APPROXIMATE SEQUENCES VERSUS
INVERSE SEQUENCES (¥*)

by N. UGLESIC¢ (in Split)(**)

SOMMARIO. - In questa nota si costruisce una sequenza inversa approssimata
X = (Pn,en, Ppnt, N) di continui planari poliedrali P, in maniera tale che
X e la sequenza (commutativa) inversa corrispondente X = (Pn,pn7n+1,N)
abbiano limiti non omeomorfi. Si ha cosi un miglioramento essenziale di
un precedente esempio del medesimo autore relativo a continui planari non
poliedrali.

SUMMARY. - An approzimate inverse sequence X = (Pp,en, Pnps, N) of poly-
hedral planar continua Py is constructed, such that X and the corresponding

(commutative) inverse sequence X = (Pn, pnont1, N) have non-homeomorphic
limits. This is an essential improvement of the author’s previous example,
which consisted of non-polyhedral planar continua.

1. Introduction.

S. Mardesié¢ and L.R. Rubin [4] introduced the notion of an approximate
inverse system of metric compacta X = (Xg, €4, Paa’, A). They replaced
(weakened) the commutativity condition paa/parar = Paar, a < @’ < a”, by
the following three requirements:

Al) d(paa’pa’a”apaa”) S €a whenever a S a S (1“;

A2) (Va € A)(¥n > 0) Ba’ > a) (Yaz > a1 > )
d(paalpalazapaaz) <

A3) (Vd' € A)(Yn > 0)(Fa’ > a)(Va" > d)
(Ve, 2" € Xgv) d(z,2") < eqr = d(paa (), Paar (")) < 1.

(*) Pervenuto in Redazione il 28 dicembre 1993 ed in versione definitiva il 18 aprile
1994.

(**) Indirizzo dell’Autore: Department of Mathematics, University of Split, Teslina
12 /111, 58000 Split (Croazia).
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An approximate map ¢ of a space Y into an approximate system X =
(Xa,€ayPaas A)y ¢ @Y = X, is a collection ¢ = {gq4|la € A} = (qq) of
mappings q, : Y — X, satisfying the following condition:

(AS) (Ya € A) (¥n>0) (30’ > a) (Yo" > @) d(qa, paarar) < 1.

An approximate map p = (p,) : X — X is called a limit of X" provided
it has the following universal property:

(UL) For any approximate map ¢ : Y — X there exists a unique map-
ping g : Y — X satisfying p,g = q4, for every a € A.

Since a limit space X is determined up to a unique homeomorphism,
we often speak of the limit X of X and we write X = limX'.

Moreover, Mardesi¢ and Rubin analogously defined the notion of an
approximate inverse system of compact Hausdorff spaces as well as of its
limit. Here, of course, the role of the numbers ¢, > 0 and n > 0 is taken over
by open coverings U, and U of X,, a € A, respectively. They established
a very important theorem (which does not hold in the commutative case),
[4]: A compact Hausdorff space X has covering dimension dim X < n if
and only if X is the limit of an approximate inverse system of compact
polyhedra X, with dim X, < n.

M.G. Charalambous [1] was the first to consider (nongauged) approx-
imate systems satisfying only condition (A2). Subsequently S. Mardesié
[2] and the author [16] showed that these systems are equivalent to the
(gauged) approximate systems.

The theory of approximate systems, as well as their applications, has
been further intensively developed by S. Mardesié¢ and J. Segal [6], [7],
[8], S. Mardesi¢ and L.R. Rubin [5], S. Mardegi¢ and T. Watanabe [11],
T. Watanabe [17], S. Mardesié¢ [2], S. Mardesi¢ and V. Matijevié [3], V.
Matijevié [12], V. Matijevié¢ and N. Uglesié¢ [13], N. Uglesié [15], [16], S.
Mardesi¢ and N. Uglesié¢ [9], [10] and others.

2. Example.

When S. Mardesié started studying approximate systems, he asked the
following question:

Let X = (Xp,&n,pnan, N) be an approximate inverse sequence with
limit lim&X = X. Let X = (X,,Pnn+1,N) be the usual (commutative)
inverse sequence obtained by replacing in X' each pn,:, n’ —n > 1, by the
composition p},,; = Pnp410...0Ppi—1ns. Is lim X homeomorphic to X?

The next result of M.G. Charalambous ([1], Proposition 8) addresses
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directly the above question:

Let X = (X, pnn, N) be an approximate sequence of complete metric
spaces (in particular, metric compacta) with limit imX = X. Then X
is uniformly isomorphic (hence, homeomorphic) to the limit limX’, where
X' = (X, Plyms, M) is the usual inverse sequence over some cofinal subset
M C N, where pl.., = pmm', whenever m’ is an immediate successor of m
in M.

Although this result suggests to answer the above question affirmatively,
the author showed that it is not the case ([15], Example (2.3)). The coun-
terexample, having its roots in [6], Example 1, has been constructed out
of terms which are all equal to the same planar continuum - the Hawaiian
earring H. Here we will obtain an improvement of that example, which
consists in replacing H by compact connected planar polyhedra P,, n € N,
where P, is the wedge of a compact polyhedral disc and n polyhedral cir-
cles.

ExampPLE 2.3. Let ST = {z € C] |z| = 1} be the standard unit circle
in R®. Consider for each k € N, the following four points (&, nx); € Rz,
j=1,234:

(k= 1)/k,0), (k/(k+1),=1/k(k + 1)),

(1,0) = 2o, (k/(k+1),1/k(k+1)) .

Let Dy C Rz, k € N, be the convex hull of these four points. Then each

Dy, is a polyhedral disc, D1 D Dy D D D ... and ONDk = {z¢}. Let Cg
ke
be the boundary of Dy, k € N. Notice that diam(Cx) = diam(Dy) = 1/k.

For every k € N, choose the homeomorphism hy, : Cj, — S* defined by the
radial projection from the interior point ((2k — 1)/2k,0) of Dj. Let

Pn:(GCk)UDn 1CR2, nEN,
k=1 +

with the euclidean metric d. Obviously, Py D P, D ... D P, D ...is a
. 2

sequence of compact connected polyhedra in R”. Let us define the sequence

of mappings ¢, : Pay1 — Pa, n € N, by putting

) % € Pay1\Cny1
#nlr) = { hyt(hnt1(2)?), @ € Caga

Observe that ¢, (C,UCh11) = @0 (Cny1) = Cp,n € N If ' > n+2, denote
by inn the inclusion mapping of P,/ into P,. Now, we define mappings
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Pnn’ :Pn’_>Pna nIZna by

n

Pnnt = Pn, n

) n

Finally, let ¢, = 1/n, n € N.
LEMMA 2.4. X = (P,,&n, pan’, N) is an approzimate sequence.

Proof. We have to verify conditions (A1), (A2) and (A3).
(A1). Let n < n’ < n” in N be given. All the non-trivial cases are the
following three:

d(in,n+21 QDnSDn+1)a n' =n' +1=n+ 21
d(pnn//’pnn/’pn/n//) = d(inn//’ QDH|P1’L”)’ TL” > 7'Ll + 1 =N + 2,
d(in,n’+la inn’gon’)a n' =n' +1>n4+2.

In the first case, only the points of (Cy 41 UCy12)\{z0} C Pnr42 are moving.
Because Qonﬁpn+1(cn+1 u Cn+2) = Cn; Z.n,n+2(ctn+1 u Cn+2_) = C1n-}-1 u Cn+2
and diam(Cp U Cpq1 U Cpys) = diam(Cy,) = 1/n = &,, condition (A1) for
X is satisfied. In the second (third) case, only the points of Cypyi\{zo}
(Cnr31\{%0}) are moving. Thus, the same argument applies.

(A2). Let n € N and n > 0 be given. Choose an ng € N such that
1/no < n. Then &, < n whenever n’ > ng. Now take n’ = max{ng, n+ 2},
and let ny > ny > n’ be given. Observe that p,,, and p,,, are the inclusion
mappings inn, and i,y,, respectively. Therefore,

d(irmz, inng), ng — Ny 75 1,

d(pnnz’pnnlpnlnz) - { d(in,n1+1ainn1§0n1)7 ng —nyp = 1 .

Only the second case restricted to Cp,41\{zo} C Pn,+1 is non-trivial. Be-
cause of ¢, (Crni41) = Cny,inni41(Cry41) = Chyy1 and diam (Cp, U
Cﬂ1+1) = dzam(cﬂl) = 1/711 < l/nl =& <1, d(iﬂ,nl-l-lainﬂﬁonl) <7
holds true. This verifies condition (A2) for X.

(A3). Let n € N and n > 0 be given. Choose and ny € N and
n' as above, and let n”” > n’ be given. Then pnp# = iynn. Therefore
d(z,z') < egpr = 1/n” implies d(ppn»(2)panr(2')) = d(z,2') < 1/n" <
1/n' = £,» <, which establishes condition (A3) for X.

Let X = N P, C R’ and let pn : X = P,, n € N, be the inclusion
ne
mappings. Then one easily verifies that p = (p,) : X — X is the limit of X
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(see [11], (1.19) Theorem). Notice that X ~ H. Let X = (P,,p/, ., N) be
the corresponding (commutative) inverse sequence associated with X', i.e.

;| id, n' =n,
5= /
Pan Pno...0Qp_1, N >n.

As in [6], Example 1, or [15], (2.3) Example, the limit space lim X contains
a copy of the diadic solenoid. Therefore, lim X cannot be homeomorphic
to lim X'. This answers our question in the negative.
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