ON IMBEDDING THEOREMS
IN STRONG £@® SPACES (¥)

by AKirA ONo (in Fukuoka) (**)

SOMMARIO. - Vengono dimostrati teoremi di immersione di tipo Morrey-Sobolev
per spazi di funzioni che hanno le loro derivate prime negli spazi £@w
di tipo forte.

SUMMARY. - Imbedding theorems of Morrey-Sobolev type concerning spaces of
functions whose first derivatives belong to the spaces L2 @ #) of strong type
are proved.

Introduction.

Recently generalizations of imbedding theorems of Morrey Sobolev
type in the spaces .2%# have been studied by various authors
(Campanato [1], [2], [3], (4], [5], Morrey [8], Ono [11], Piccinini [13]
Stampacchia [14],[15]) and have become important tools in the
study of partial differential equations of elliptic type.

In this paper the author will prove some imbedding theorems
concerning the spaces of functions with their first derivatives be-
longing to the spaces .2:#) of strong type analogous to a theorem
due to Stampacchia [14].

In §1 some preliminary lemmas and the main theorems are
stated.

(*) Pervenuto in Redazione il 21 ottobre 1971.
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In § 2 the proofs of the theorems are given. For the proof we
make use of theorems due to Campanato-Meyers [1], [7], John-Niren-
berg [6], Nikol’skii [10] and the author [11],[12].

Here, the author wishes to express his sincere gratitude to
Professor Stampacchia for his valuable suggestions and helpful
encouragement during the preparation of this article.

§ 1. Preliminary lemmas and the statement of main theorems.

We shall always consider real-valued integrable functions
w(x) =u (%, ,..,,) defined on the n dimensional Fuclidean space
B with compact supports. Following G. Stampacchia, we consider
an arbitrary parallel subcube @ of a fixed bounded cube @,. (In
future, by a subcube @ of @, we shall always mean a parallel sub-
cube of @,.) We denote the measure of @ by | Q| and the mean

value of a function u over @ by wug:ug=| Ql—lfu (®) d.
Q
DEFINITION 1. A function u is said to belong to the space
L98 = P90y (the LT gpace of strong type r) where 1 =< q<

<4+ o0, —co < u <+ 00,0 <7, if for any system of subeubes
S8 =1Q;:U @j © @, no two of which have common interior points,
the relation

(1.1) sup
R Qj ’j

£ 3L
; ] 0 In /] u () — uQ|q dx;q = [“]B('{%!;‘) = K(Qf) < oo
Q
holds and, furthermore, there exists a constant L = L (u) such that

1
(1.2) sup  [Z|K(Q)[]" =L
{Qjt=2S¢5

where S denotes the family of all systems of subcubes considered
above. We denote L by [u]B(q,m (@) and define a norm of the space
r T

L£24(Qq) by [u]'g(q',t)(%) 4+ ||

‘B(rq' m(QO) a Banach space if »r = 1.

9 (@ This norm renders the space

DEFINITION 2. A function « is said to be Hilder continuous
of strong type » >0 with expoment 0 <<a =1 on @,, if the
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following two conditions are satisfied :
(i) » is Holder continuous with exponent « in @ :
(ii) there exists a constant L = L (u) such that, for any sy-

stem of subcubes ¢); belonging to S as in Definition 1, one has

1
(1.3) sup  [Z|K(Qy] =1L
1Qjt=SeS g

where K (();) denotes the Holder coefficient with exponent o of
“ |Q," the restriction of u to the subcube @;. We denote L by

[“lgga (g,

DEFINITION 3. A function u is said to belong to the space
Lip (a,p) on E*, where 0 < 2 < oo, and 1 = p = oo, that is u is
said to satisfy a Lipschitz condition of order a in L?= L?(E"), if
there exists a constant K = I (u) such that

1

( f’ Do w(x - h) — DT u (x) |7 d.v)p

(1.4) sup 2 = =K
he E™ l h |a—a

where a is the greatest integer less than a. We denote K by [u] Lip (a,
and define the norm || %||tip @z BY [@tip @, || % ||ppgn) ,» endowed
with which the space Lip (a,p) is a Banach space.

Now the characterization of L@ # gpaces for — g =pu =0
which we need for the proof of our theorems is the following (cf.
Stampacchia [14].):

LEMMA 1.

(i) (John-Nirenberg) The space .Q((&,)O) is isomorphic to the John-
Nirenberg space &, for any q =1, that is, a function w belongs to

B(‘ggf” if and only if there exist positive constants H,f such that
(1.5) meas. Jx € Q:|u (@) —ug| > s{ =< He | Q|

(ii) (Campanato-Meyers) If — q = u < 0, the space L2(@ 1) is iso-

"
. 0y— = . . .
morphic to ¢ 7 with their corresponding norms.
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Analogous isomorphism theorems between the spaces .2, "
and the corresponding spaces of strong type hold.

Now, as was stated in the introduction, the imbedding theorem
of Morrey-Sobolev type due to Stampacchia is the following :

THEOREM. Let u belong to the Sobolev space H(Q,) and be
such that for any subcube Q of Q,

(1.6) /Iu,|qd.7c§0’1‘|()|1_" C=p=n
@

with a constant C independent of ). Then the following estimates
hold for wu.

(i) If ¢ < p then the function w belongs to N @ w(Q,) = L@ .

1 1
-weak ( for the definition cf. [14]) where — = r_1 and
q q I
1.7 ]~ =0
(1.7) [ }C)lz‘ 0 gy =

(i) if ¢ = p then we LU = & and

(1.8) [uJ,@(]’ 0)(Q0) é C

‘ ®_ £
(i) if ¢ > u then u EB(I' )= ot

Our first theorem analogous to this theorem reads as follows :

THEOREM 1. Let w € H'9(Q,) be such that u, € L #) (Q,) for some
1=¢<<oo, 0 < pu=n,0<r=gq. Then the following estimates hold
Jor w: '

M Ifn—pu<qand

1.9 An =0
) [u].@;slvMQo»_ H“mﬂfr(q,m(%)
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1 1 1 1
where C is a constant independent of u, — = — — —l-,r =,
q g n
q N q
M -~ - isfuing - i
a4 =) and u is an arbitrary constant satisfying —— > -—.
q q q
q/

r r

£ _ L
(il) ¢ > u then uE.B(,L 9 l)( QO)=C}£1, 7(Q,) with v’ = ™ and

(1.10) [#] = Cllug

] “ ” (g, 1)
AL~ (Q0) L0

where C is a constant independent of uw and q’ is an arbitrary con-
stant satisfying p < ¢’ < q.

(2) If n — p = q and

ﬂ,.,,,__n
(i) ¢ < p then ue Bf,,ll q )(Qo) with " = %"7 and
(1.11) [“] (in in) =0 “ Ug ” (g, 1)
) pLPle
25 ) o

r

where C is a constant independent of w.

s
(i) g = u then ue€ ,QT(,I' g ])(QO) with v = % n, and
(1.12 i = C|lu, :
) [ ]ﬁsl‘ 5——')((,20) ” ”’Q;‘I M)(QO)

where C is a constant independent of u.
Here, we make the following

Remarx 1.1. If g << n — u then u, is a constant and there-

fore w is a linear function.
The proof of this remark will be given in Lemma 2’ (2).
To prove this theorem we need some lemmas.

LEMMA 2. After a suitable extension to E™ of functions belonging
to LIM (Q,) one has

() i
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13 (0.1 Li (—_ﬂ,)
(1.13) L 7(Q,) < Lip 7 g7

with their corresponding norms, where 1 = p = ¢q,0 <r=p;

2) 1 i———>] then the spaces .Q(q’ congist of constant func-
p q P

tions, where p; q,r are the same numbers as in (1).
For the proof we refer to [11].
As a special case of this lemma we obtain the following :

LEMMA 2. After the same procedure as in Lemma 2 one has

) if n— u<<q then

(1.13y £99 (@) e Lip (” - q)

with their corresponding norms, where 0 < r << q.

2) if g <n — pu, then the spaces Lo )(Qo) consist of constant
Sunctions, where 0 < r <Cq.

By this lemma the remark made after Theorem I is proved.

Next, we state the following lemma due to Nikol'skii (Cf.[10]).

LeEmMMA 3. For any positive b and ¢, q” such that 1 < ¢ < ¢’ < oo

1 . v . .
and b — {— — 7 n is & positive non-integer, we have the relation
Q

1
(1.14) Lip (b, q) € Lip (b — (—q— — —;—,) n,q’)

with their corresponding norms.

LEMMA. 4 ([11]) We have

(1.15) Lip (a, p)c ,Q(q )(Q )
with their corresponding morms, where a,a’, a” are arbitrary constants
” 1 a’ 1 1 a’—a"
such that 0 < a" < a’ <a<1and————_—_—___ - —
q p nq P n

>0,¢" =" oo

LeMMma 5. ([12]) Let p be a real number, 1 <p < co. Then the

space .QIS”’ "_”)(QO) is isomorphic to the Sobolev space H?(Q,) with
their corresponding norms.
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Now, before stating our second theorem we make the following :

DEFINITION 4. The pair of numbers (g, ), where 1 = q < oo,
0 < u=mn, is said to satisfy the Condition A if there exist con-

stants a, r,, 0 < a <1, /q\é r, < oo, such that the following inclu-
sion relation holds :
(1.16) Lip (a,9) € L85 (Qy)

e

I

==

~ N
where ¢, ¢ are as in Theorem 1 and %
q

REMARK 1.2. In the case r, = oo we have

P A

(1.17) Lip (a,q) c L&

>

()

with their corresponding norms, where @ is an arbitrary constant
such that 0 <Za = 1.

We omit the proof of this remark as it is very similar to and
simpler than the one of Lemma 7.

REMARK 1.3. In the case », = ¢ the Condition A is equivalent

to the assertion that the spaces .2\* (Q,) and Lip (a,q) are iso-
g

morphic.
In fact, by Lemma 2 it is clear that the following inclusion

relation holds : ﬁq‘”)(QO)C Lip (a, /q\) Therefore the conclusion is
q

immediate by (1.16).
The next two lemmas exhibit examples of spaces for which
Jondition A is satisfied.

N

LEMMA 6. If a =1 and therefore q =in,,u= n then the
Mm

9

1

relation (1.16) is satisfied by every (q, u) with r, = q.
ProoF. We observe that it suffices to prove the theorem for

-~ A\ A A
r, = q because, for », = q, we have the inclusion relation LrH
q

Cﬁif'fﬁ . To prove this latter assertion, set [u] . 4 = K (@),
e w Q)
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then we have

2| E@)=23| E (@)1 | K(Q)|i<| K Q| —1 2| K@) |4

= K Q) il i

A

[](AA) {AA)'—— J(A:\J
9 @ B;q.# B(I:I

which completes the proof of this assertion.
Now, ,Q(q D is isomorphi¢ to H"? by Lemma 5, which is iso-

morphic to Llp(l,a\). Hence the proof of this lemma is complete

LEMMA 7. Let m be a positive constant and S,, be the subfamily
of 8 such that for any @, Q; Qi € 8n) the inequality m—1 Q] =
= Q| =m| Q| holds.

If there ewist positive constants m and C independent of u such
that the relation

Q> |2

o n
(118)  [u]” (q L =0 sup 2[!@;!" 1 [l“(w)—wm” du
Q' 49;4eF,, i ;
J Q]

holds. Then the pair (q, p) satisfies the Condition A.

Proor. Set Max | Q;| = |L|*, then we have
J

A

£y )
< ['Qﬁl" /l“(w)—ﬂejlqdw]

»e)l:x

] S
10 te ;
_ i . 17
= ?IQ]I" f[u(x)-—-qu| dx]
o Qj
LR 717
= EIQJJ o | [ @) —uwy ay ]

@ @
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Applying Hdlder’s inequality

71

A

R, . N
=210l ' I[d-” [lu(w)—u(y)deIQj["“‘} .
J . -
/]

Q)

P

As %< 2, we have

n
—;; A ) A a
=\m *|hp-—mx /dm /Iu(w)— w (y) |9 dy]
L O
.7'_]‘
[ o= A ) A ;
=m *|hjp-z /(1.1: f | i@+ t)—u(a)l dtl
J

Y] el =Vnlh|

A

) - .L A A
|mz N /?11 > [‘ w(w 4+ t) — u(e) | de
j.

NS

[t]=Vn |h| ]
L4
A e
2_L A a A q
=im b2 dt /|u(w+t)-—u(m)|‘l dx
ll=Vaial @
n
g A ” A “;
<|m" W |n|E—m (@, @ ;'|t|‘“1dt|
[tI=Vn|h|

1

A A A
se (n, a, ¢, u, m) [?‘L]Lip @l inl|h ]M—21a+aq+n]q

=le(n, a, gy p, m) {“]Lip(a 7 o

Hence, by (1.18) we obtain

[ ~n =0[u

L)r\q' ) (Qq) = Lip (a, 6)‘
1

This completes the proof of the lemma.
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N
REMARK 1.4. Lemma 7 holds for the space C}(’}l—q where
0< pu<y, %oz =9 = —q;—(n -+ 1) and », = /q\ (Cf. [11]).
)2

Our second theorem reads as follows:

THEOREM 2. Let a jfunction u and constants g, u, v, ;',?I\be as
in Theorem 1. Then, under the Condition A, the following estimates
hold for w:

If n — u<<q and

(i) ¢ < p then we L2751 (Qy) with » =r, and

U] A A = 0|l
(1'19) [ ]EL?‘M'(QO) = ” @ ”_Q/’!Qvl‘)(q)o)
where C is constant independent of u and % :%,
q

.. (1. £ 1) .

(i) g=p then ue 2, ¢ (@) with v" = r,, and
1.20 u . . = Cllw
( ) [ ]’Q(I'%_l)(QO) = “ z ”Br(q’ﬂ)((b)ﬂ)

o
where C is a constant independent of wu.

RuMARK 1.5. If the estimate (1.19) holds for some value of
a, say a,, and r,, then the estimate holds for all a,a, =a =1,
and 7, .

Because, this is the direct consequence of the inclusion lemma.
(Cf. [14] Lemma 1.2).

§. 2 Proof of the theorems.

Pnoor orF THEOREM 1.

By the same device as in the proof of Lemma 6 it is sufficient
to prove the theorem for » = gq.

Case (1) ¢ is greater than n — pu.
n— u

By Lemma 2’ u, belongs to Lip( ,q) and therefore u be-

longs to Lip (1 + n —; M,q) . Applying Lemma 3 Lip (1—}— n _(; ,u’ q)c

,a==1.

n—u

q

c Lip (a,/q\) for any a such that Max (0, 1 ——’7‘) <a=1-+



ON IMBEDDING THEOREMS IN STRONG ETC. 63

Here we divide the proof into two cases.
(i) g=n
In this case we select a less than unity. Applying Lemma 4

AN .
with p = ¢, @’ = a” we obtain the inclusion relation

(2.1) Lip (a’;\) c ,Qr(;l. “ .
N
. o M ’ ld I .
We notice that — = (& — a’) 4 i 1 > - and, furthermore, the
q q

left hand side of the inequality can be taken arbitrarily near to
the right hand side.
This completes the proof of (1) (i).
(i) ¢ > p.

In this case we select a greater than and sufficiently near to
/’

unity. Set /q\ = % n then we have u <q” <gq.

N A

As is well known, Lip(a,q) c H%7 (Cf. [16] Chapt IV), and further-

A A —A
more HL7 is isomorphic to the space £L.2"~? by Lemma 5.

Applying Campanato-Meyers’ theorem the proof of this case is com-
plete.

Case (2) gq=n—pu
In this case u, belongs to Lip (1,¢) by Lemma 2’ and therefore, by
a well known theorem (Cf. [16] Chapt IV), u, belongs to H!»9. Applying
" 1 1 1 —
Sobolev’s lemma, u, belongs to L’ , where o = — — —= k.
q q n nq

%>0. Hence we deduce that u belongs to the Sobolev space
n

*

LS

* % q "
H.¢*, which is isomorphic to the space .Qq(é’ ) = .Qg* g )by
Lemma 5.

This completes the proof of both parts of (2), applying Lemma 1

in the case ¢ = u.
PrRoOOF OF THEOREM 2.

Apply Lemma 2/, Condition A and Lemma 1 if ¢ = u, then
the conclusion is immediate.
Finally, we mention the following :

COROLLARY. Let a jfunction w and constants ¢q,p,q be as in
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Theorem 1 and 1 = r = ¢= p, —:— — % = 1. Then for each ¢’ < g,

e

Q2

;, "
u belongs to .Qr(, ' >(Q0) with v =+ and

= 0l el pan g,

T

Q2 | se

. [u] (.
(2.2) u B( ”>(QO)

'

where C is a constant independent of w.

P

ProoF. As the range of ¢ in Theorem 1 is L < q< "—«Z
4 I
we may set q=7'; the proof is immediate.
n )z .
REMARK 2.1. If e ~q— > 1 then u, is a constant and the-
refore u is a linear function.

REMARK 2.2. If we set r=g¢ in the preceding Corollary, we
obtain Morrey-Sobolev type imbedding theorem.
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