BIFURCATION FOR SOME NONLINEAR
ELLIPTIC VARIATIONAL INEQUALITIES (*)

by MARCO DEGIOVANNI and ANTONIO MARINO (**)

SOMMARI0. - Si studia un problema di biforcazione relativo ad una
disequazione variazionale di tipo ellittico. Vengono forniti alcu-
ni risultati di biforcazione per gli «autovalori del problema linea-
rizzato», anche successivi al primo.

SUMMARY. - A bifurcation problem concerning an elliptic variational
inequality is studied. Bifurcation results are given, concerning
the «eigenvalues» (not necessarily the first one) of the «linea-
rized problems».

Introduction

Several problems, which are typical in nonlinear functional
analysis [2, 21], may occur, in view of many applications, in situa-
tions in which the usual regularity assumptions are not satisfied.

As in linear analysis and in convex analysis (see, for instance,
[4, 12]), it may happen it is necessary to consider functionals which
are not differentiable in the classical sense or even not continuous.
Analogously, it may be necessary to restrict such functionals on sub-
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sets («comnstraints») which do not verify the usual regularity hypo-
theses.

Among several studies in this direction (see first of all the theory
exposed in [6]), an attempt was developed in these years [7, 9, 10]
to constitute a theoretical framework in order to treat problems of
partial differential equations and associated variational inequalities.

In this way multiplicity results, which are typical in nonlinear
analysis, were obtained also for some variational inequalities. The
problem of geodesics with respect to an obstacle [17] is of this kind
and also the problem of the eigenvalues with respect to an obstacle
of the Laplace operator [5, 16] (or of an elliptic operator) that we
briefly recall.

Given a bounded open set Q in R~ let us consider a function
g: Q2 X R—>R, two functions 01,0:: Q2—>R with ¢; <¢; and p > 0.
The problem is to find the pairs (A,u) such that
P {KeR,ueKﬂSp,
Ja(DuD(v —u) + g(x,u) (v —u)) dx = folu(v — u) dx VvekK
where K={veH!(Q) :oq1=v =g},
S;={velQ) :favidx = p?}.

If o= —o and ¢, = + o, the problem is that of nonlinear
eigenvalues of Laplace operator.

The solutions u of problem (P) can be regarded as «points
which are critical from below» (see definition (1.1) for the func-
tional

f(u) = (1/2) fa|Du|?dx + fa [ g(x,s) dsdx

on the «constraint» KNS,.

The minimization of such functional and the existence of a so-
lution to (P) have been considered for instance in [1, 14, 20].

In [5] the multiplicity of solutions to (P) is studied by means
of the associated evolution variational inequality and an adaptation
of Ljusternik-Schnirelmann techniques.

In this lecture the corresponding bifurcation problem is exposed:
one has to individuate a «tangent» problem (the linearized problem
in the classical case) and establish the connections between the
«eigenvalues» of this one and the «branches» of solutions of (P).

§ 1.

Throughout this section H will denote a real Hilbert space
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whose scalar product and norm are denoted by (-|-) and |- |
(1.1) DEerFINITION. - Let W be an open subset of H and
f:WoRU{+ «~}

a function. Set D(f) ={ue W:f(u) < + «}. Let u € D(f). The func-
tion f is said to be subdifferentiable at u if there exists « in H such
that

g f) —f(w) — (a]v—u) |,

limin

vou | v—u I

For every u in D(f) we denote by 0-f(u) the (possibly empty)

set of such a’s and we set D(0-f) ={ue D(f) :9-f(u) = ¢}. Since

0~ f(u) is convex and closed, for every u in D(3-f) we can denote
by grad-f(u) the element of d-f(u) of minimal norm.

Finally, a point u# in D(f) is said to be critical from below if
0 €d-f(u). A real number c is said to be a critical value if there
exists u in D(f) such that 0 € 3-f(u) and f(u) =c.

Now we consider a function f: H-—->RU{+ o} such that
(1.2) f(0) =0, 0e€adf(0).

Our purpose is to study the set of the pairs (A,u) in R X D(3- f)
such that

(1.3) M€ d-f(u) .

Of course for every A in R the pair (\,0) satisfies (1.3).

(1.4) DEFINITION. - A real number A is said to be of bifurcation
for 9-f if there exists a sequence ((Ax,un))r in R X D(d-f) such
that

VheN: Mured-f(un), un=0;
lim (M, un) = (M,0) in R X H.
h

If the function f is sufficiently smooth, the study of bifurcation
has been made by several authors (see, for instance, [2, 3, 11, 13,
15, 18, 19]). However for the applications to variational inequalities
we are brought to consider discontinuous functions.

In order to give a characterization of the values A of bifurca-
tion, we make the following further assumptions on f:

(1.5) the function f is lower semicontinuous and there exists a
continuous function g : H—R such that
fv) =2f(u) + (a|v—u) —q(u)|v—u|?

whenever ve H, ue D(3-f), e« € - f(u) ;
(1.6) if (un)n is a sequence in H\ {0} such that
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sup f(ur)/(|un|?) < + o, then (un/|un|) possesses a conver-
h
gent subsequence;

(1.7) there exists a function fo: H—>RU{+ } such that for every
sequence (px)r in ]0,1] with li:n pr» = 0 we have

fo=T-(H) li}{n fph
where f.(u) = f(pu)/(p?) (see [8] for the definition of I'-limit).
In these hypotheses it is readily proved that
fo(0) =0, 0€0-f£o(0);
Vs>0, VYueH:fo(su) = sfo(u) .

(1.8) DEFINITION. - A real number A is said to be an eigenvalue of
9 fo if there exists w in D(3-fo) such that

w=0, MWweod fo(w).

(1.9) THEOREM. - Under assumptions (1.2), (1.5), (1.6), (1.7) if A is
of bifurcation for 9-f, then \ is an eigenvalue of 9~ fo.

The converse is, in general, not true, as the following example
shows.

(1.10) EXAMPLE. - Let H = R?,
f(x,y) = x* + 29 — x(x* + y?) exp(—x* —y?)
if x=0and y=0, f(x,y) = + o elsewhere.

Then assumptions (1.2), (1.5), (1.6), (1.7) are satisfied and we
have fo(x,y) =x*+2y*if x =0 and y =0, fo(x,y) = + o elsewhere.

On the other hand it is easy to check that A =4 is an eigen-
value of 9-fo, but it is not of bifurcation for d-f (the reason is
that A =4 is not «topologically essential» in a sense that will be
precised later).

We have to make a further assumption which allows to state
the converse of (1.9). For this purpose define fo: H—>RU{+ o} by
means of fo(u) = fo(u) if |u|=1, fo(u) = + o if |u|=1.

(1.11) PROPOSITION. - Let A € R. Then the following facts are equi-
valent:

a) M is an eigenvalue of 9~ fo;
b) (M\/2) is a critical value of fo.

Now we can state our bifurcation theorem, which concerns
only the eigenvalues which are «topologically essential».

If ceR, set fg:{ueH:fo(u)sC}.
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(1.12) THEOREM. - Suppose that (1.2), (1.5), (1.6), (1.7) hold. Let \
be an eigenvalue of 0~ fo such that for some € > 0 fiMP-¢ is not a

weak deformation retract of fM2re in fOM2+e and (M/2) is the unique
critical value of fo in [(M/2) —e, (M/2) +€].

Then \ is of bifurcation for 9-f.

More precisely, there exists po > 0 and two sets {M:0<p=<p}cR
and {u,: 0 < p <po} < D(d-f) such that

Veo:hu €0 f(u,), |u,| =p; Iin;l Ao =M.
p—>

(1.13) CoRrOLLARY. - Suppose that (1.2), (1.5), (1.6), (1.7) hold and
that fo(u) < 4+ for some us=0.

Then fost 4+ o, there exists (A/2) : = min fo and \ is of bifurca-
tion for d-f. More precisely, all the thesis of theorem (1.12) holds.

Bifurcation theorems for the «first eigenvalue» were already
proved in [20].

There is a significant case in which theorem (1.12) is true for
all the eigenvalues of 9-fo.

(1.14) THEOREM. - Suppose that (1.2), (1.5), (1.6), (1.7) hold. Sup-
pose moreover that D(d-fo) is a linear subspace of H and that
grad-fo: D (3~ fo)— H is a linear map. Let \ be an eigenvalue of 9~ fo.

Then \ is of bifurcation for 8- f. More precisely, all the thesis
of theorem (1.12) holds.

Under the assumptions of theorem (1.14) it is easy to prove
that for every A in R the set Ex ={u e D(3-fi) : \u €0-fo(u)} is a
linear subspace of H of finite dimension. A real number A is said
to be a simple eigenvalue of 9-f, if E) has dimension one.

(1.15) THEOREM. - Under the assumption of theorem (1.14) let \ be
a simple eigenvalue of 3-f.

Then ) gives rise to two branches of bifurcation for 9-f, that
is there exists po> 0 and

{)»;“:0<p$po, i=1,2}cR,
{u;"):0<pSpo, i=1,2}cD(@3f)
such that
Vp,i:)u;“ uf) € a-f(uf)) , [u‘f“ | =0p, usl) = u(:);

Lim MO =)\,
p—0 P
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§ 2.

In this section we expose an application of the results of the
previous section to a bifurcation problem for a nonlinear elliptic
variational inequality.

Let Q be a bounded open subset of R*, g:{ X R—R a function
of class C! such that g(x,0) =0, ¢;:Q2—>[—e ,0] an upper semi-
continuous function and ¢;: Q—>[0,+«] a lower semicontinuous
function.

For i=1,2 set Fi={x€Q:09i(x) =0} and denote by K the
closure in H (1) (©2) of the set

{ueC(‘;"(Q) VxeQ:i(x) =u(x) <o2(x)}
and by Ko the closure in H| () of the set
{ueC;’(ﬂ) :VxeFi:u(x) =20; VxeF.:u(x) <0}.
We want to study the pairs (A, z#) in R X K such that
21) uel"(Q), fa(DuD(v—u)+g(x,u)(v—u))dx=
> foahu(v—u)dx Vvek.

Because of the assumptions we have made, for every A in R the
pair (A»,0) satisfies (2.1).

(2.2) DEFINITION. - A real number A is said to be of bifurcation for
—Au+ g(x,u) with respect to K, if there exists a sequence
((M:,un))r in R X K such that

VheN: (\,un satisfies (2.1), un=0;
lim Mm=A; lim ur,=0in L ().
h h
(2.3) DEFINITION. - A real number A is said to be an eigenvalue of

—Au + g'u(x,0) u with respect to Ko, if there exists u in K, such
that '

u=0, fa(DuD(v —u) + gu(x,0) u(v —u)) dx =
= falu(v —u) dx VveKkK,.

(2.4) THEOREM. - Let A € R. If M is of bifurcation for — Au+g(x,u)
with respect to K, then \ is an eigenvalue of —Au + g'u(x,0) u with
respect to Ko.

To formulate the converse, we have to consider the functional
fo: L2(Q2) > RU{ + o } defined by

fo(u) = fa(1/2) (| Du|? + g'u(x,0) u?) dx
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if ueKo and fouldx =1; Jo(u) = + o elsewhere.

(2.5) THEOREM. - Let \ be an eigenvalue of —Au + g'u(x,0) u with
respect to Ko. Suppose that for some &> 0 fM¥-t is not a weak

deformation retract of fMI+e in fM+e and that (M/2) is the unique
critical value of fo in [(M2) — ¢, A\/2) 4 €].

Then )\ is of bifurcation for — Au + g(x,u) with respect to K.

More precisely, there exists py>0 and {M:0<p=<p}cR,
{u,: 0<p=<po}c K such that Vp: (Mo, u,) satisfies (2.1), fguidxzpz;
Iim A =XN; lim u, =0 in L=(Q) and in Hl(Q).

p-0 p—=0

A particular case of theorem (2.5) is the bifurcation theorem
for the «first eigenvalue» (see also [20]).
(2.6) CoROLLARY. - Suppose we are not in the trivial case

Pr=0=0.
Then there exists M: =2 min 7, ) is an eigenvalue of
""Au + g’u(x}O) u

with respect to Ko (the «first eigenvalue») and ) is of bifurcation
for —Au+ g(x,u) with respect to K. More precisely, all the thesis
of theorem (2.5) holds.

Now we consider the particular case in which F1=F, and we
set '=0\F, =Q\F,.

In such a case the eigenvalues of —Au + g'u(x,0) u with re-
spect to K, coincide with the classical eigenvalues of

—Au+ gu(x,0) u
in the open set £'.

(2.7) THEOREM. - Suppose that Fi = F, and let \ be an eigenvalue
of —Au+g'u(x,0) u in the open set (V.

Then \ is of bifurcation for — Au + g(x,u) with respect to K.
More precisely, all the thesis of theorem (2.5) holds.
(2.8) THEOREM. - Suppose that Fy = F, and let \ be a simple eigen-
value of —Au + g'u(x,0) u in the open set ).

Then \ gives rise to two branches of bifurcation for
—Au 4 g(x,u)
with respect to K, namely there exists po> 0 and
{)\.;"):O<pSpo, i=12}cR, {ug"):0<p$po, i=12}cK

such that
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Ve,i: ()\,;"),u:“) satisfies (2.1), _fn|u:")]2dx=p2,

u(l) ;é u(z);
P P

lim )»,;") = A; lim ué") =0 in L~ (Q) and in H(‘) Q).
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