NOTE ON A THEOREM OF LEVITAN
FOR THE INTEGRAL OF ALMOST
PERIODIC FUNCTIONS (%)

by BowLis BasiT (in Cairo) (**)

SOMMARIO. - Viene dimostrato un teorema di B. Levitan nel caso di funzioni
ricorrenti. Si dimostra inoltre che se lo spettro di una funzione astratta
limitata uniformemente continua ha un numero finito di punti limite su ogni
intervallo della retta reale, la funzione é quasi-periodica.

SUMMARY. - In this paper we prove a theorem of B. Levitan in the case of
recurrent functions. We also prove that if the specfrum of uniformly con-
tinuous and bounded function f: R—~B, where B is a Banach space, has
only a finite number of limit points on every segment of R, then f (f)
is an almost periodic function.

§ 1. Introduction.

In this paper we discuss some criteria for a function f: R — B,
where B is a Banach space, to be relatively compact(!) (r.c.).
First criterion was given by B. Levitan [1]: If the integral

x
F(x) = -/ f(t)dt of the almost periodic function (a.p.f.) f(t) satisfies
0
the following two conditions:

(1) sup || F(t) || << oc
te R

(*) Pervenuto in Redazione il 26 settembre 1972.

(**) Indirizzo doll’auntore: Department of Mathematics, Fao. of Sciences,
University of Cairo — Cairo (Egipt).

(1) We call the fanction r.c. (or relatively weakly compakt (w.r.c.)) if its
range is r.c. (or w.r.c.).
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and the mean value
z+T
@) MF — lim % / P(t) at

I—=oo
z

exists uniformly with respect to x € R, then F(x) is an a.p.f. and
consequently it is r.c. In this paper we prove the result of B.
Levitan for recurrent functions.

DEFINITION. A compact uniformly continuous function f:
R — B is said to be recurrent if:

i) for each sequence (i} € R there exists a subsequence
{tn) such that

fE+t)—>7@®,,  teR,

ii) there exists a sequence 0, which depends upon {ts) such
that

N

Jt+t)—f(t), teR.

— Notice that almost periodic functions and almost automorphic
functions [2] are recurrent.

— We shall give in this paper other criterion for a function to
be r.c..

§ 2. We state now the main results of this paper.

x
THEOREM 1. If the integral F (x)= f Sf(t)dt of the recurrent

0
SJunction f(¢) satisfies the conditions (1) and (2), then F (x) is relatively
compact function.

THEOREM 2. Let the bounded and uniformly continuous function
J(t) has a spectrum with at most a finite number of limit points on
every segment of the real line, and let B has mo subspace which is
isometric to the space c,. Then the function f(t) is a.p. and hence
it is r.c.

We state now the following two lemma which shall be needed
in the next section. To this end let ¢ > 0 be arbitrary real number.
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Put
1 0<t<e

2e —1

@ (t) = e<<t<<2¢
0 t > 2e,
Pe (t) = e (— ).
Let vy, (t)vbe the Fourier transform of ¢.(¢), then

©o

1 1 3 &h
_— At —_— e ]in — in —
Y. (1) = Ty [qo,(t)e dt —8in el 8in 5

—00

By the inversion theorem of Fourier transforms, we have

%m=f%mWM

Now let f: R — B be continuous function. Setting

ﬂm=fﬂH4WMML

we have

LEMMA 1. If the mean value
z+T
Mf=1im%ff(t)dt

exists uniformly with respect to x € R, then
lim £, (t) = Mf
&0

uniformly with respect to t€ K.

To prove this lemma we need only to repeat the discussion of
S. Bochmner ([3] p. 23) or B. Lewitan [1].
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. — Finally for each integer n > 0, setting

—CO8NX

Lof =)= [re—a[-=2%
we have -

LEMMA 2. If the function f(t) is bounded and wuniformly .conti-
nuous, then the sequence

3 F,  teR

Moreover the spectrnm of the function f, (¢) is contained in [—un,n]
for each n =1, 2,....

ProOF. See [3] p. 19.

§ 3. Proofs.

PROOF OF THEOREM 1. Let {ta) be arbitrary sequence of reals,
then there exists a subsequence {t,} such that the limit

lim £ (t4 t) =7 (1

n—co

exists uniformly on every segment of the real line. Since f(@t) is
recurrent and F(t) is bounded, then the function { F (¢), @) is recur-
rent for each functional @ € B*. Moreover one can show (%) that the
limit

lim { F (,), @ )

exists for each functional ¢ € B* hence there exists an element
a € B** guch that

lim (F(t,),p)={(a, ).

n— oo

Considering the sequence

Fo+t)=F(t) + f £+t
0

(®) this can be proved by the same method of S. Bochner [2].
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it is easy to show that for each ¢ € B*:

8) lim {F(@+4t),@>=<Ca,¢> +<ff\(t)dt,<p>=(/1¥’\(t),q7).
0

n — oo

Now we show that a€ B. Indeed, using (2) for each &> 0 there
exists T,>> 0 such that

T
-”%[F(x—l—t—i—tn)dt—MF”S% I'=T., x€R.
0
This means that

sup
lell<1,@eB*

T
% [(F(t«}—x—{—tn),zp)dt—(MF,qv)t<e,T2 T,, z€R.
v

Taking the limit when n — oo, we obtain

sup

T
lf(ﬁ(H—ac),qn)dt——(MF,()D)lge, T>T,, x€R.
Nell<t,gpen | T J

Since ¢ is arbitrary we conclude that the mean value MF”\ exists

A\
uniformly with respect to x € K and moreover MF = MF. Hence,
x
using (3), the mean value I f f\(t) dt exists uniformly and therefore
0

is contained in B. Hence, we conclude that a € B.

This means that F(t) is w.r.c. and using [5] we conclude that
F(t) is r.c..

PROOF oF THEOREM 2. Using lemma 2 we can restrict ourselves
to the case when the spectrum of f(¢) is bounded. Because of the
theorem of the expansion of unity we only consider the case when
the spectrum of f(f) has one limit point, say 1,. Multiplying by
e—t we obtain a function with spectrum which has zero limit point.
Therefore we can restrict ourselves to the case when the spectrum
of f(t) is bounded and has only zero limit point. Since the spec-
trum is bounded, the function f(t) has bounded derivatives. Consi-



14 BOLIS BASIT

dering the first derivative f” (t), one can show that it satisfies the
conditions of lemma 1. Therefore,

A OI=d TAR

The spectrum of f”(t) — £, (¢) is isolated from zero by e, and there-
fore consists of finite number of points. Applying ([4] p. 988) we
obtain that f’(t) —f, (¢) is an a.p.f. for each ¢> 0. Using lemma 1
we conclude that the function f(f) is a.p.. Applying [5] we get
that f(f) is an a.p.f. and hence it is r.c.
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