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SOMMARIO. - In questo lavoro si ottiene una soluzione delle equazioni del tipo
serie duali nelle quali compaiono polinomi di Laguerre; la soluzione é of-
tenuta con la tecnica del fatfore moltiplicativo usata da Noble e Lawndes.

SUMMARY. - In the present paper a salution of dual series equations involving
Laguerre polynomials has been obtained by employing multiplying factor
technique used by Noble and Lawndes.

I. Introduction.

The problem discussed in this note is that of determining the
sequence }4,! such that

ay 3 +n‘:"_ ST I @ =7 @), 0<2<d,
s A, a
(1.2) n{ﬂ I’(a—l—ﬂ—}—n—l—p)LHp(w):g(m)’ d < & < oo,

where 0 < f+4-m, 0 <a+ f<<a+1, p and m are non negative integers,

atn+p

ntp )1F1[~n—p;oc+1;w]

(1.3) Ly (2) = (

(*) Pervenuto in Redazione 'l ottobre 1973.

(**) Indirizzi degli Autori: B. L. SHARMA, Department of Mathematics -
University of Ife — Ile-Ife (Nigeria); R. M. SHRESHTHA, Department of Mathe-
matics - Tribhuvan University - Kathmanda (Nepal).
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is the Laguerre polynomial, f () and g () are prescribed func-
tions.

The solution presented in this paper is obtained by employing
a multiplying factor technique similar to that used by Noble [3] or
Lawndes [5]. Egs. (1.1) and (1.2) can also be solved by a technique
employed by Sneddon and Srivastava [4] in solving dual series
equations involving Bessel functions. Lawndes’ equations follow from
Eqs. (1.1) and (1.2) when p =0, 4, = Col'a4n+1)I (4 B+4n)
1>8>0 and a +8>0.

IL. Preliminary results.

Some of the results which will be required in the course of
analysis are given below for ready reference.

Trom Erdélyi [2] (p. 293 (5), p. 405 (20)) it can be deduced
that

y
(2.1) j x® (y — x)p+m—=1 Lp., () do =
g .

_Irg4+ml@t+nt+p+1) whftm patfim ()
“Tat+gt+mtatp+2) ke R

where 0 <y <d, —1<a 0B+ m and

©0

(2.2) /'e_“ @ —y) Lyyp @ de=1I(1—fe"’ “+ﬂ—1 (),

Y

where d <y < oo, a+1>a-+f>0.
From Erdélyi [2] (p. 292) (3), p. 293 (3)) it is easy to derive
the following orthogonality relation for the Laguerre polynomial :

©o

(2.3) f—z o L2 (2) L2 (@) do _T'et+nt+1

amn
n! i
0

where o > — 1 and 0,, » is the Kronecker delta.



44 B. L. SHARMA and R. M. SHRESHTHA

The differentiation form uia

m+-1 |
(2.4) d g2t Lz+m+l;(w) — I'(a +m+n4 2

dxm+1 F(OL—*—%—'—I) x I’u(x)

follows from Erdélyi [1] (p. 190 (27)).
The details of analysis in the next two sections will be formal
and no attempt to justify the ?arious limiting processes will be made.

ITI. Solution of the problem.

Multiply Eq. (1.1) by a*(y — x)f+m=1_ integrate with respect to
x over (0,y) and then use (2.1) to find

'A n

S n_or(a+ﬁ+m+n+p+2”

a+pg+4+m L:.i'.;,ﬁ+m (y) =

Y

where 0 <y <d, — 1< a, 0<,B—|—m and m is a non-negative
integer.

Differentiate (3.1) (m 4~ 1) times with respect to y and use (2.4)
to find

bd A, i a+,g_
O A TeT g e 0=

y
yl—n—-ﬂ dam+1 / _
= @ (y — @)ftm=1 f (z) du,
I ) dym+1
(B + m) dy J

where 0 <y <<d, —1<a, 0<B+mand m is a non-negative
integer. Again, multiply (1.2) by e—= (® — y)—f, integrate with
respect to x over (y, co) and then use (2.2) to find

® An atf—1,
CN A Tatraga e 0=

j e § —B p—2 d
=IT(T_—ﬂ)yf(m—?/) ¢~ g (x) da,

where d < y < 0o, <1 and 0 < a 4 8.
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The left-hand sides of Eqgs. (3.2) and (3.3) are now identical,
and the following solution of Eqs. (1.1) and (1.2) can therefore be
obtained by virtue of the orthogonality relation (2.3).

For o +1>a-+pf>0, f4 m >0, any two non-negative
integers m and p,

d
!
(3.4) A, = % f ¢! Lo (y) F(y) dy +
0

(o]

|

2 (" +2) 5, Y L () @ (y) dy,
with

dm+1 H
(3.5) F(y) = W fw“ (y — x)ﬂ+m—1f(x) dr

0

and
(3.6) @)= f (@ — gy o g (a) da

y

The solution of Lawndes’ equations

(3.7) 2 0Tt p+nli@=F@) 0=<e<4d

(3.8) S 0 la+14+nIi@=g@),d<z<oo
N==(

can be obtained by putting

Ay=0C, l'a4+n+1)I'(a+ -+ n) and p=0

in the solution (3.4) and then simplifying.

1V. Values of the series.

The values of the series (1.1) and (1.2) are not specified in the
regions d << # < co and 0 <<« < d, respectively. The values of
these series can be obtained without computing the coefficients }4,{.
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Suppose

(4.1) > An Lty tx) =h(@),d<zr<co
w=o '@ +n+4p+1)

and ‘

42 A L 0=o<d.

n—ora+ﬂ+,l+p) Lpyy (@) =Fk (2

a) Value of h(x).

Use Eq. (3.4) in (1.1) and interchange the order of integration
and summation to obtain

. 1

(4.3) h () = m/ eV 8, (x,y) F(y) dy +

0

1 oo
Tra—p f ye+i1 8, (@, 9) G ) dy,
d
where
> (o +p)! atp—1

(4.4) (’l';?/) "_OF a+n+p + I)Ln+p( )Ln+p ( )
or

n!

a a+-p—1 _
Z F————(“ Tt Ly () L™ (y)

(4.5) 8, (@, y) =

Pl n! ra a4 p—1
~ A TaFarn @@L o),

where the last term on the right-hand side of (4.5) will not appear
when p = 0. ‘
Use (2.2) and (2.3) in (4.5) to find

wo Sy =" g e —y) B,y
where

" ! nl a at-p—1
(4.7) B (@, y) = Ly (x) L ()

,,=0F(oc+n+1)

and H (xr — y) is the Heavnsxdé} unit function.
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The relations (4.3) and (4.6) lead to the following sum of the
series

d
x—° 1 _
(4.8) h(w)=r(1_ﬁ) [F(ﬂ_}_m)[(w—y) £ F(y)dy +
0
g | @ — 0 G0 ] —
d

d
1
— lm[e_"Bi (,9) F(y)dy + T —= ﬁ)[ *+f-1B, (2,y) G(y) d’]
0
for d < ¢ < oo, where F(y), @G (y) and B, (»,y) are given by (3.5),
(3.6) and (4.7), respectively.

b) Value of k(x).

From the differentiation formula

2 va d( _z ae
T Ly (0) = — o " T o)
it can be deduced that
—2 ;a m1 ™Y e
(4.9) ¢ " Loty (@) = (— 1) * dam+1 (€ Liyp " (@)

Use (4.9) in (1.2), substitute for 4, from (3.4) and interchange
the order of integration and summation to find

d
(4.10) e ?k(x) =(— 1)™+! d T ["-mgrm- fe"yF(y)Sz(x,y)dy+

1 oo
+ m[?/“”" G (y) S, (z,9) d?/ﬂ,
for 0 < # <d and ’

oo (n + 10 a—m-—1 a+4-p—1
(4.11) 8, (, ?/) n—ol( +ﬂ+n+1’) ntp (@) Lnyp ()
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e (y —a)f~1y'——F H (y — )
g+ m)

(4.12) — By (=, y),

where
P-‘ n !

a—m—1 a+-p—1
2 (w7 y) n—O 11( + ﬂ _|_ ”) L (w) L (y)‘

The sum of the series in (4.11) is found as in case a). On
further simplification the following value for k% (z) is obtained :

€* dm+1 1 F _ e
I'(B+ m) dem+1 [F(ﬁ-{—m)fe VE(y)(y—a)ty —e—Fdy+-

k(r) = (— 1)+

+1—(1—f<y—w>ﬂ-10<y»dy n

dm+1 e—% ? _
T (=D [F(ﬂ—{—m)fe VF (y) By (w, y) dy 4
0

0o
-2

+ ﬁ‘:‘?) f ye+i=1 G (y) By (v, y) dy
d

for 0 < < d.
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