7-PARACOMPACTNESS AND REGULARITY (*)

by ALESSANDRO FEDELI (in L’Aquila)(**)

SOMMARIO. - Sia 7 un numero cardinale infinito. Uno spazio T\ X si dice
T-paracompatto se ogni ricoprimento aperto U di X tale che card(U) <
7 ha un raffinamento aperto localmente finito. In questa nota st for-
niscono alcune condizioni equivalenti alla regolarita nell’ambito degli
spazt T-paracompatti. Come corollario st ottiene il sequente risultato di
Aull: ogni spazio Ty numerabilmente paracompatto e numerabile di 1°
tipo é regolare.

SUMMARY. - Let T be an infinite cardinal number. A Ti-space X is called
T-paracompact if every open cover U of X such that card(U) < 7 has
a locally finite open refinement. In this note we give some conditions
which are equivalent to reqularity in the realm of T-paracompact spaces.
As a corollary we obtain the following well-known result of Aull: every
Hausdorff countably paracompact first countable space is reqular.

Let 7 be an infinite cardinal number. A Tj-space X is T7-paracom-
pact if any open cover i of X with cardinality < 7 has a locally finite
open refinement [3]. The Rg-paracompact spaces are called countably
paracompact. A space X is 7-pseudonormal if given any two closed
sets ', F, one of which has cardinality < 7, there exist disjoint
open sets U,V such that C' C U, F C V. The Ng-pseudonormal
spaces are called pseudonormal [4]. X is a C';-space if for each closed
set F' and for each x € X — F there exists a family G of open
neighbourhoods of z such that card(G) < 7 and ﬂ{@ G e G} C
X — F. Obviously every regular space is a Cy,-space. Clearly the
C.-property is hereditary, moreover we have the following

ProrosiTION 1. The C.-property is productive.

*) Pervenuto in Redazione il 1° settembre 1993.
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Proof. Let {X; : i € I} be a family of C,-spaces and let X =
[I{X; : i € I}. Let F be a closed set of X and z = {z;};cs €
X — F. Take a basic open set U = [[{U; : i € I} of X such
that 2 € U C X — F. Let Iy = {i € I : U; # X;}, for each
i € Iy take a family {Gg(z;)}s<- of open sets of X; such that z; €
(H{Gp(z;) : B < 7} and ({Gga(z;) : p < 7} C U;. Foreach g <7
and ¢ € I let A;(B) = Gglz;) if ¢ € Iy and A;(f) = X; otherwise.
Now let Hg = II{A;(8) : i € I} for every 8 < 7. Then {Hg}g<~r
is a family of open sets of X such that z € N{Hg : f < 7} and
M{Hs:8<7}Cl{lU;:ie€l}C X — F. Hence X is a C,-space.

Remark 2. Let X be a Hausdorff space, let V be a collection
of open neighbourhoods of z in X, let 2 € X. Then V is a closed
pseudobase for z if N{V : V € V} = {z}. Now, for each z €
X, let 9.(z, X) = min{card(V) : V is a closed pseudobase for z}.
The closed pseudocharacter of X is defined as follows: .(X) =
sup{t.(z,X): 2z € X}+w. If .(X) = k then X is also said to be of
H-pseudocharacter k£ [7]. A Hausdorff space with countable closed
pseudocharacter is also called an Ej-space (see e.g. [5]). Obviously
if X is a Hausdorff space such that .(X) < 7 then it is a C;-space.
In particular every Ej-space (and, a fortiori, every first countable
Hausdorff space) is a Cy,-space.

Remark 3. 1f X is a Hausdorff space and L(X) < 7(L(X) is
the Lindelof degree of X, i.e. L(X) is the smallest infinite cardinal
k such that every open cover of X has a subcover of cardinality
< k) then X is a C;-space. In fact let I be a closed set of X and
z € X — F. Since X is Ty then for every y € F there exist open
sets Gy, Hy, of X such that 2 € Gy, y € H, and G, H, = 0.
U = {H,}yer U{X — F} is an open cover of X so there is a set
{Ya}acr C F such that X = [J{H,, : « < 7} U (X — F). Then
G = {Gy,}a<r is a family of open neighbourhoods of z such that
card(G) < 7 and N{G,, : @« <7} C X — F. Hence X is a C,-space.
It is worth noting that if X is a first countable T5-space such that
L(X) < b (bis the unbounding number, i.e. the smallest cardinality
of an unbounded subset of (“w, <*)) then X is pseudonormal [2].

Remark 4. A Hausdorff space X is functionally regular [6] if for
each z € X and for each open neighbourhood V' of z there exists
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a zero-set Z such that * € Z C V. A functionally regular space
need not be regular but it is a Cy,-space (if Z is a zero-set of a
space X then there is a sequence {G,},c. of open sets such that

Z=M{Gr:necw}=N{G, :n €w}).

THEOREM 5. Let X be a T-paracompact space. Then the follow-
ing conditions are equivalent:

i) X is a Cr-space.
ii) X is regular.

iii) X is r-pseudonormal.

Proof. ii) — i) and iil) — ii) are obvious. i) — ii) Let F' be
a closed set of X and 2z € X — F. Since X is a C;-space there
is a family G = {G,}s<- of open neighbourhoods of z such that
MGs :a< 7t} CX—-F. Sold ={X -G, :a<7}U{X-F}
is an open cover of X with cardinality < 7. X is 7-paracompact
so there is a locally finite open cover V = {V, : a < 7} U {V} of
X such that V. ¢ X — Fand V, C X — G, for each a < 7. Let
H = {V, : a < 7}, obviously FF C H. Since V is locally finite we
have H = |J{V, : @ < 7}, moreover V,, C X — G, for every a < 7,
soz ¢ H. Hence H and G = X — H are disjoint open sets such that
F C H and z € (. ii) — iii) Let C' and K be disjoint closed sets of
X such that card(C) < 7. For each ¢ € C there exist two disjoint
open sets U(c) and V(c) of X such that ¢ € U(e¢) and K C V(e).
U ={U(c)}eec U{X — C} is an open cover of X with cardinality
< 7. X is 7-paracompact hence there is a locally finite open cover
W = {W(c)}eecU{W} of X such that W C X —C and W (c) C U(c)
for every c € C. Let G = U{W(c) : ¢ € C'}, since W is locally finite
we have G = U{W (c) : ¢ € C}, moreover K N W (c) = () for every
ceC,s0 KNG = 0. Therefore G and H = X — G are disjoint open
sets such that ' C G and K C H.

COROLLARY 6 ([1]). Every Hausdorff countably paracompact first
countable space is reqular.

Remark 7. The fact that every T3 countably paracompact space
is pseudonormal was observed by Proctor [4].
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A space X is called initially k-compact if every open cover U of
X such that card(U) < k has a finite subcover. It is interesting to
note that every initially k-compact space of H-pseudocharacter £ is
a regular space of character & [7].

Remark 8. A space X is a strongly C-space if for each closed
set B and for each open set G containing B there is a family U of
open sets such that card(U) < 7, B C ({U : U € U} and N{U :
U € U} C G. Obviously every normal space is a strongly Cy,-space.
Arguing as in theorem 5 one can show that a 7-paracompact space
is normal iff it is a strongly C-space.
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