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Determination of Plane Convex Sets
through X-rays

ALESSANDRO Boccont )

SUMMARY. - We prove that, for a fized positive number § and two
directions in the plane, it is possible to choose a third direction
so that if the plane conver sets H and K have the same X-rays
along these directions, the measure of their symmetric difference
is less than ¢.

1. Introduction

We suppose to have an homogeneous body in the plane, and we
consider its X-ray along a fixed direction. The intensity of each
beam of the X-ray which traverses the body, depends on how much
material it has passed through; so we may consider the X-ray of a
set along a fixed direction 6 as a function giving the length of each
chord of the set parallel to 6.

This paper includes some results about the determination of a
plane convex set through its X-rays along a finite number of direc-
tions.

We refer to Gardner’s recent book, Geometric Tomography [3],
for an in-depth description about this kind of problem, and for a
detailed bibliography.

The determination of sets through X-ray is of interest in various
fields, especially in computerized tomography in medicine.

In [4] Gardner and McMullen proved that there exist more than
one convex body with the same X-rays along any set of directions
belonging to a subset of the directions of the edges of an affinely
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regular polygon. It follows that convex bodies cannot be determined
by any set of fixed three directions.

Here, we assume that the first direction is fixed, while the others
are chosen depending on the X-rays along the previous directions.
In [3] Gardner proposes the following open question: can a plane
convex body be successively determined by its X-rays along three
directions? Notice that it is known that, for some convex sets and
for every pair of directions, there exists another convex body with
the same X-rays along such directions (Theorem 1.2.22 of [3]). Hence
an affirmative answer to the above question would be, in some sense,
an optimal result.

In this paper we prove a result closely linked to the previous
question: for a fixed positive number § and two distinct directions,
it is possible to choose a third direction such that, if two convex sets
H and K have the same X-rays along such directions, the distance
between H and K, in the Hausdorff metric, is less than J (Theorem
1). Furthermore (Theorem 2) we prove that, if an upper bound of
the diameter of the convex sets H and K is known, two directions
are sufficient (the second is chosen successively) to obtain the same
result as Theorem 1.

Longinetti in [5] proved that, with fixed n directions (n > 2), if
H and K have the same X-rays along such directions, and [ is the
length of O(H N K), then:

2

!
dist(H,K) < — tan _.
8n )

Equality occurs if and only if the directions are equally spaced on
the unit circle and H is a regular polygon, with n sides, and K is
obtained from H by a rotation of 7 about its centre.

The comparison between these results points out the advantages
of choosing the directions successively.

We also recall that in Theorem 1 of [1] it is proved that, in a
special case, a convex body can be successively determined by its X-
rays along three directions. This special case occurs if a support line
to the convex set, parallel to one of the first two directions, touches
the boundary of the convex body at a singular point.
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2. Successive determination of plane convex sets
through X-rays

Let K be a plane convex body, i.e. a convex, compact set with non-
empty interior. Let 6 be an oriented line in the plane, o a point
belonging to §, and 6+ the line through o orthogonal to 6. Let ay
and by be the boundary of the orthogonal projection of K on 6. For
X-ray Ky of K along the line 8, we mean the function whose value at
a point = € [ag, by is the length of the intersection between K and
the line through z and parallel to . With the notation (HAK) we
mean the symmetric difference between H and K, and with Ay and
A1 the usual Lebesgue’s measure in R? and R! respectively.

Our results are expressed in terms of the metric induced by the
area of the symmetric difference. We recall that, for convex bodies,
this metric is equivalent to the Hausdorff metric.

We prove the following:

THEOREM 1. Let K be a plane convex body: given a positive number
0 and two oriented lines 01 and O, there exists a third oriented line
03 so that, if H is another plane convex body so that:

Hy, = Ky, 1 =1,2,3, (1)
then do(HAK) < 4.

Proof. First we assume that 6; and 6, are two orthogonal oriented
lines; we consider the coordinate frame (o, 6.+, 01); let 65 be a third
oriented line not parallel to #; and 65, and suppose that there exists
H verifying (1). Let k1 and hy be concave functions and ko and ho
be convex functions so that:

K = {(z,y) : © € [ag,, by, ], k2(z) <y < ki(z)},

H = {(mvy) RS [a91ab91]a hg(:l?) <y< hl(x)}

From Proposition 2 of [5], it follows that the set {0H N 0K} con-
tains at least six points. If H # K, there exist z1 and zo, 21 <
z2, (3:13:1;2) - [a’gubel]a so that:

hl(xl) = kl(mz) = 172a
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hi(z) # k1(z) Vx € (21,22). (2)

If « is the angle between the oriented lines 6; and 03, and b =
)‘1[0’027 b92]7 then:
T9 — 1 < btana. (3)

In fact, let r be the line through (z2, k1 (x2))parallel to 03, and xy so
that {r N 0K} = {(zo, k2(20)), (z2, k1(z2))}; from (1) it follows that
hQ(.T()) = kg(ﬂ?o) and:

hl (.T(]) = kl (.T(]) (4)

Therefore:

z2 —x9 =AM {rNK}sina < sina = btana.

COS

From (2) and (4) it follows that o — z1 < x2 — zo; hence inequality
(3) holds.
Next we observe that:

X(HAK) = /bal | k1(z) — hi(z) | + | ka(z) — ho(z) |dz.

agl

Therefore, from (1), it follows:
b,
No(H A K) = 2/ |k (2) — b () |da.
ag,

Let I be the set defined as follows:

I'={z:z €lag, by, ], hi(z) # ki ()}
Since h; and k; are continuous, I is open, and then it is the union

of countable many disjoint open intervals I;, ¢ € N. Let a;, b; be the
endpoints of I;, we can write:

b;
No(H AK) = 22/ |k (z) — ha(2) |da. (5)
i %
Furthermore, from (3), it follows that:

b —a; < btana. (6)
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Since h; and k; are two concave functions, they have exactly
one maximum in [ag,,by,|. Let £ and n be the points where h; and
k1 respectively attain their maximum. We suppose that ¢ and 7
belong to I; let 7y and jp be two integers such that a;, < & < b;,
and aj, < n < bj,. Therefore, if i € N, i # {i0,jo}, h1 and k; are
monotone functions in [a;, b;]. Without loss of generality, we assume
that h; and k; are non-decreasing functions. This implies that the
graphs of the functions h; and k; in [a;,b;] are contained in the
triangle whose vertices are:

[(ai, k1(ai)), (as, k1 (bi)), (bi, k1 (bi)]-

Hence, for (6):

[T =) e < BLIZREIG)
’ o -k, P
2
For ¢ = iy and ¢ = jp:
bi b
/a’ | ki(2) = b (o) | do < [btana)3. (8)

1

If &, n ¢ I, then (7) holds for every interval (a;, b;) belonging to I.
Because of the concavity of the function k1, for any partition {y;}
of [ag,,bs, ], we have:

[e.e]
Z | k1(yit1) — k1(ys) | < 2[mazky — mink;] < 2b.
i=0

From (5), (7) and (8), it follows that:

M(HAK) < 2{zn:gtana | k1(b;) — k1(a;) | +2[% tan o]}
;=0

1=
< 2{b’tana + b*tana} = 4b* tan o
(9)

Then, if 03 verifies:

« < arctan 2
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we get \o(H A K) < 6.

Now we assume that 6; and 0y are arbitrary oriented distinct
lines. Let P be the convex quadrangle bounded by the support lines
to K, parallel to 61 and 65. Among the rectangles having two sides
parallel to 8; and containing P, let R be the smallest. Let b be the
length of the side of R parallel to ;. Since R D K, b > A1fay 1,by 1]
Then, if we choose 03 so that:

a < arctan 2

it follows that Ao(H A K) < ¢ and this completes the proof. O

In the foregoing proof, we used the X-ray along the oriented line
0> only to determine an upper bound of the widths of K and H in
the direction ;. On the other hand, such upper bound is trivially
known, if we know an a priori bound of the diameters of K and H.
Then we get the following:

THEOREM 2. Let K and H be two plane convex bodies and suppose
that an upper bound of their diameters is known. Given a positive
number § and an oriented line 01, there exists a second oriented line
0o such that, if:

Hgi = Kgi, 1= 1,2,

then Ao(H A K) < 6.
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