were proved by K.Hidano[8][9], or
independently by H.Kubo[13][14]. The critical case has been studied
by K.Hidano[7]. We note that the results were established for more
general situation including the nonlinearity of |u,|P.

Taking into account of the equation (24), we shall extend Theo-
reml to the following problem.

0? 2 n-—-10 .
(ﬁ “ 5z B u(r,t) = Hpg(u(r,t),us(r,t)) in [0,00)?,
u(r,0) = uo(r), u(r,0) = uy(r).
(27)
H,, € C'(R x R) satisfies
Hpq(u, ug) = BlulPlug|? (28)
with B > 0, where p=0or p > 1, and ¢ > 1.
Then we have the following result.
THEOREM 1.9. Assume that
_ o(r)
up(r) =0, wui(r) = ) (29)

where ¢ is a positive and monotonously increasing function in [0, 00)
and 5
—9q
Kg = ————. 30
2T p+g—1 (30)

Then (27) with (28) admits no global C?-solution if rlirrolo o(r) = oo.

We also have the following result on the local in time existence
similar to Corollary1.3
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COROLLARY 1.10. Supporse that the same assumptions as in Theo-
rem3 are fulfilled. Assume that there exists a function ¢g such that

Br) = (1+)™60(r),  Tim do(r) =00 (31)
Then (8) with (9) admits no C2-solution till any positive time.

This paper is organized as follows. In the next section we prove
the iteration frame for (8) including the comparison argument. The-
orem] and its corollary are proved in Section3. Theorem3 and its
corollary are also proved in Section4. The proofs of Theorem2 and
its corollary are given in Sectiond without the one of a priori esti-
mate. The last section is devoted to a priori estimate in three space
dimensions.

This work was finished during the second author’s stay at Pisa
University in Italy from 1/7/2002-30/6/2003, authorized as a Japa-
nese Overseas Research Fellow sponsored by Ministry of Education,
Culture, Sports, Science and Technology in Japan. He is deeply
grateful to Prof. Vladimir Georgiev for his hearty hospitality and
great help on application for Visa as well as fruitful discussions on
the local existence results. He also thanks to all the members of
Department of Mathematics, University of Pisa for preparing neces-
saries for his academic activity.

2. Integral inequality with a comparison argument

In order to prove Theoreml, we need Lemma2.6 and Lemma2.9 in
[23] with a revised argument at the initial time.

LEMMA 2.1. Letn=2m+1 orn =2m, m € N and u be a classical
solution to (8) with ug(r) =0, ui(r) > 0. Assume that (9). Then
u > 0 wn X where

2
2:{(r,t)e(o,oo)2\r—tz—t>0} (32)

Om
Here 0,,, is a positive constant to ensure a positivity of the kernel in
the integral representation of a solution. More precisely, 0., verifies

that
1

146,

Ph-1(s), Tr-1(s) > for 1>s> (33)

N |
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where Pp,_1, Tim—1 denotes respectively Legendre, Tschebyscheff poly-
nomials of degree m — 1.
Moreover, u satisfies the following inequality.

r+t
u(r,t) > L/ A™ ()\)d)\—i——// A" (N, T)PdNdT  in X,
T'(r,t)

= 8r™m Jr—¢ 8rm
(34)
where T'(r,t) is a backward cone with a vertex (r,t) ;
D(rt) = {(\7) € (0,00)% | |[r =\ <t — 1} (35)

Proof. First we note that
[(ro,tp) C ¥ for an arbitrarily fixed point (rg,tp) € X.  (36)
Setting
t1 =inf{t > 0 | u(r,t) = 0 where (r,t) € I'(ro,%0)}, (37)

we have that t; > 0. Because u; is positive till a small time in
[(ro,to) due to uy(r,0) = uy(r) > 0 and its continuity together with
compactness of the closure of I'(rg,ty). Hence so is u in I'(rq, o).

Suppose that there exists r; > 0 such that u(ri,t1) = 0 and
(ri,t1) € D(ro,tp). First we consider the odd dimensional case,
n = 2m + 1. Then it follows from Lemma2.2 in [23] and Duhamel’s
principle that

u(n, tl) =
1 rth Nt rf— 3
— ANur( NP1 | ——=———— ] dX
27“1 /7’1 t1 U1( ) ! ( 27“1)\
N4 =t —71)
mE o d\dr.
2711 //F(m,tl A ( ()\ T)) ! ( 27’1)\ AdT
(38)
By definition of t; we have that
u>0 in F(m,tl)\{(n,tl)}. (39)

Hence the second term in (38) is estimated from below by

A
2 / / AP (A, 7)dAdr > 0 (40)
4ry r1,t1)
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because (r1,t1) € ¥ implies that

M- (ti=r) _ (n—ti )] = (1)

2r1 A - 27“1(7“1 + —T)
r—t1+71 > r— 1t

rmtti—7 4+t T 146,

(41)

Similarly to this, the first term in (38) is bounded from below by

1 r1+t1
/ Ny (A)dA > 0. (42)

m
4rf" Jri—t

Therefore the same inequality as (34) is valid in which (r,t) is
replaced by (71,t1). Such an inequality implies that w(rq,t1) > 0.
But this contradicts the definition of ¢; which means u(ry,t;) = 0.
Consequently we have that w > 0 in I'(rg,%9). (ro, %) is arbitrarily
fixed in ¥. Therefore we can conclude that v > 0 in X. The same
procedure as estimating wu(rq,t1) above immediately gives us (34).

Next we consider the even dimensional case, n = 2m. Instead of
(38), it follows from Lemma2.3 in [23] and Duhamel’s principle that

u(ry, t1) = —=g (I1(r1,t1) + La(r1,t1)), (43)

where

r+p PUCTION

_ [t
Ii(rt) = /0 VE—p )y == + ) _)\QTm—1><
A2 42— p2
: <T> i
(44)
and
t t—T1 d
e N
e AT Ey(u(A, 7))

8 /Tp \/)\2 — (r — p)Z\/(V" + p)2 _ )\QTmflx (45)

2 2 2
(AT
2r\
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In 12(7"1, tl) we find that

Nart—p? _(m-pf4ri-p? _m-—p
2r1 A - 2r1(r1 + p) ri+p (46)
>7°1—t1+7'>7“1—t1 1

T+t —7  ri+t; 1+,

Then the positivity of u for 0 < t < t; again yields that

t1 t1—7 d
Ir(ry,t1) > / / i p
2 V(ty = 1) —p? (47)
rite )\mup()\ T)d)\

B e T N CEI

Similarly to this, we also have that

I (7“1, tl
ritp A™uq (N)dA

> 0.

(48)
Therefore the desired contradiction wu(rq,t1) > 0 is established also
in the even dimensional case. (34) now follows from the completely
same proof as Lemma2.6 in [23]. The proof is ended. O

3. Proof of Theoreml

By virtue of Lemma2.1, one can prove the theorem by iteration ar-
gument which was originally introduced in [11]. The proof is almost
the same to the one of Theorem1.1 in [23] in which the blow-up result
for sub-critical decay was proved.

Let u(r,t) be a global solution of the problem, (8), and ¥ be the
one in Lemma2.1. We note that

L(r,t) CcX if (r,t) € X. (49)

Taking the second term away from (34) and substituting u; by lower
bound in the assumption on u;, we have that

1 THE N H(N)dN
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Here we cut the domain of the integration by positivity of ¢. Hence
the monotonicity of ¢ yields the first step of the iteration of the
estimate for w in X, namely,

u(r,t) > 5 +¢:1(:_)i)m+1 in X. (51)

Now we assume the j-th step (7 € N) of the form

L
o Gt

W) = G

in %, (52)

where aj,bj,c; are positive constants. Then taking the first term
away from (34) and substituting u by quantity of the right-hand side
of the j-step, we have that

A t rt—7 c.¢()\)pj’17_aj p .
ty>— | d ml 2L ) (g 3.
u(r,t) = 8rm/0 T/T A <(1 AT A in (53)

Here we cut the domain of A-integration by replacing r —t + 7 by r.
Hence the monotonicity of ¢ again yields that

u(r,t) > Acg’(b(r)p

t
Il [t —r)rP%dr in % b4
_8(1+r+t)pbj/o( myreidr in 59

which shows that the (j41)-step should start with

A P’ ypa;+2
u(r,t) > J $(r)

in % 55
= 8(paj +2)2(1 +r + t)Pb o (55)

by making use of the integration by parts in 7-integration.
In order to investigate infinitely many times of this procedure,

we define {a;}, {b;} by

aj41 = Pa; + 27 ay = 17

56
bj+1 = pby, by =Ko + 1. (56)

One can readily solve them and reach to expressions

a; = (ko + D)p’ ' — Ko, bj = (ko + 1)p’* (57)
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because kg = 2/(p — 1). Noticing that prkg — 2 = kg, we know that
c¢j+1 should be defined as follows to keep the iteration.

> —AC? 58
Cj+1 = 8(/60 +1)2p2] ( )
which inductively implies that
log ¢j41
> ploge; — jlog p? + log ————
= plogc; — jlogp™ + log 8o + 1)
j g j—k 2 J k—1 A
>pllogcy — kp’ " lo + “tlog ——
> plog ey 1;1 p’Flogp k;p P
, J 1—1/p A
>pl [ —log8— Y kpFlogp? + lo :
_pj( g k;p B+ — g g
(59)

The sum in the last line converges as j tends to infinity. Hence there
exists a positive constant ¢, 4 depending only on p, A such that

¢j > exp(—c, ap’ ') for all j € N. (60)
Therefore we obtain for all j € N that
1 1 .
u(r,t) > Fro OXP (U(r, t)p’ ) in %, (61)

where we set

U(r,t) =logo(r) + (ko + 1) log P Cp,A- (62)
Now we restrict ourselves on the half line;
O
{r=d}t|t>1}C ¥, wheredm:2+5m > 0. (63)
On this line we have that
dm
U(r, dmr) > 108 6() + (0 + 1) log 2 —cpa (64)

because of d,, < 1. Letting r be large, we can find a point (rg,ty) € &
such that
Ul(rg,tg) >0, where ty = d,ro (65)
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by asspumption of lim ¢(r) = oco. Therefore it follows from (61)
T—00

with j — oo that u(rg,t9) = oo which contradicts the assumption
that u is a global solution. The proof is now completed.

Proof of Corollary1.3.
First we fix a time as ¢t = t;. Suppose that (8) with (9) admits
a local C%-solution u(r,t) for 0 < ¢ < t;. Then we have the same
inequality (61). In this case the assumption on ¢ and (62) yield that
U(r,t1) =log ¢o(r) + (ko + 1) log 1(1_:;722 —cpa for (rt;) € X.
(66)
Hence we can find a ry such that U(ry,¢1) > 0 which implies again
the desired contradiction u(ry,t;) = oo.

4. Proof of Theorem3

Before giving a proof of Theorem2, we shall prove Theorem3 because
its proof is very similar to the one of Teoreml.

LEMMA 4.1. Letn=2m+1 orn =2m, m € N and u be a classical
solution to (27) with ug(r) =0, ui(r) > 0. Assume that (28). Then
u satisfies the following inequality in I'g, where I'y is the one in
Lemmal2.1.

1 r+t
u(r,t) > g/ urp(N)dA

B —q rr+t
+2 <1+ g) / (r+t— N a4+ £ — ) PHAA.
' (67)

Proof. Tt follows from Lemma2.6 in [23] and the positivity on the
nonlinear term that
1 r—+t m
u(r,t) > & A" up(A)dA o5
ST L N Dt o
+— U(A, 7)1 | ug (A, T T
8™ J Jr(rt) '
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in I'g. Then the second term of this inequality is estimated from
below by

B r A—(r—t) r+t r+t—X
— / d)\/ dT+/ d)\/ dr | x
8rm r—t 0 r 0

AT u(X, 7)Plug(A, 7] (69)
B r+t r4+t—A\
> [ man [T ) Pl )
r 0

Hoélder’s inequality yields that

q

r+t—A
/ up/q()\, T)ur(A, 7)dr
0

(10

<(rrt=NT [ D,
0

Therefore noticing that u(r,0) = ug(r) = 0, we have (67) with a
trivial cancellation of ™ and \™. O

Proof of Theorem3. Similarly to the proof of Theorem1, let u(r, t)
be a global solution of the preoblem (27). Introducing the same
domain Y, we have the first step of the iteration

o(r)t
U(T, t) > 8(1 +7°+t)"€2+1

in (71)

by assumption on u1. Here we pick up the first term on the righthand
side of (67).
Again we assume the j-th step (j € N) of the form

()Tt i
(L+7r+t)b

u(r,t) > in ¥, (72)

where a;, bj, ¢; are constants, especially a; > 1. Taking the first term
away from (67) and substituting u by quantity of the right-hand side
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of the j-step, we have that
B p\ ¢
t)y>— (14 - X
u(r,t) > 3 ( + q)

r4t . (p+q)7~* _ \\ay ptaq
></ (r+t—A)1q<cj¢(A) rit )‘)J> dX

(L+7r+t)b
in 3.

Here we use the fact that
segment {(\,r +t—X) | X e [r,r+t]} CX if (r,t)eX. (74)

Hence the monotonicity of ¢ yields that
B p\ ¢
t)y> —(1+ = X
ulrt) = g < - q>

+ J
g (r) )
(147 +t)ta)

r+t
- / (r+t—A\)TrHPrOsG gy i 3,
7 Jr

(75)
Therefore we obtain at the (j+1)-step, that
B p\ ¢ c§?+q¢(r)(p+q)j £2—a+(p+a)a; .
u(r,t) > 3 1+= Gron 0 3.
¢/ 2—q+(p+@a;)(1+r+t)rrabs 76)
76

Here we use the fact that a; > 1.
In order to investigate infinitely many times of this procedure,
we define {a;}, {b;} by

aj1=P+qa+2-q a =1, (77)
bj+1 = (p + q)bj, by = ko + 1.

One can readily solve them and reach to expressions
aj= (k2 +1)(p+af "~k 21, bj=(re+ 1P/ (T8)
because kg = (2 —¢q)/(p+q—1). When ¢ > 2 ie. ko <0, we have
2—q+(p+q)a; = 2—q+ (k2 +1)(p+q) —ra2(p+q) < (p+q). (79)
When 1 < ¢ < 2i.e. 0< ko <1, we have

2—-q+(p+qa; <1+2(p+q). (80)
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So ¢j4+1 should be defined as follows to keep the iteration.

B —q Cp+q
1> = (1 + B) Sy B (81)
8 q/) 3(p+q)

In the same manner as in the proof of Theoreml, there exists a
positive constant ¢, 4 p depending only on p, ¢, B such that

¢j > exp(—cpqp(@+q)~") forall j € N. (82)

Hence we obtain for all j € N that

1 i .
u(r,t) > Tz OXP (V(r, t)(p+q) 1) in X, (83)
where we set
t
V(?", t) = log ¢(T) + (HQ + 1) log m — Cp,q,B- (84)

Therefore the proof follows from the same argument as the related
part of Theoreml, in which U, kg, ¢, 4 should be replaced by V, k2, ¢; 4. B
respectively.

Proof of Corollary1.10. The proof immediately follows from the
one of Corollaryl.3 with replaced U by V.

5. Lifespan in three space dimensions

Following [11] and [2], we shall prove Theorem?2 in this section. First
we note that the solution u of (14) has to satisfy

u(z,t) = u(z, 1) + L(Gp(u)) (@, 1), (85)
where 4 is the solution of Ou" = 0 with the initial data u(x,0) =

ef(z),u? = eg(z) and

L(Gy(w) (@, 1) = ﬁ/ot(t—T)dT/lwll Gylu(a+(t—T)w, 7))dw (86)

is the solution of Ou = G,(u) with zero data.
Now we start with a pointwise estimate of uV.
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PROPOSITION 5.1. Assume (15). Then there ezists a positive con-
stant C), depending only on p such that

> IVeu(a,t)]

ja]<2
1
if Ko > 1
(t+7) Arfi 1 o>t

Coep(t +r 1+t+7r
<P - Il 1+log———— ifkg=1,
S T1hter g11—|—|t—r| /o

if 0 < ko < 1,

(87)

where r = |x|.

Proof. This is a direct consequence of the monotonicity of ¢ and the
proof of almost the same estimate in [2] and [26]. Actually, according
to [11] and [2], the radial symmetricity of 1 yields that

Ce [ Mp(A)dA
Voul(x,t <—/ PR A 88
|az<:2| R AR SV =

O

Therefore the proposition is now established by the following
lemma, which was proved in [2] and [26].

LEMMA 5.2. Let k > 0. Then there exists a positive constant Cy
depending only on k such that

! f k> 1
1 K
. L+ t—r) 1 ’
Lo C L+t+r
- 14a) Fda < —"  x{ 14+log ——— ifr=1,
r/t_r( o) a_1+t—i—rx Og11—|—|t—r| ifr
_ f0< k<1
TR N
(89)

for allt,r > 0.
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Next we introduce a weight function

(14 [t — r|)ro~t if ko > 1,
L+t+r Ltt4r\ !
) =—T_x 14+1log ——- "0 if ko = 1,
w(r ) 1/)(75—{—7’) ( + Og1+|t_r|) I Ko
(14t 4 r)ro-t if 0 < ko < 1.

(90)
Define a norm for functions u(x, t) which are continuous in R3x [0, T']
by
Jull = sup  w(lz],t)u(z, ). (91)
(2,t)€R3x[0,T]

The following estimate guarantees the existence of local in time so-
lution.

PROPOSITION 5.3. Assume that p > 1 + /2. Then there exists a
positive constant C), y, depending on p,v such that the following in-
equality holds for T > 0.

IZul?|| < Cp o (T)P~ ullP. (92)

We shall prove this in the next section. Here we give a remark
on the relation between this proposition and the result of [26].

REMARK 5.4. ¢ = const. > 0 is admissible in the proof of Propo-
sition 5.3. See the assumption on 1 in the key tool, Lemmab.1 be-
low. This means that our proof also shows the global existence for
the critical decay in [26]. The key estimate in [26] for kg = 1 is
Proposition4.3 in [26]. It can be replaced by more simple estimate,
Lemmab6.2 in the next section.

Proof of Theorem3. Let X be a linear space defined by
X = {u]| Viu(z,t) € C(R>x[0,T]), ||Vou| < oo for |a| < 2}. (93)
One can readily check that X is complete with respect to the norm

lullx = > IV5ull- (94)

o <2
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Define a sequence of functions {u, }nen by
Up i1 = u’ 4+ L(Gp(uy)), up = u’. (95)
Then Proposition5.1 implies that
[0l < Cpe. (96)

Hence we have v € X.
We now take € > 0 to satisfy that

1
PpAiCpyth (T (Cpe)" ™ <1, Cpe <5 (97)
which yields that
1
2pA1Cp (TP <1, ] < 3 (98)

According to [11] or [2], (98) and Proposition5.3 guarantee that there
exists a unique solution of (14) in time interval [0,7] which is ob-
tained as a limit in X of the sequence {u,}. The upper bound of T’
is determined by (97). This completes the proof of Theorem?2.

Proof of Corollaryl.5. The proof immediately follows from the
one of Theoreml. The uniqueness of the solution shows us that it
is enough to consider the radially symmetric solution because of the
assumption g = g(|z|). Let u(r,t) be a C%solution of (14) in the
time interval [0, 7], where r = |z|. Setting ¢(r) = egotp(r) in (62) in
the proof of Theoreml, we know that the nonexistence of u follows
from the inequality

d
log [Egow(dl_lt)} + (ko + 1) log 31 —cpa>0 fort>1.  (99)

We note that d; > 0 is a numerical constant. This means that u
cannot exist as far as T satisfies

Cp, A —(H(H‘l)
T> max{wl lali (@) ] ,1}. (100)
go \3
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Making e to be small, max has to choose the quantity of left-hand
side. Therefore there exist 9 = £¢(p, go, A) > 0 such that the lifes-
pan T'(¢) of C2-solution of (14) satisfies

T(e) <y~ HCe™h) forall 0<e < e, (101)

where C' = C(p, go,A) > 0. The lower bound of T'(¢) is already
obtained in Theorem?2 in which A; is replaced by A. Corollary is
now established.

6. A priori estimate in three space dimensions

In this section we shall prove Proposition5.3 in the previous section.
According to [11] or [2] again, it is enough to show that there exists
Cp,y > 0 such that

Py(r,t) < Cpyth(TVLo(r, 1), (102)

where r = |z| and P, is defined by

1 t r+t—7
Po(r,t) = — / dr / Mw(A, 7)PdA. (103)
2r Jo Ir—t+7]|
Because we have
IL(uP) < [[ulPl| Pl (104)

See Lemmall in [11], or p.1470 in [2].
Now we shall devide the proof into three cases up the value of k.
In each case, we shall use the decomposition R? x [0,7] = ngle,

where
D1:{2t57n7 TSl},

Dy ={2t<r, r>1}, (105)
D3 = {Qt > 7“}.
We note that
w(r,t) < C in Dy (106)

and 1 2% 1 t
> +r+ > +7r+

- 3 - 3
The definition of k¢ yields that

in D,. (107)

r

1—p(ko—1)=—ko+p—1>0 whenp>1++2 (108)
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Hereafter constant C' may change from line to line, and we shall omit
the dependence on p, 1.

Casel ; kg > 1, i.e. 14+ /2 < p < 3. It follows (90) that

P, (r t)
r+t—7
dT/ (1+ |7 = A)7PE=D (1 4 X+ 7)1 Pp(A + 7)PdA.
|

r— t+T|
(109)
In D and D,y, we have

r4+t—7
(r,t) < — / dr / (14+A—7) 7P (14 A p ) 1Py (A7 )PdN
r—t+7
(110)
since \—7>r—t>t>0.
First we consider P, in D;. Then we obtain

(147 — t)Pro=DH=py( 4 )P

Py (r,t) < "

/Ot(t—T)dT <c. (111)

Therefore (102) follows from (106).
Next we consider P, in Ds. It follows that

Po(r t)g(l—i-r—t

p(ko—1) r+t—r
/ dT/ (T+XFT) PN+ T)PA.
t

(112)
We employ the following lemma in order to avoid to have ¢(r+¢)P~!
in this case.

LEMMA 6.1. Let a > 1 and b,d,p > 0 with b < d. Assume that
Y € CY([0,00)) satisfies

0< L+ (r) < Ky(r)' =0, (r) >0, (113)

where K,6 > 0 are constants. Then there exists positive constant C
depending on a,v such that

/bd<1 +a) () da < C(1+b)'p(b)". (114)
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Proof. The integration by parts and the assumption on 9 yield that
(L+8) vy | pK

a—1 a—1

In <

I, (115)

where we set 4

I = /b (1+ a)"%(a)?Hda (116)
for j € NU{0}. Again the itegration by parts yields that
1+ b)) (b)P~° -4 [d _ i
( ) 1/}( ) + p / (1 +a)1 a¢(a)p 6 1¢/(Oé)d0é

a—1 a—1J/p
(117)

If p — § < 0 the proof is ended with C' = 1/(a — 1) + pK(0)~°/(a —
1)2>0. If p— 6 > 0, we continue to estimate the integration with
the assumption on 1 as follows.

I <

d
/ (14 a)"“(a)P "1/ (a)da < KT, (118)
b
In this way, we inductively have that
;oo D) H"leﬂi |[p = (k —1)4]
0= a—1 (a — 1)74(0)70 (119)
LK 1),
(a — 1)J J>

where J = min{j | p — jé < 0} > 2. Therefore the integration by
parts completes the proof of this lemma with

J KUy — (k—
“=3 i 1 (1 + ]z::l = 1}22_1 [f)jw((lf))jal)é]> > 0. (120)

O

Now we continue to prove (102) in Dy. Making use of Lemma6.1
witha=p—1>1,a=A+71,b=t,d=r+1t, we have

Py(r,t) < COr7'(1+r — ) Plo=Dg(1 + )2 Pep(t)P

< Or (147 — ) PR DE3=py (p 4 ) (TP 1. (121)
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Therefore (102) follows from (108) and (107).
Finally we consider P, in D3. Changing variables by

a=T+A\ f=7-), (122)

we have that

Cy(t+r)P

r

Pulr,t) < / ey rda [T gy ag

t—r| —«
(123)
Since fB-integral is dominated by C'(14 ) ~P0=1) (108) yields that

Py(r,t) < Co(t +r)(3T)P~1 /Hr
) |

. (1+ ) "da. (124)

t—r|

Therefore (102) is now established by Lemmab.2.

Case2 ; kg = 1, i.e. p=3. It follows from (90) that

1/t
Py(r,t) < 2_7"/0 dr X

X /THT(l +A+T7) 2PN+ 1)3 (1 + log

147 3
r—t+7|

L+ =Al
(125)
Similary to Casel, (102) in Dj is trivial by (106). So we consider
P, in Dy. Then it follows from (125) that

P(rt

r4+t—r 1+)\+7— 3
-2 3 (21 7) d
_27" dT/THT (I+A+7)" A+ 1) ( og31+>\_7_ A

(126)
because (1+A+7)/(1+A—7) > 1. In order to handle the logarithmic
term, we shall employ the following lemma which can be verified by
simple differentiation.

LEMMA 6.2. For any n > 0,

X"
— >logX for X >1. (127)
n
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By making use of this lemma, we have that

Pu(r,

T t

33774 r+t—r1

< / dT/ (14 A+ 7)372(A + 7)3(1 + A — 7)~37dA
r—t+71

n4 1 — )73 rHt—T
i / dr [ A O+ 1)
t

(128)
We now fix n to satisfy 3n — 2 < —1, for example n = 1/4. Then, by
virtue of Lemma6.1 witha = A+7,a=2-3n>1,b=t, d=r+t,
we obtain

Py(r,t) < Cr Y1 +r—t) 341+ )34 1ap(t)?

< Cr=Y(r + ) (T)2. (129)

Therefore (102) follows (107) and (1 +r+¢)/(1+r—t) > 1.
Next we consider P, in Ds. Changing variables by (122), we
have that

Py (r,t) < Cott+r)® / t+r(1+a)_2da / o log3 3——dj3 (130)

r t—r| —a ’B‘

because (1 + «)/(1+ |B]) > 1. Hence again Lemma6.2 with n = 1/4
yields that

Pu(rt) < SXCETREE [ )y o) [ (1 15y
' . h (131)

Since the [-integral is dominated by C(1 + 04)1/ 4 we obtain

Py(rt) < SYEFTIVET)’ /| Y ta)y e (132)

r t—r|

Therefore (102) follows from Lemmab.2.

Case3 ; 0 < ko < 1, i.e. p > 3. It follows (90) and (108) that

r4+t—1
(r,t) < —/ dT/ (T + A +7)7 by N+ 7)PdN.  (133)
|r— t+’r\
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Again (102) in D; is trivial by (106). First we consider P, in D,.
Since

1 t r+t—7
Pu(rt) < 5 / dT/ (14 A+7)" 1A+ 7)PdA,  (134)
0 t—1

we can apply Lemma6.1 to A-integral by setting @« = A+7, a = kg+1,
b=t,d=r+t. Hence we obtain

Py(r,t) < COr=Y(1 4 t)~rotah(t)P

< Or (14t )Ryt + -t (139

Therefore (102) follows from (107).
Finally we consider P, in D3. Changing variables by (122), we
have that

Py(r,t) < Oyl +rF /Hr(l + o) o /t_r dg. (136)
|

r t—r| —a
Hence we obtain

C(t + r)yp(3T)P=1 pttr
‘ J

r

Py (r,t) (14 a) "da. (137)

t—r|

Therefore (102) follows from Lemmab.2. This completes the proof
of (102) for all cases.
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