CONNECTION BETWEEN THE n-DIMENSIONAL
AFFINE SPACE 4,, AND THE CURVE 0, WITH
EQUATION y=21, OF THE AFFINE PLANE Ay o (*)

by J. A. THAS (in Gent) (**)

SOMMARIO. - Indicata con C la curva di equazione y = x7 nel piano affine Ay o
(n=1,q=p"), é definita una struttura d’incidenza I (C) nel modo seguente :
i punti sono gli elementi di C, le C-rette sono gli insiemi formati da q
punti allineati di C e Uincidenza é quella stessa di Ag, - 1(C) € lo spazio
affine a n dimensioni su GF (q), e due C-refte sono parallele se e solo se
le rette corrispondenti di A, ,» sono parallele. Ne segue che la determi-
nazione delle calotte di A, , (n >2) é equivalente alla determinazione delle

n,q
intersezioni di C con gli archi del piano Ay .

SUMMARY. - If the curve, with equation y = x?, of the affine plane A, ,» (n=1,
g =p") is denoted by C, then an incidence structure I(C) is defined as
follows : points are the elements of C,C-lines are the sets which consist
of g collinear points of C, and incidence is that of A, g 1(C) is the
n-dimensional affine space over GF (q), and two C-lines are parallel if and
only if the corresponding lines of A, ,n are parallel. Consequently the
determination of the caps of A, ,(n>>2) is equivalent fo the determination
of the intersections of C with the arcs of the plane Ay g,

1. Introduction.

Let GF (q) denote the Galois field of ¢ elements, where ¢ = p*, p
is a prime and % is a positive integer. Denote by A, , the affine
space of n dimensions defined over GF (g).

(*) Pervenuto in Redazione il 30 ottobre 1970.
(**) Indirizzo dell’Autore: Seminar of higher geometry — University of
Ghent — J. Plateaustraat 22 — 9000 Gent (Belgium).



CONNECTION BETWKEN THE 7n-DIMENSIONAL ETC, 147

The field GF (¢”*) is an algebraic extension of GF (¢), and each
element of GF (¢") can be written in one and only one way in the
form ay+ a,0 + a, o 4 ... + a,—; a®1, with a;€ GF(q) and o a zero
of a polynomial of order n which belongs to the field GF (q) and is
irreducible in it [2].

The curve of Ay gn (n=>1,g9=p") with equation y=a? is
denoted by C. It is seen at once that the curve C contains ¢" points.

2. Lemma.

Every line of A, y» which contains at least two distinct points
of O, contains exactly ¢ points of C.

Proor: We consider two distinet points P, (x,,a]), P, (2,, 3)
(¢, == a,) of the curve C. A general point P of the set P, P,\}P,, Pyt
has coordinates (x, b — @) (b — 1)~ («f b — &) (h — 1)1, with
h e GF (¢")\ }0,1{. The point P belongs to C if and only if

(1) @ h—ad) (b — 1)~ = (2, h — @)? (b — 1)77.

Since f: GF (¢")— GF(¢"), a — a? is an automorphism of the Galois
field GF(¢")[2], (1) is equivalent to

(@f b — af) (17 — 1) = (af &Y — af) (b — 1),
or

(2, — a)? (BT — h) = 0.

So we conclude that P € C if and only if Y = h (2). The equation (2)
has ¢ — 2 distinet solutions in the set GF(¢")\ }0,1{. There fol.
lows that the line P, P, contains exactly ¢ distinct points of the
curve C, and the lemma is proved.

3. Theorem.

An incidence structure I(C) is defined as follows: points are
the elements of C, C-lines are the sets which consist of ¢ collinear
points of C, and incidence is that of A; gn. Then I(C) is the n-di-
mensional affine space over the Galois field GF (g).
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ProoF : Each element of GF(¢") can be written in one and
only one way in the form a, - a, & + a, 0® 4 ... 4 @,_; a*~1, with
a;€ @F (q) and o a zero of a polynomial of order » which belongs
to the field GF (¢) and is irreducible in it. With the point P (x, x9)

n—1
of C,x=23 a;a', we let correspond the point P*(a,,a, ,...,a,—;) of

=0
Ay, q. In this way we obtain a bijection g of the pointset of O
onto the pointset of the affine space A, ,. Now we prove that
every C-line of I(C) is mapped by g onto a line of A4, 4.

For this purpose we consider two different points P, (x,,])
n—1

and P, (z,,«7) of O, where #;= 3 a{/ af (j==1,2). The points of
1=0

the C-line P, P, are the point P, and the points with coordinates
(@, h—a)(h—1) L (@i h —af)(h — 1)1, with A9 =0h and k=1
(see 2.). We remark that k%=1 is equivalent to % € GF(q). Conse-
quently, the points of the C-line P, P, are mapped onto the points
P} (af), af)y..., a) ) and (@) h—al) (h — 1)L, (aDh — a®) (A — 1), ...,
(@), b —a® ) (h — 1)~1), where % € GF (q)\ }0, 1{. We conclude that
the C-line P, P, is-mapped by g onto the line P P; of the affine
space A, g.

Conversely, every line of 4, , corresponds with a O-line., In-
deed, from the preceding there follows immediately that the line
Qf Q7 of 4, 4 corresponds with the CO-line @, Q,, where Q;= g—1(Q¥)
(i =1, 2).

So we conclude that I(C) is the n-dimensional affine space
over the Galois field GF (q). ‘

4. Theorem.

Two O-lines of I(C) are parallel if and only if the correspon-
ding lines of A;.n are parallel.

Proor: We consider two C-lines P, P, and P; P,, where P;
n—1

has coordinates =, x4 (j=1,2,3,4). If m,-=i£(‘) ada’(j=1,2,3,4),
then from 3. it follows immediately that the O-lines P, P, and
Py P, of I(0) are parallel if and only if there exists an element
0€GF(9)\\}0{ for which a® — a{) =g (aV) — a®), i=1,2,...,n —1.
Consequently the C-lines P, P, and P; P, are parallel if and only
if GF(g)\\}0{ contains an element ¢ for which x; — x,== o (v,—u,).
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The lines P, P, and P3P, of A, ,n are parallel if and only if there
exists an element o’ € GF (¢") \ }0{ such that x; —x,— o' (v, — x,)
and 27 —w3= o’ (# — x3). So these lines are parallel if and only
if GF (¢")\ {0} contains an element o' such that x; — x, = o' (¥, —=,)
and o'? = '. Consequently the lines P, P, and P; P, of A, 4 ave
parallel if and only if GF (¢)\ }0{ contains an element @' for which
@y — &y = Q' (0, — y)-

So we conclude that the C-lines P, P, and P; P, of I(C) are
parallel if and only if the corresponding lines of A, ¢» are parallel.

COROLLARIES : a) The points at infinity of the affine space
I(C) can be identified with the points at infinity (1,221, 0), x €
€ GF (¢") \}0}, of the affine plane A, n.

b) If P, o is the projective plane defined over GF (¢?), then
the ¢* + ¢+ 1 points (z, 2%, a) (x€ GF(¢*),a€}0,1}), a and « not
both zero) constitute a Baer subplane [1] of Py 4.

¢) If A,,n=3, is a finite n-dimensional affine space then
there always exists a finite Desarguesian affine plane A, satisfying
the following conditions

1° the pointset of A, is a subset of the pointset of A4,;

2° the intersection of a line of A, and the pointset of 4, is
a line of 4,, a point or the void set;

3% every line of A, is subset of a line of 4,;

49 two lines of A, are parallel if and only if the correspon.
ding lines of A, are parallel.

5. k-arcs and k-caps.

A F-are (resp. k-cap) of A 4(resp. A, 4,n> 2) is a set of
points of A, 4(resp. 4, 4), no three of which are collinear.

The caps of the affine space 4, =1I(0) (n > 2) evidently are
the intersections of ¢ with the arcs of the affine plane A4, 4.

Three distinct points P, (v, , al), P, (@,, 2), Py(ag, #3) of the
curve C are not collinear if and only if

z, of 1
3) x, «f 1|==0.

g
s w3 1
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Since
z *l 1 1 (¢, —ax)~1 0
x, x 1|= (0, —xg)(Xg—25) |1 (2, — 25)071 0| =
vy g 1 xg  xd 1

= (#y — @3) (B, — w3) (g — )27 — (w0, — @3)1~7)

and since x, @, , ¥; are distinct elements of GF (¢"), (3) is equival‘enb to

@L:@Y*¢L

So we conclude that P,, P,, P; are not collinear if and only if

x, — X N
2— %& GF (9= GF (¢").
Consequently the determination of the k-caps (k-arcs when n = 2)
of 4, 4 (n=2) is -equivalent to the determination of the sets
S, 4y y o0y iy 4, € GF (¢*), with
i — & )
ot 0T @ GF (g,
M 4,4, 1€31,2, ..., k{ and 4,4, 1 distinct.
Other interpretation : the determination of the k-caps (k-ares
when n =2) of A, 4(n=>2) is equivalent to the determination of
the pointsets }Q,, @y, ..., @it of the affine line A; 42, for which

Qt’ Ql
Qi &

¥ 4,7, LESL, 2,0, K} and 4,j,1 distinct.

¢ GF (9)= GF ("),

REMARK : If ¢ —3 then the three distinct points P, (x,, #3),

P, (2, , @3), Py (¥5,43) of the curve C of the plane A gn(n>2) are
not collinear if and only if

x—
Xy —

4) 2¢40,1, — 1t
3
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Since @, , x,, x; are distinct elements of GF (3"),(4) is equivalent to

el SR

So we conclude that P, P,, P; are not collinear if and only if

@y + 2y + a3 5= 0.
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