ON SOME PAIRS OF PARTIAL TRIPLE SYSTEMS (*)

di ANGELO L1zz10 e SALVATORE MiLici (a Catania) (**)

SOMMARIO. - Si costruiscono tutte le coppie di Sistemi Parziali di
Terne di Steiner (PTS), disgiunte e mutuamente bilanciate
(DMB), aventi m = 8 blocchi e My = D.

SUuMMARY. - We make all pairs of Partial Steiner Triple Systems
(PTS), disjoint and wmutually balanced (DMB), with m =8
blocks and Ms = 9.

1. - Introduction

A Partial Triple System (PTS) is a pair (P,t), where P is a fi-
nite set and ¢ is a collection of 3-subsets of P, called blocks or triples,
such that every 2-subset of P is contained in at most one block of t.
Two PTSs (P,t1) and (P,t2) are said to be disjoint and mutually
balanced (DMB) if t;Nt, = @ and every 2-subset of P is contained
in a block of #; iff it is contained in a block of t.

A Steiner Triple System (STS) is a PTS (S,t) such that every
2-subset of S is contained in exactly one block of ¢. The number |S |
is the order of the triple system and if |S| = v it is well-known that
a necessary and sufficient condition for the existence of an STS of
order v (STS(v)) is v=1 or 3 (mod 6). Further, it is

v(v—1)
—
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Let (P,t) be a PTS. Using graph theoretic terminology, we will
say that an element x € P has degreed(x) = h if x belongs to exactly
h blocks of t. Clearly X d(x) =3-|t|. We will call the degree-set

xeP
(DS) of a PTS (P,t) the n-uple DS = [d(x),d(y),...], where x,7,...
are the elements of P. If there are 7; elements of P having degree
hi, for i=1,2,...,s, we will write DS = [(t)s,, (h2)r,,...,(hs): ],
where r,+rn+...+r.=|P|. If ri=1, for some i, then we will
write ()1 = h;. It is immediate that for any two DMB PTS (P,t,)
and (P, %) it is |t]| = | t2].

A partial triple system (P, <) is said to be embedded in a triple
system (S, t¢) provided that P S,tCt.

Given a PTS (P,t), we can define a partial binary operation °
on P as follows

(1) xex=x for all xe P, and

(2) if x==y, xoy is defined and x°y = z if and only if {x, y,z}
is a triple of t¢.

It is a routine matter to see that  is well defined and that (P,-)
is a partial idempotent commutative quasigroup; ie., x°x=x for
all x € P, and whenever x°y is defined then so is y-x, and further-
more x°y = yox.

If (P, t1) and (P, t:) are two DMB PTSs, in what follows we will
always indicate by (P,-) and (P,:) the two partial idempotent
commutative quasigroup associated with them, respectively.

Two triples (P,t1,t;) and (P,t'1,t2) are isomorphic if (P,t)
is isomorphic to (P,t’1) [resp. (P,t2)] and (P, t;) is isomorphic to
(P, t>) [resp. (P.t1)].

In what follows (P, t1) and (P, t;) will be two DMB PTSs with
P={0,1,2,...,n1} and |ti|=|t:| =m. Further, for i=1,2, we
will put L;= U Py(b), where P:(b) ={x:x€b,|x|=2}. If x€P

bet

then K(x z)--{bez.‘z xeb}, and M, ={xeP:d(x) =r}.

In [13] we constructed, to within isomorphism, all DMB PTSs
with m <7 blocks and DMB PISs having m = 8 and at least an
element of degree 4.

In this paper we complete the construction of DMB PTS with
m = 8, determining all DMB PTSs with m = 8 blocks and Ms = O.

These results are useful because, by similar constructions, it is
possible to study the parameter D(2,3,v, k), which is the maximum
number of STS(v) such that any two of them have exactly k blocks
in common, there k blocks being moreover in each of the D(2,3,v, k)
systems (see J. Doyen [1]).
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Further, it is known that an open problem is to determine (if
they there exist) a pair of DMB PQS (partial quadruple systems)
with m = 17 blocks. Since, if (Q, q1) and (Q, g2) are two DMB PQSs
with 17 blocks, the maximum degree of an element of Q is 8; it
follows that, for x € Q and t:(x)={{a,b,c}:{a,b,c,x} € q:} (i=1,2),
(Q —{x},ti(x)) and (Q — {x}, t2(x)) are two DMB PTSs with m <8
blocks.

Therefore the constructions of all DMB PTSs with m < 8 blocks
are useful to study the existence of DMB PQSs with m = 17 blocks.

2. - Properties and case Ms=M;= O for m =8

Let (P,t1) and (P, t;) two DMB PTSs.

In [13] we proved the following properties:

Prop. 1).

It is |P|=6, m =4 and d(x) =2 for every x € P.
Prop. 2).

If h=max{d(x):x € P}, then m=2h and n = 2h + 1.
Prop. 3).

If RE M, for some Re t1Ut, then m=4 or m=1; for m=38
it is DS =1[(4):, (2)n-], t=0,1,2.

THEOREM 2.1 - There exists exactly one pair of DMB PTSs with
m=28 and My = M; = .

Proof. It is DS = [(2)12]. From prop. 3) we have:

1,2,317 8,9 1,2,417,8,0
1,4,5(17,0A _11,3,5]7,94
= 174,618 0,B v B= 133618 9B
3,5 6|9 AB 4,5 6|04 B

3. - DMB PTSs with m = 8 blocks and My= @ ,M; = &

LemMMmA 1. - Let (P,ti,t) be a pair of DMB PTSs with
My= O ,M; = O and m = 8 blocks. It is |Ms| = 4 or 6 or 8. Further,
if there exists a block Ret; (i=1 or 2) such that R C M;, then
|Ms| = 6. If R’ is another block belonging to t; and such that
R"CM;,RNR = O, then |M3] = 8.

Proof. Observe that, from Prop. 3), a DMB PTS (P, t1,t.) with



24 ANGELO LIZZIO e SALVATORE MILICI

m=2_8 and M;= & does not contain blocks R € M,. Further, if
M; = &, since X d(x) is an even number (24), then |M3:| =2 or 4

xeP
or 6 or 8. But |M;| =2 and M;= & imply the existence of a block
R € M,. Therefore |Msz| =4 or 6 or 8.

Let R={1,2,3} S M3 be a block of a DMB PTSs (P, t1,t)
with m =8 and M= @&. Suppose Re t;. If |Ms:| =4, necessarily
DS = [(3)s, (2)s].

Let {1,2,4},{1,3,5},{2,3,6} €. Since |{4,5,6}NM;:| <1, we
can suppose {4,5} € M,. We have

{1)4:x1} ){2:4;x2}1{3)5:x3} €t
{1.5,}’1};{2,6:_')’2}:{3,6;}’3} L
{;1 X1, }’1},{2;3?2, yz},{3,x3, y3} € 12,

further {4,5} < M, implies that

{4»xl,x2},{5;:)71, x3} €.

Since 3 ¢ {x1,x} and 2 ¢ {y1,x3}, it follows 6 € M5 (otherwise,
{6,y:,y3} €t and m>8). But, since for every be Ut bg M., we

have 6 ¢ {xi,y:}, and this implies {4,6},{5,6} €L, with {4,6},
{5,6} ¢ L.

Therefore, |M:| = 6.

Now, suppose that there exists another block R’ € ¢;, such that
R'NR =@ and R’ € M;. Further suppose | M:| < 8, hence |M3| =6,
ie. DS =1[(3)s, (2)s].

Let R’ = {4,5,6}. It is immediate to see that {1,4},{1,5},{2,4},
{2,6},{3,5},{3,6} are contained in exactly six distinct blocks of
f1, respectively.

Let {1,4,7},{1,5,8} € t1. In t, there are six blocks containing
{1,2},{1,3},{2,3},{4,5},{4,6},{5,6} and other two blocks bi, b>.
Since b,-_c_x_Mz, for i=1,2, if by ={x,y,2}, we can suppose x = 1.

Further, it is y € {4,5} (otherwise, {y,z} €L, — Li). Let y =4 (or,
likewise, y = 5). Considering that {4,5,4:5} = b; (ie. 4:5= 1), ne-
cessarily {1,3,5} € t2, and further {1,4,8},{1,2,7} € t,. It follows
{2,4,8} € t; with 8 € M2, hence {2,5,8} € 2, with {2,5} e L, — L;.

Therefore, necessarily it is |M;| =8, i.e. |[M3| =8 and P=Ms. 4

THEOREM 3.1 - There exists exactly one pair of DMB PTSs with
m = 8 blocks and |Ms| =8.

Proof. If (P, t:,t) is a pair of DMB PTSs with |Ms| =8, then
P = M; and DS = [(3)s].
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If R={1,2,3} € t;, necessarily there exist a block R’ € #; such
that RNR' = . Let R’ ={4,5,6}. It follows that

1,2,3(2,4,8
t= 145612671
1,4,7 13,5, 7
1,58 (3,6,8

)

-
-
-

Since {1,2},{1,3},{2,3},{4,5},{4,6},{5,6} are contained in
six distinct blocks of f,, necessarily {4,5,6}N{1:2,1:3,2:3}= @
and {1,2,3}N{4:5,4:6,5:6} = &. Further

1:2€{4,7,8}, 1:3€{5,7,8}, 2:3€{6,7,8},
with {7,8}<{1:2,1:3,2:3} and {7,8} <{4:5,4:6,5:6}. Suppose

{1,2,4}et, (or, likewise, {1,3,5} €% or {2, 3,6}€et). It follows
{3,5,6} € t;, hence

1,2,4]2,37
e |356]268
1,3,8 (4,58
1,574,617

We obtain so two DMB PTSs with DS = [(3)s]. a

THEOREM 3.2 - There exists exactly one pair of DMB PTSs with
m=38, |[Ms|]=4 and M, = @.

Proof. Let M;={1,2,3,4}. Necessarily it is DS = [(3)s, (2)6].
Since | Ms| = 4, from Lemma 1, it follows that |bNM;| <2 for every
be iUt and i = 2,3. It is easy to verify that there are in # (i = 1,2)
four blocks b (j =1,2,3,4) containing exactly one element x; of
M; and other four blocks by (j =5,6,7,8) containing two elements
of M; and one element of M,. It is easy to see that (for i =1 or 2)

4
w=|U (MsNby)| = 3. Consider w =3, with x1=x;, and let by =
i=1

={x,a,b}, bo={xi,c,d}. We can suppose {x1,b,c},{x3,a, b},
{xs,c,d} € t,. Since c € M2, it follows {c, b, x4} € t;, with {b, x4} € Ly,
x3 # x4, hence d(b) > 2. Therefore, it is w = 4, with x; s« x; for every
L,j,is=7j.

Let xi=1i, and let {1,2},{1,3},{2,4},{3,4} e LiNL,.

Suppose {1,2,0},{1,3,9}€#. Observe that for every pair
{x,y} S b;iN M, for some j=1,2,3,4, there exists a j' €{1,2,3,4}
such that {x,y} < by . Therefore we can suppose that {1,3,0},
{1,2,8} € t,. Hence {3,4,9}€et,, {2,4,8}et:, and (since 2,3 € M;)
{2,4,7} e t2, {3,4,7} € t;. It follows
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{1)8)5} ’{3I0’6} {119'5} ’ {317'6}

€ 11 (R P)
{2’716} 2 {4'915} {21016} 1 {4,8,5}
We have so two DMB PTSs with DS =1[(3)4, (2)6]. &

THEOREM 3.3 - There exists exactly two pairs of DMB PTSs with
m=28,|Ms|=6,Ms=D. They have DS = [(3)s, (2)3].

Proof. It is DS = [(3)s, (2)s].

Observe that there exist in t;(i=1 or 2) at least two blocks
R,R’S M;. From Lemma 1, it is RNR’ = Q.

Suppose
R ={1,2,3} {1,2,4}
R ={1,4,5}et: , {1,3,7}€t
{1,6,7} {1,5,6}

Further, it is {6,7}NM, = &. Let 7€ M, (or, likewise, 6 € Mz). If
{6,7,x} € t», we have {3,7,x} € t1, with x =4 or 8.

First, suppose x = 4. It follows {3,4,5}€#;, and {2,3,8} € ¢,
necessarily. Hence

1,2,3(3,5,8 1,2, 413,45
1,4,5|2, 4,6 1,3,7102,3,8
= 116,715,869 2= 1156|589
3,7,4128,9 6,7, 42 6,9

~

’

-
-
~

We obtain so two DMB PTSs with DS = [(3)s, (2)3].

Now, suppose x=28. It is 2:3=8 (otherwise 3¢ M;) and
4:5€{8,9} (observe that {3,4,5} €t implies {3,4},{3,5} €L,
hence 3 ¢ Ms). Prove that 4:5 5= 8.

If {4,5,8} € t,, then 8 € M3, hence 6 € M. It follows {5,6,8} € #,
with 5 ¢ Ms.

Necessarily, {4,5,9} e t.. If {2,4,y} € t1, it is y €{6,8,9}. Since
for y = 9 it is 4¢M; and for y = 6 we have {5,6,8} € t; (necessarily),
hence {2,4,6}€t;, with {2,4,6} € t:N¢;, it follows y=28. It is
8 e Ms, 6 e M,. We have

1,2,31]2 4,8 1,2, 414,59
1,4,5|5, 6,8 1,3,7 |3, 4,8
= 1161712759 2= 115,612 3,9
3,7,8(3, 4,9 6,7,812, 5 8

which are two DMB PTSs with DS =[(3)s, (2):]. &
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=< 8 blocks (obtained in [13] and in

the previous sections) are the following:
n=26 DS =[(2)¢]

ON SOME PAIRS OF PARTIAL TRIPLE SYSTEMS

All DMB PTSs having m

4
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