ON THE METRIC ENTROPY OF SOME CLASSES
| OF HOLOMORPHIC FUNOTIONS (*) o

von HANS STEGBUCHNER (in Salzburg) (**)

SomMARI0. - Si determina la s-entropia e la - capacity (nel senso di Kolmogorov)

per funzioni con integrale limitato di Dirichlet e per funzioni « mean p-
valent ».

SuMMaRY. - The sentropy and e-capacity (in the sense of Kolmogorov) of
functions with bounded Dirichlet integral and « mean p-valent » functions
- are determined. ' '

J To characterize the « massiveness » of a totally bounded set A in
the metric space R A. N. Kolmogorov introduced the functions H.(A)
(metric or eentropy) and C. (A) (ecapacity) which are defined to
be the dual logarithm (/d x) of the minimal number of sets in an, &-
covering of A and of the minimal number of points in an enet for
the set A respectively. In this note we want to determine the asymp-
totic behaviour of the functions H, and C. for two classes of holo-
morphic functions endowed with various norms, with methods esta-
blished by Vituskin and Erohin [3].

First we investigate the set & of functions f(z)= X a,z* with
. : : n=0 .
bounded . Dirichlet integral (1):
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(*) Pervenuto in Redazione il 28 febbraio 1976. ‘
(**) Indirizzo dell’Autore: Institut flir Mathematik .an der Universitiit,
Petersbrunnstrasse 19, A-5020 Salzburg (Austria). '
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Since D ié contained in the Hardy class H?, we use for a fixed ro<r<1)
the norm

- 1)2
= (s [1f ey an)”

THEOREM 1: For a fixed r(0<r<1) we have for the set D of
functions with - bounded Dirichlet integral in the normed space
- (H% ||-+|]) the asymptotic formula
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H, DN=C. (D) =

+o(zdl1dld-1-).
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PrOOF. Let f(2)= X anz"= X a,r"e™ =3 c,e'® be a function

n=0 ) n=0 n=0

of . With Holder’s inequality we obtain

1 d ) ) o . \1/2 o
e =[-2;- f F o9 o= dg| = 1= ( 5 |c,42) <G % o
p n=0 n=0 ‘
and thus |

(2) sup ilCn] é ||frl|2§.C0 ) lcnl.
n=0 n==0

Because of (1) we have |a,| = C’ and hence
(3) ‘ Icnl = " la"l =C e—nlog ()

2 —24 2
01'6 A <

Given A>0 we choose C; so that 1= o—ulp =

C for some given po-
sitive costant C. If

4) , e = Cy e—ntostin+a) |

we obtain

o0 0o o0
Z nlaff= 2 nr2|c!=C2-A* X ne—4 =C.

n=1 n=1 n=1

Hence f(2)e D (C)={feD: M (D, H=C}c D.
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Because of (2), (3) and (4) theorem XVII of [3] can be.applied.
This yields, together with the inequalities C,,=H.=C. and the
semiadditivity of C. and H., our theorem. |

In the second part of this note we investigate the set of functions
mean p-valent (p>0) in the unit disc D. Let n (r, w) be the number
of roots in D,={z: |z| <r} of the equation f(z)=w. We write

P(ro)= 5 /n(r,pew)de
and -
R

W (r, R)—fp(r p)dp= — j[n(r pe“’)pdpdﬁ

0 —=x

Following Spencer we shall call a function f(z) mean p-valent in the
unit disc D if f(z) is regular inD, and

W({,R) =W (R)=pR* (0<R< ).

If f(z2)= X a,z", we write

n==0

Ap= max |a,|.
0=r=[p]

Let us consider the following classes of functions (see to thls respect
also [1]):

M, (C)={f: f mean p-valent in D and A,= |C|}

M* ©={f: | @=C+ 3 a2, 3 nlalSp|ch/a

N==]
and X |a| =|C|/2}
n=]1

with some complex constant C4=0. Analogous to [3] we write Ch=r"a,
and obtain from Cauchy’s inequality that

5) sup o] = [[fIl-=C" 2 o

with [|f]l= |f}‘£r|f @
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If @@= }_'.' a,z" is a function of M, (C) and a>0 theorem 3.5

n=0

of [2] yields, after short computations,

6) lcnl = lr” a) = C,(p, a)-enlogiin=a) p—1 2
with -

adae(Z os172
C2 (p: a)= ; * 8

IC| C1 (p) e~ 0<p=1/2).

Because of (5) and (6) we obtain from [31, p. 319 the inequality

&

(+2]
(7) - H. (M, (O)= —
ld e (log—r———a)

+o(ld—1—ldzdi).
8‘ €

Now we choose a constant Cs (p, @, C) so that (i) and (i) is valid:

(i) C(p,a,C)- E n-e~¥*"=p|C|*/4

=1

(ii) Cs (p, @, 0)-(e* —1)-'= |C|/2.
AsSume that for a>0 and p>0, (5) and

®8) les] = C3(p, a, C)-e—n0osltin+e)  p=1,2, ..,

is satisfied. Because of (i) and (i) f(2)=C+ E c. ™" z" is a function

n=1
of class M,* (C).
Now we prove that M,* (C) is a subset of M, (C). For f (z)eM,* (C)

we have a=C and :‘70 lanl = |C|/2, and thus A,= |C|. The identities

of Hary-Stem-Spencer W1th 1=2 (see [2], p. 42) and the fact that
p (r, p)=0 yield the inequality

W (r, R)<fp(r p)dp ———ff lf (pe"’)[zpdpdﬁz’gn|qn[2r2”.

¢ —=
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n==|

Since |f(z)—C| = ’ S| T las| = |C|/2, we conclude for 0=
n=1

=r=1 that n(,w)=0 if |w|< |IC|/2 and hence W (r, R)=0 for
O0<R< |C|/2. If RZ |C|/2, we obtain from the above inequality of
W (r, R) and the fact that feM,* (C):

im W (r, R)-R-2=4|C|*- ana P<p,

r—1

and thus the desired inequality W (R)=p-R> Because of (5) and (8)
we obtain from [3], p. 319 the inequality

, _ (ld——)2 o
©) Ca M (CNE — +0(ld——ldld _).
& &
lde (log—;—-}—a)

Now the inequalities Cs.(M,* (C))=Cs. (M, (C)=H. (M, (C)) yield
together with (7) and (9) for @ —> 0 our next theorem:

- THEOREM 2: Let H (D) be the space of functions holomorphic in
the unit disc D. For fixed r (0<r<1) and p>0 we have for the subset
M, (C) of mean p-valent functions in the normed space (H D), ||l
the asymptotic formula

H. (M, (C))~C.(M, (C))~
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