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Imaginary Powers and Interpolation
Spaces of Unbounded Operators

SHANGQUAN BU and SYLVIE GUERRE-DELABRIERE (*)

SUMMARY. - We show that there exists an operator A of type (0,2)
with domain D(A) on the Hilbert space L2, such that A is
bounded for each s € R and that for every 0 < 0 < 1, we have
(D(A), L?)g # (D(A*), L?)s.

1. Introduction

Let H be a Hilbert space and let A, B be two closed operators on H
with domain D(A) and D(B), positive, resolvent commuting and of
respective types (wa, M4) and (wp, Mp) such that wa+wp < 7. It
is shown by G. Da Prato and P. Grisvard [D-G] that in this context,
the sum A + B is closable. However, J.B. Baillon and Ph. Clément
[B-C] have constructed such a pair (A4, B), such that the sum A + B
is not closed.

G. Da Prato and P. Grisvard in 1975 (see [D-G]|, Th. 3.14) were
interested in finding a condition to ensure that the sum A + B is
closed. They proved that if the interpolation spaces (D(A), H)y and
(D(A*), H)p coincide for some 0 < § < 1 (where A* is the adjoint of
A), then the sum A + B is closed.

Later, in [D-V] Remark 2.11, G. Dore and A. Venni found an-
other condition to ensure the closedness of A + B, namely that the
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imaginary powers of A, A* are bounded on H for all s € R and
s — A" is a strongly continuous group on R. It was shown later in
[V] that the second condition boundedness is in fact a consequence
of the first one strong continuity.

G. Dore and A. Venni extended this result in [D-V], Th. 2.1, to
the case where X is a UMD space, (see [Bo] and [Bu] for a definition),
under the stronger condition that the imaginary powers of B are also
bounded and there exist positive numbers 84 , fp and C so that
|A% || < Cefalsl ||| B|| < Ce?Bl5! for every s € R and 04 + 605 < .

This last result was particularly interesting because it solved pos-
itively in this context the question of the Lj-regularity of the X-
valued Cauchy problem

for 1 < p < oo and f € Ly(X), (which is still open in its full
generality):

If X is a UMD space, A is a positive operator on X such that
|A%|| < Ce®als! for every s € R with wa < 7/2, then there ezists a
constant C' > 0 such that:

Vf € Lp([0, T X) =: Lp(X),, [[Aullz, (x) < ClI £l x)-

d
Indeed, denote by 7 the closed operator on L,(X) with domain

WP (X) = {u € Ly(X) : v € Ly(X),u(0) = 0}

such that i(u) =u'.

dt
. .\ d s .
7 52 positive operator, for every s € R , (E)ZS is bounded and
d .
there exists a constant M > 0, such that ||(—)%]| < M(1+ s%)e™*!/2

dt
for every s € R.
If D(A) is the domain of A, let us also still denote by A, the op-

erator on L,(X) with domain L,(D(A)) := L,([0,T]; D(A)) defined
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by A(u)(t) = A(u(t)). It is easy to see that A is a positive opera-
tor on L,(X) which verifies again the condition ||A*|| < Ce®4 /5! for
every s € R with the same wy < 7/2

To prove the L,-regularity of the X-valued Cauchy problem, it

was known before that it is sufficient to prove that the sum of the two
d

operators 7 and A is closed on L,(X) (see [D-G]). This is clearly

a consequence of G.Dore and A.Venni’s result: indeed, since A acts

on X and — acts on the variable t € [0,7], these two operators

dt

. . d .
are automatically resolvent commuting . Thus 7 and A verify the

d
G.Dore and A.Venni’s condition, 7 + A is closed and so the X-valued
Cauchy problem is LP-regular.

A natural question was then to compare G. Da Prato and P.
Grisvard’s condition and that given by G. Dore and A. Venni, to
ensure that A + B is closed in a Hilbert space.

A. Yagi [Y] proved the following result:

THEOREM (YAGI). If (D(A),H)p = (D(A*),H)g for some0 < 6 < 1
then A* is bounded for every s € R.

Thus G. Dore and A. Venni’s result is stronger than G. Da Prato
and P. Grisvard’s one.

In this paper, we exhibit an example which shows that the con-
verse of Yagi’s theorem is false. Then, in the case of Hilbert spaces,
G. Dore and A. Venni’s result is strictly stronger than that given by
G. Da Prato and P. Grisvard.

2. The Example

Let us first recall some notions. Let (X, ||.||) be a complex Banach
space, and let A : D(A) C X — X be a closed and densely defined
operator with domain D(A), we denote the resolvent set of A by
p(A) and its spectrum by o(A).

The operator A is called positive (see [D-V] [T]) if

(i) (=00,0] C p(4),
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(ii) there exists M > 1 such that
M
It +A)7Y < 111 ,for every t > 0.

For 6 € [0, ), we define the sector Xy by
Y9 ={2€C\{0}: |arg(z)| <6}.

The positive operator A is said to be of type (w, M) (see [Ta)),
if there exists 0 < w < w and M > 1 such that

(i) o(4) C 3u;

(ii) for every 6 € (w, ], there exists M(0) > 1 with M(0) = M,
such that:
M(6
VzeC, larg(z)| > 0= ||[(A—2)71 < ?(|z)|

It is known that every positive operator is of type (w, M) for
some 0 <w < 7and M >1 [K].

If A is a positive operator and if there exists 0 < w < 7 and
C > 1 so that A is bounded and ||A*|| < Ce¥lsl for every s € R,
then A is of type (w, M) for some M > 1 and for the same w [D-V].

Two positive operators A and B are called resolvent commuting
if
VA€ p(A),Yp€pB), A=A (p—B) "= (u—-B) '(A-A4) "

If A is a positive operator, then the complex power of A denoted
by A* with |z| < 1 is defined as the closure of the operator I?, where

I(z) = S g (T4 A) A () + / ltz+1(A+t)_1A_1(a:)dt
Q 0

+/+00 >~ (t 4+ AT A(z)dt} for z #0, z € D(A) N R(A)
1

I’z) ==z, z € X,
where R(A) = {Az : z € D(A)}. For more informations about the
complex powers of unbounded operators, we refer to [T] and [D-V].

The interpolation spaces that we are using here is the complex
interpolation which can be found in [B-L].

We shall need the following known result:
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PROPOSITION. Let (E, F) and (E', F) be two interpolation couples
and suppose that for some 0 < § < 1, we have (E,F)y = (E', F)y,
then for all@ < a < 1, (E,F)q = (E',F)q-

We shall also use the following result due to A. Yagi:

THEOREM 1. Let H be a Hilbert space, A: D(A) C H — H be a
positive operator and let 0 < r < 1, then the following two state-
ments are equivalent:

1. (D(A),H)y = (D(A*),H)y for every r < 0 < 1.
2. D(A?%) = D(A*?) for every 0 < § < 1 — .

Let us now state that the converse of Yagi’s theorem, stated in
the introduction, is false:

THEOREM 2. There exists a positive operator A : D(A) C L? — L?

of type (0,2), such that for every s € R, the operator A" is bounded,
and for every 0 < 0 < 1, (D(A), L?)g # (D(A*), L?),.

Proof of Theorem 2. Let -y be the normalized Lebesgue measure on
[0,27] and let ¢ be the function on [0, 27] defined by

_[1 iftelo,n]
¢(t)_{2 if t € (m,2m].

Define for each n € Z and t € [0, 27],

falt) = qb(t)ei”t and f(t) = ¢(t)*lei"t,

It is easy to see that (fn)nez and (f))nez are unconditional basis of
L2([0, 27); d), (f3)nez being the dual basis of (f,)nez and

Q- leal? <Y enfulla <203 leal)'/? ()

neEL neZ neZ
1 %
5(2 leal) 2 <Y eafrllo < O leal®)2. ()
nez nez neZ

The above inequalities imply in particular that

L2([0’27T];d'7) = {Z Cnfn Z ‘Cn|2 < oo}

neZ neE”L
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= (Y cafi: Y leal? < o0}

nez nez
Let A be the unbounded operator on L2([0, 27]; dvy) defined by

= {chfn : Z e2|"‘|cn|2 < oo} and

neZ neEL

A(Y ) =D ellenfn.

nez neL

The adjoint operator A* of A is given by

= { Zdnf;lIF : Z(22|”||aln|2 < oo} and

neZ nez

A (D dufi) =3 eldnt;.

neZ nez

Indeed, D(A*) is the set of all g = 3, .5 dnfrx € L? such that the
linear functional defined on L? by f —< Af,g > is continuous.

If f=3,c7¢nfn, Wwe have
<Af,g>= ) elMendn,
neZ

0 g =Y,z dnfi € D(A*) if and only if 37, . €2™/|d,|? < oo.
Moreover, by < Af,g >=< f, A*g >, we have

neL nez

for ), czdnf, € D(AY).
It is easy to verify that A is closed and densely defined. Let us
first show that A is of type (0,2). For every ¢ > 0,

(t+A)~ j{:(hj% :ZZE:_TEquEf

neZ

so (—00,0] C p(A) and ||(t+ A)7Y|| < 1——|—t by the inequality (*). A

is therefore a positive operator.
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For every 6 € (0,7] and z € C, |arg(z)| > 6, we have

A=27enkn) = Y T fn

neZ nez

and so
I(A—2)7"|| < 2/ inf |el" — 4|
nez

by the inequality (*).

To show that A is of type (0,2), it will suffice to show that
for every 6 € (0, 7] there exists M(6) > 0, such that for all z #
0, |arg(z)| > 0, we have

inf e — 2| > M(0)(1 + |2|)
neEL
This inequality is trivially verified with the constant M (0) = 1/3
when |z| < 1/2.
Suppose that |z| > 1/2 and |arg(z)| > 7/2, we have Re(z) <0,
hence

inf e — 2 > 1+ |2].
neEz
If |z| > 1/2 and 0 < |arg(z)| < m/2,z = a+ib, then |a| < [tg(8)|~*|b),
and so
2] < (1+ [tg(0)] )[p] < (1 +[tg(0) 1) ig£|e|"‘ — 2|,
n
but for |z| > 1/2, one has 1 + |z| < 3|z|, hence

3(1 + |tg(0)| 1) inf |e™ — 2] > 1 + 2]
neZ

A is therefore a positive operator of type (0,2).

Let us now compute A%. For every s € R, we have

Ais(z cnfn) = Z eiwscnfn (% * %)

neZ nez

Indeed, it is easy to verify by the definition that for every n €
Z,s € R,
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A¥(cfy) = e™icf,, ceC.

If we denote by L2 the linear subspace of L? spanned by (f)nez, for
each f = ZnEZ cnfn in L%,

AZS(Z Cnfn) = Z e‘n|icn.fn-

neZ nez

On the other hand, the linear operator on L? defined by

Z cnfn — Z e|n|icnfn

nez neZ
is clearly closed, so to show that (***) is true, it will suffice to show
that for each f =3, .y cnfrn € L?, there exists a sequence (gn)nez in
L3, such that lim,e0gn = f and limg, 00 A¥ (gn) = Y nez elmlic, f.
Obviously, we can take g, = Z‘k|<n ckfr-

Thus, it is clear that ||A*|| < 2 by the inequality (*).
We shall show that for all 0 < 8 < 1,
(D(A)a L2([Oa 27T]; d’Y))H 7é (D(A*)a LZ([Oa 271—]; d’Y))G

By proposition and theorem 1, it suffices to show D(A?) # D(A*?)
forall0 < 8 < 1.

Now let us fix 0 < 6 < 1, then in a similar way as in (***), we
have

D(Aa) = {chfn : 2362‘"|9|cn|2 < oo} and

neZ nez
AG(Z Cnfn) = Z e|nwcnfna
nez nez
D(A*) = {chf;lk : Zez|n|9|cn|2 < oo} and
neL nez

A*? ( Z Cnf;:) - Z e\n|00nf;:.

neZ nEL
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By (*), we have
D(A%) = > cne™: Y e?Mfe, P < oo}
nez nez
and by (**), we have
D(A™) =D ene™ Y e ™Plen]? < o0}
nez nez
Let By = {>_,cz cne™ Yonez 62‘"|&|Cn|2 < oo} C L*([0,27); d),
then
D(A%) = ¢pEy and D(A*) = ¢~ E,.

Assume that D(A%) = D(A*), since the constant function 1
belongs to the subspace Eg of L?([0, 27]; d7), the function ¢? belongs
to Ejy, but it is easy to compute that:

5 3
2_29 9 int1)t
P =5+ n% @n+1)r°

which is not an element of Ejy.

This implies that for each 0 < 0 < 1,
(D(A)a LQ([Oa 27[']; d’)/))ﬁ 7é (D(A*)a L2([07 27T]; d’Y))@

A is then an operator of type (0,2), such that A% is bounded
for all s € R and for every 0 < 6 < 1,(D(A), L%([0,27];dv))s #
(D(A*), L*([0, 27]; d7y))g- This finishes the construction.
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