A FIXED POINT THEOREM
- FOR METRIO SPAOES (%)

by M. S. KHAN (in Aligarh) (**)

SOMMARIO. - Oggetto della presente nota & la dimostrazione di un teorema di

punto fisso tramite espressioni razionali, e di dedurne alcuni risultati che
non sembrano ancora noti.

SUMMARY. - The object of ‘this paper is to p‘rbve‘ a fixed point theorem using
rational ‘expression and to study related results which are believed to
be new.

1. - Let (X, d) be a complete metrlc space, and let T: X —>X
satisfy : R T :

d (Tx Ty)<Kd (x y)

where 0<K<1 and x,yeX. Then, by Banach’s fixed point theorem
T has a unique fixed point.

Many extensions and generalizations' of Banach’s theorem were
derived in recent years. For related results see [1], [2]1, [3], [4],
[51, [6]. In this note, we shall prove a fixed point theorem using
symmetric rational expression and study the continuity of fixed point.

THEOREM 1. Let (X, d) be a complete metric space and T X ——>X
satisfy -

e d (@, Tz) d (v, Ty) + d (y; Ty) d (y, Tw)
e a (@, Ty) + a3y, To)

where 0<K<1 and x, yeX. Then T has a unique fixed point

(*) Pervenuto in Redazione il 12 ‘marzo 1975.

(**) Indirizzo dell’Autore: Department of Mathematlcs Allgarh Mushm
University, Aligarh - 202001 (Indla) :
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Proor. Let %€X. Put x.=T (x,-1), n=1,2,3,... then we have
d(®, ,x)) =d (Txy, Tx,) <

d(xy, Txy) d(x,, Tx,) + d (2, , Tw,) d (x, , Twy)

<K
d(z,, Tr,) 4 d (x, , Tx,)

- K d(mo,wi)d(wo,wg)+d(w“m2)d(mi,wi)
d (g, xy) 4 d (v, 2,)

Hence d (x1, x2) < Kd (xo, x1).
Similarly, we have

d (@, @) = (T3, , Ta)) <

d (@, xp) d (2, 23)  d “’2,-’”3)‘1(%’“’2)
d(xy, x5) + d (2, , )

Therefore, d (x3, x3) <Kd (xl, Ji’z) <K%*d (xo, x1).
In general, we have

gK

) d (xn; xn+1) SK’! d (xo.v xl)

This means that {x.} is a Cauchy-sequence which, by the completeness
of X, converges to some point xeX. For the point x,

d (6 THEd (x, %) +d (Txm Tx)

d(a',l ; Txy) d (20 , Tx) + a (2, Tx) d (x, Twn) "
d( :rn, Tx) + d (x, Tx,) o

" S d (w; wn-}-l) + K

d(x,,,w,,_;_,)d(xn, Tx) 4+ d (z, Tx)d(w wn+1) o

— d (w, w,,.H) + K

Lettlng n—s oo, we get d (x Tx) 0 Hence x is a ﬁxed point of T.
For the unicity of x, consider a yZ=x such that Ty=y. Then

d(z, T) & (x, Ty) + d(y, Ty) & (y, T)
~d (@, Ty) + 4 @, Tx)

d(@,y)=d(Te, Ty) < K

___Kd(x; )d(x,y) 4+ d(y, y) d(y, x)
d (z, y)+d(m’ Y) )

Can

Hence d (x y)<0 or x=y. This completes t'he proof
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As simple consequence we state the following theorems.’

THEOREM 2. Let T and S beself mappings of a complete mettic:
space (X, d) such that T satisfies (A) and TS ST, then S and T have
a unique common fixed pomt '

Proor. If X, is the unique ﬁxed pomt of T, then T (x))=x
1mp11es TS (x0) =ST (x0) =S (x0), which gives S (x0) =xo, that is, S and T
have a unique common fixed point.

THEOREM 3. If T be a self mapping of a complete- Thetric -space
(X, d) such that for positive integer », T satisfies (A). Then T has a
unique fixed point in X.

PRrROOF. Let x, be the unique fixed po’irnr“of T". Then

T (T x0)=Txo
or .
T" (Txo) =Txe.
This gives Txo=x,. ' )

2. - In this section, we prove a convergence theorem concerning
fixed points.

THEOREM 4. Suppose (X, do) is a metric space and {d,} is
sequence of metrics converging uniformly to-do. Let {T,} be a sequence
of mappings converging do-pointwise to a map T, with fixed point X
and let each T, having fixed points X, satisfy

S d, (z, T, x)d,.(:c Tuy) + du (¥, Toy) do (3, T w)
dn 1'” T <K
(Lo, Tny) < @ (@ Tog) + dn (9, To ) |

where 0<K<1 and x, yeX. Then {xn} converges to xo. ',

Proor. For any £>0 the conditions of the theorem giVe

.

K)e
| | 'd (w:y)"“d(m’y)'<(2+K)
and , ,
Ay (T, To“o)<T2—_‘_":—1?)—;f

whenever =N for some natural number N.
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Now for n=N we get,
do'(mn/'," xo) '='d0 (Tn wn’, To mo) S do (Tﬂ Tn 3 T” xO)v + do (Tﬂ wO ’ TO "'”0)

(1——K)s+( —K)e
C+E) T E+D

Sd‘n (Tnxn, Tﬂwo) +

| SKd,,(w,,,' &) d, (m,,,'_r &) + dy (%, T @) dn (xO,T x,)
An (X, Ty 0n) 4 dy (@ y Tny xp)

L al—K)e Ay (g 5 Bp) dy (1 y T ) s (1—K)e
t2ETE) K Ty o) T dnltny Ty T ° @F K)
2(1—K
SKdn(wo;xn)+—((7rE¥£Kdo(‘”o?wn)
K1 —K)e , 2(1—K)e
teTrE T ern
Hence :

d(@n,2)<e for n=N.

This shows that {x.} converges to xo.
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