A REMARK ON SURJECTIVITY
OF QUASIBOUNDED P-COMPACT MAPS ™)

by G. ConTI and E. DE PAscALE (a Cosenza) (**)

SOMMARIO. - Usando la teoria spettrale per operatori non lineari, recentemente
introdotia da M. Furi ed A. Vignoli, si da un teorema di suriettivita per
operateri P-compatti e quasi limitati. Come corollario si ottiene un teo-
rema dovuto a W. V. Petryshyn.

SUMMARY. - In the framework of a spectral theory for nonlinear maps, recently
introduced by M. Furi and A. Vignoli. we give a surjectivity theorem for
quasibounded P-compact operators. As a consequence we obtain a re-
sult due to W. V. Petryshyn.

I. Introduction.

Let E be a Banach space and A: E—E be a P-compact quasi-
bounded operator (see definition below). In [4] W. V. Petryshyn
proved that for any p>M, where M is the quasinorm of A, the operator
A—ul: E—E is onto.

The purpose of this note is to show that Petryshyn’s result re-
mains true if we replace the condition u>M with the weaker as-
sumption p>r* (A), where +* (A) is the positive spectral radius of A.
This result has been obtained using the spectral theory for non
linear operators, introduced recently by M. Furi - A. Vignoli [2],
and the topological degree for A-proper maps [5].

(*) Pervenuto in Redazione 1'8 aprile 1976.

Lavoro fatto sotto gli auspici del « Consiglio Nazionale delle Ricerche ».

(**) Indirizzo degli Autori: Dipartimento di Matematica - Universita della
Calabria - Cosenza.
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1I. Notations, definitions.

Let E be a real Banach space with the property that there exist
a sequence {E.} of finite dimensional subspaces of E, E.CEu1,

U,E.=E and a sequence of linear projections {P.} such that P,E=
=E, and P,x->x for every x€E.

DEFINITION 2.1. ([5]1). A map T: E—E is said to be A-proper
if for any n the operator T,=P,T is continuous as a map from E,.
into itself and if for any bounded sequence {x:} such that x:€Ex and
T (xx) > g, geE, there exist a subsequence {ka} and x€eE such
that xx;—>x and Tx=g.

DEeFINITION 2.2. ([4]). A map T: E —E is said to be P-compact
if T—AT (where I denotes the identity of E) is A-proper for every
A>0.

F. Browder and W. V. Petryshyn ([5]) defined a topological
degree for A-proper maps having the basic properties of the classical
Leray-Schauder degree. ~

Let B, denote the closed unit ball of radius r centered at the

O
origin, 0 B. its boundary, B, its interior.

DEFINITION 2.3. A map T: E—E is said to be quasibounded
(see A. Granas [3]) if there are positive real nurnbers A, B such that
||Tx|| <A-+B|lx|| for any x€E.

Let T: E—>E be quasibounded. The number |T|= inf{B>0:
there exists A>0Q such that ||T (x)]] <A+B||x||,x€E} is called the
quasinorm of T.

|
It is easy to see that |T| = lim sup || T||
| Nell—+o |2l

Let E be a Banach space over the complex or real field K and
let T: E— E be quasibounded and continuous. :
In [2] M. Furi - A. Vignoli defined a spectrum Z (T) of T in
the following way:
S (M={leK: d(T—A1)=0}
where

| Tw — 2
d(T—AD)= lim inf 1Tz —de ]l
TP | 4 |
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We observe that the properties of ¥ and d listed in [2] hold
true even without the continuity assumption on 7. In particular one
can prove that X (T) is compact.

Let E be a real Banach space and T: E—E be quasibounded.
Define r* (T)= sup {1>0: AeX (M)} If Z(T)=d we put r* (T)=0.
Clearly r* (T)< |T)|.

ITI. Results.

Let E be a real Banach space and let T: E—> E be a quasibounded,
P-compact map. Assume that A¢X (T) U (— o0,0]. Then there exisis
ro>0 such that (T—A1) x40 for any xeE with ||x||=r. This implies
that for any r>r, the Browder-Petryshyn degree of the A-proper
map T—AI restricted to B, is defined. Moreover we have that
Deg (I—A1, B,,0) is indipendent of r>r,.

In fact let s> r=r, Then Deg(T—211, Bs\?},, 0)={0} (see Pro-
perty B, of [5]) and so

Deg (T—2 1, B,, 0)= Deg (T—2 I, B\B,, 0) +-
Deg (T—2 I, B,, 0)= Deg (T— A I, B,, 0)

(see Property Bs of [5]).
Therefore we can define deg (T—AI): = Deg (T— A1, B, 0), r=r,.
We call deg(T—A 1) «surjectivity degree » of the map T—A 1.
The following Lemma holds:

LEMMA 3.1. Let T: E— E be P-compact and quasibounded. As-
sume that A¢ZX (T) U (—0,0]. If deg (T—A1)F{0} then T—A1I
is onto.

ProoF: Let peE. Consider the homotopy H: Ex [0,1] = E de-
fined by H (x,t)=Tx—Alx—tp. Let us prove that there exists 7,>0
such that Tx—Ax—tp+0 for any xeE with ||x|| =r and for any
te[0,1]. In fact suppose that for any n€N there exists x,€E,
[[%.] = n, and t,€[0,1] such that Tx, — lx, — t.p = 0. Since
t.€ [0, 1] we may assume t,—> ty€ [0, 1].
| T, — A, — t,p ||

e

2|l
IEN

Since
—AM—t p)=0.

= |ta—t] it follows that d (T —
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Thus d (T—A I)=d (T—A I—t, p)=0 contradicting the assumption
L¢3 (T) U (— o, 0].

The uniform continuity of H (x, f) with respect to x€0By, insu-
res that Deg (T—AI, B,,,0)= Deg (T—A I—p,B,,,0) (see property
B; of [5]). Thus there exists x€E such that Tx—A x=p (see Pro-
perty B, of [5]).

We are in a position of proving our result:

TueorREM 3.1. Let T: E—E be a quasibounded, P-compact map.
If A>r* (T) then T—A1 is onto.

Proor. Consider the homotopy H: Ex [0,1] = E defined by
H (x, )=t T (x)— A x which is A-proper for every t€[0,1].

We want to show that there exists ro>0 such that H (x, t)#0
for every x€E, ||x|| =r and te [0, 1]. |

Assume the contrary. Then there exist #,€[0,1] and x.€E,
|lxs]| = n such that & T (x,) — A x, = 0. We may assume, without
loss of generality, that ¢, — f.. Hence

H t() T (xn) - 1.’1?,, ”

IE2Y

t | | T () || e T (2) — Awa || =

)l
e Y I |

< |ta—to| |T)-
It follows that d (fo T—AI)=0.

This is clearly impossible if #%=0 since d (0 T—AD=A. Thus
t,>0.

But 0=d (tc T—AD) =1, d(T— %1) >0 since -f—o >rt (7).

Since for any real number r > 0 the restriction of H to the
subset 0B, is continuous in t uniformly with respect to xX€0B,, it
follows that Deg (T—A I, B,,, 0)= Deg (—4 I, By, 0), for any r>ro.
The right-hand side of the last equality is different from {0} (see
Bs [5]). Hence deg(T—AI4{0} and the statement follows from
Lemma 3.1.

COoROLLARY 3.1. (Petryshyn [3]).
Let T: E—E be a quaszbounded P-compact map. If A> |T|
then T—A1 is onto.

ProoF: Follows immediately from the fact that r+ ()< [T|.

REMARK 3.1. We obesrve that if T is a monotone decreasing
quasibounded operator defined in a Hilbert space H, then X (TC



A REMARK ON SURJECTIVITY OF QUASIBOUNDED ETC. 171
C(—o0,0]. In fact for any 1>0 we have

tim inf 122 = 2@ _ e 32— T@) + T(0) |
llz]] e ||| 12 |] - oo Tz

=4

(see Proposition 2.1, pag. 21 of [1]).

Hence if, in addition, T is P-compact (for this it sufficies that T
is either continuous, demicontinuous, or weakly continuous) then
T—AT is onto for any A>0. o T

REMARK 3.2. Obviously in Definition 2.2 we may require that
T—A1I is A-proper for any 1<0. A result analogous to Theorem 3.1
can be obtained for the class of quasibounded operators T: E — E,
which are P-compact in the above sense. More precisely we have
that T—2 I is onto provided that A <r~ (T), where r- (T)= inf {u<o0:
: pn€X (T)}. As a consequence we obtain in Corollary 3 of [4].
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