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1. Introduction

Let .#(C) be the set of all non-constant meromorphic functions in C,
whereas &(C) denotes the set of all non-constant entire functions. On the
other hand we denote by .#7(C) and &7 (C) the set of all transcendental mero-
morphic and entire functions respectively. Let f € .#(C) and a € .#(C)uUC
such that f Z a. We denote by n(¢,a; f) = n(t,0; f —a) the number of roots of
the equation f(z) —a(z) = 0 in |z| < ¢, multiple roots being counted multiplely
and by 7(t,a; f) the number of distinct roots of f(z) —a(z) = 0 in |2| < t.
Correspondingly we define

T

N(r,a; f) = / n(t,a; f) ;n(O,a;f)dt +n(0,a; f)logr,
0
N(r,a; f) = /ﬁ(t,a; /) ;ﬁ((),a;f) dt +m(0,a; f) logr.

0

Also we use the standard notations of Nevanlinna’s value distribution theory
such as N(r, f), m(r, f), T(r,f), ... (see, e.g., [3, 11]). By S(r, f) we denote
any quantity that satisfies the condition S(r, f) = o(T(r, f)) as r — oo possibly
outside of an exceptional set of finite linear measure. A meromorphic function
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a is said to be a small function of f if T'(r,a) = S(r, f). We denote by .7(f)
the set of all small functions of f. Also we use p(f) and p2(f) to denote the
order and hyper-order of a meromorphic function f respectively.

By a differential polynomial P;(z, f) in f of degree d, we mean it is a poly-
nomial in f and its derivatives with a total degree d and small functions of f as
the coefficients. Note that Py(z, f) is said to be an algebraic differential polyno-
mial if the coefficients are polynomials. By a differential-difference polynomial
Py(z, f) in f of degree d, we mean it is a polynomial in f, f(z + ¢) and their
derivatives with a total degree d and small functions of f as the coefficients.

It is difficult to prove the existence of solutions of a given differential equa-
tion and it is also interesting to find out the solutions if the solutions exist.

A special type of nonlinear differential equation f™ + Py(z, f) = h, where
h € #(C)UC and Py(z, f) is a differential polynomial in f of degree d, has
become a matter of increasing interest among the researchers.

It is easy to verify that f(z) = sin z is a solution of the differential equation
4f3(2)+3f"(z) = —sin3z. In [4], it was proved that fa(z) = 7@ cosz—3sinz
is also a solution of this equation. In 2004, Yang and Li [10] proved that
this equation admits exactly three entire solutions namely f1(2), f2(z) and

f3(2) = @ coS 2z — %Sin z. Since —sin3z is a linear combination of ™% and
e~ % 50 it is interesting to find out all entire solutions of the following general
equation

f™(2) + Pa(z, f) = p1e** + pae™, (1.1)

where p1,p2, A € C\ {0} and d <n — 1.
In this direction, Yang and Li [10] obtained the following result.

THEOREM 1.1 ([10]). Let Py(z, f) be a differential polynomial such that d <
n—3, wheren >3, b€ L(f) and A\, p1,p2 € C\{0}. Then there does not exist
[ € ér(C) such that f(z) + Pa(z, f) = b(z) (p1e** + pae™?).

In 2006, Li and Yang [7] further generalized Theorem A and obtained the
following result.

THEOREM 1.2 ([7]). Let Py(z, f) be an algebraic differential polynomial such
that d < n — 3, where n > 4. Let p1, p2 be non-zero polynomials, oy, s €
C\ {0} such that ¢t & Q. Then there does not exist f € &r(C) such that
f™(2) + Pa(z, f) = pi1(2)e™* + pa(z)e2*.

In 2011, Li [6] derived the possible forms of the solutions of the equa-
tion (1.1) when d < n — 2 and obtained the following result.

THEOREM 1.3 ([6]). Let Py(z, f) be a differential polynomial such that d < n—2,
where n > 2 and p1,pa2,ar,az € C\ {0} with a1 # . If f € #r(C) is a
solution of the equation f™(2)+ Py(z, ) = p1e*% 4+ pae®2? satisfying N(r, ) =
S(r, f), then one of the following holds
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(i) f(z) =co(z) + cle%'z, where cg € L(f) and ¢} = p1;
(ii) f(2) = co(2) + cae 2, where ¢y € . (f) and ¢ = po;
(iii) f(z) = clewE + cze%z, where a1 +az =0 and ¢! =p;, i =1,2.

In 2013, Liao, Yang and Zhang [8] further extended and improved the above
results by giving the following result.

THEOREM 1.4 ([8]). Let Py(z, f) be a differential polynomial with rational func-
tions as its coefficients. Let py,pa(Z 0) be rational functions, a1, as be poly-
nomials and n > 3. If d < n—2, then the differential equation f™+ Py(z, f) =
p1e® +pae®? admits a solution f € #(C) with finitely many poles and % € Q.
2
Furthermore only one of the following four cases holds:
o . . . .
(1) f = qe? and a—; = 1, where q(# 0) is a rational function and p is a
polynomial with np’ = o) = ab;
(2) f = qeP and either % =% or z—i = %, where q(# 0) is a rational
function, k € N with 1 < k < d and p is a polynomial with np’ = af or
/ /
np = ab;

(3) [ satisfies one of the differential equations (1) f' =

(mdi—i ==L and (2) f/zi(%i-&-a'l)f-ﬁ-lﬂ and %
is a rational function;

(Z+ap)f+w
= - where ¢

n—1’

[20 51—

o~

(4) [ =meP +y0e7 P and % = —1, where v1, v2(# 0) are rational functions
and By s a polynomial with nf] = o or nf] = of.

Now it is interesting to find out all the meromorphic solutions of the fol-
lowing nonlinear differential-difference equation:

Fr(2)f(z+0) + Pa(z, f) = pr(2)e™ ) + pa(2)e™), (1.2)

where ¢ € C\ {0}, Py(z, f) is a differential-difference polynomial with small
functions of f as its coefficients, p1, p2(# 0) are rational functions and i, as
are non-constant polynomials.

The objective of the paper is threefold. Our first objective is to find out the
possible solution of the nonlinear differential-difference equation given by (1.2),
when the right side of the equation (1.2) contains only one term. Now we state
one of our main results.

THEOREM 1.5. Let ¢ € C\ {0} and Py(z, f) be a differential-difference polyno-
mial with small functions of f as its coefficients and n > d + 2. Let p( 0)
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be a rational function and o be a non-constant polynomial. If f € 4 (C) is a
solution of the equation

FH(2)f(z + ¢) + Pa(z, f) = p(z)e*®) (1.3)

satisfying p2(f) < 1 and N(r, f) = O(logr), then Py(z, f) = 0 and f = qe?,
where q(Z 0) is a rational function and p is a non-constant polynomial such
that ¢"(2)q(z + ¢) = p(z) and np'(2) + p'(z + ¢) = &/(2).

Let us take f2(2)f(z + ¢) + Py(z, f) = p(2)e®®), where

Pae f) = —2f/(2) - 1,

2
p(z) = —%, a(z) = 3z and ¢ € C\ {0} such that e = —1. Here n = 2 and
d = 1. Clearly f(z) = e*+1 is a solution of the given equation and so the given
equation admits a solution which is not of the form f = geP, where ¢(# 0) is a
rational function and p is a non-constant polynomial.

Our second objective is to find out the possible forms of meromorphic solu-
tions of the differential-difference equation (1.2), when pq, p2(# 0) are rational
functions and «;, ao are non-constant polynomials. In this regard, we obtain
the following result.

THEOREM 1.6. Let ¢ € C\ {0} and Pi(z, f) be a differential-difference poly-
nomial with small functions of f as its coefficients and n > d + 3. Suppose
p1,p2(# 0) are rational functions and oy, as are non-constant polynomials.
If f € #(C) is a solution of the equation (1.2) satisfying p2(f) < 1 and
N(r, f) = O(logr), then one of the following cases holds:

(1) f = qeP, where q(# 0) is a rational function and p is a non-constant
polynomial such that ¢"(2)q(z + ¢) = bip1(2) + p2(z), where by € C and
np'(2) +p'(z +¢) = a1 (2) = a5(2).

(2) f = qeP, where q(# 0) is a rational function and p is a non-constant
polynomial such that either q"(2)q(z+c¢) = p1(z) and np/(2) +p'(z+¢) =
o (2) or q"(2)q(z + ¢) = p2(z) and np'(z) + p'(z + ¢) = a5(2).

Let us take f2(2)f(z +¢) 4+ Pa(z, f) = p1(2)e®**) 4 py(2)e®2(*) | where
Pa(z, f) = =if(z + ¢), p1(z) = p2(2) =i, an(2) = 32, az(z) = -3z

and ¢ € C\ {0} such that e® =i. Here n = 2 and d = 1. Clearly f(z) = e*4+e~*
is a solution of the given equation and so the given equation admits a solution
which is not of the form f = geP, where ¢(# 0) is a rational function and p is
a non-constant polynomial.
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REMARK 1.7. In Theorem 1.6 we study the existence of meromorphic solutions
of equation (1.2) having finitely many poles. Now our next purpose is to study
the existence of meromorphic solutions of equation (1.2) satisfying N(r, f) =
S(r, f)-
For further study, it is quite natural to ask the following question.
Question 1. How to find the solutions of the equation (1.2) under the
conditionn >d+17?

DEFINITION 1.8. Let f, g € #(C) and a € L (f) NS (g). Denote by Ng(r,a)
the counting function of all common zeros of f —a and g — a with the same
multiplicities. If N(r,a; f) + N(r,a;9) — 2Ng(r,a) = S(r, f), then we say f
and g share a CM,.

Our third objective for writing this paper is to find out the possible answer
to the above question. In the paper we have been able to solve Question 1 at
the cost of considering the fact that f(z) and f(z+ c¢) share 0 CM,. and obtain
the following result.

THEOREM 1.9. Let ¢ € C\ {0} and Pi(z, f) be a differential-difference poly-
nomial with small functions of f as its coefficients and n > d + 1. Suppose
p1,p2(Z£ 0) are rational functions and oy, ay are non-constant polynomials. If
f e #(C) is a solution of the equation (1.2)

such that p2(f) < 1, N(r, f) = S(r, ) and f(2), f(z+¢) share 0 CM,, then
one of the following cases holds:

(1) f=qenit, g e F(f)\{0} such that ¢"(2)q(z+c)e™> w12 = copa(2),
where e*1~*2 € L(f), cog € C\ {0};

(2) f= qenaTll, q € Z(f)\{0} such that q"(z)q(z+c)ea1(z+rfjrzal(*z) =p(2)+
@(2)pa(2), where p = 2~ € F(f);

oy (zte)—aq (2)

(3) f=qentt, g€ S(f)\{0} such that ¢"(2)q(z +c)e =~ =pi(2)

and
ko —(n+1)ag

e~ nit € S (f), where k € {0,1,2,...,d};

(4) f = wen T — vy, where ui, v € Z(f) \ {0} such that u}(z)ui(z +
C)eial(ztfﬁalw =p1(2), ui T (2)vi (2 +¢) =p1(2)v1(2) and ener—(Fhaz ¢

L (f);

(5) f = 617 + d2¢77, where e*r T2 € L(f), 61,62 € L(f) \ {0} and
s a non-constant polynomial such that either e"tDrtar ¢ L(f) or
e(nthrtes ¢ 2(f).

From Theorems 1.5, 1.6 and 1.9, we have the following corollary.
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COROLLARY 1.10. Fquations (1.2) and (1.3) do not have any solution f €
A (C) satisfying N(r, f) = O(logr) (S(r, f)), p(f) = +oo and p2(f) < 1.

The following example shows that conclusion (4) in Theorem 1.9 cannot be
removed.

EXAMPLE 1.11. Let us take f2(2)f(z+c)+Py(z, f) = p1(2)e®*®) 4+po(2)e®2 ),
where Py(z, f) = =5 f/(2) + 5=, p1(2) = p2(2) = 1, a1(z) = 3z, aa(z) :a12z and
¢ € C\ {0} such that e =1. Here n = 2 and d = 1. Clearly f = uje 1 — vy,

where u; = 1 and v; = % is a solution of the given equation. Note that
ap(z+e)—aq(z)

ult(2)ui(z + c)e MR p1(2), T (2)v1(z + ¢) = p1(2)v1(2) and f(2),
f(z + ¢) share 0 CM,.

The following example shows that conclusion (5) in Theorem 1.9 cannot be
removed.
EXAMPLE 1.12. Let us take f(2)f(z+4c)+ Pa(z, f) = p1(2)e®(3) 4-py(2)e2(2),
where Py(z,f) = 2, p1(z) = pa(2) = —1, a1(2) = 2z, as(z) = —2z and
¢ € C\ {0} such that e¢ = —1. Here n = 1 and d = 0. Clearly f = d1e¥ +dae™7
is a solution of the given equation, where d; = d2 = 1 and «y(z) = z. Note that
f(2) and f(z + c) share 0 CM, and e(*tD1(:)+e2(z) ¢ (),

2. Auxiliary lemmas

LEMMA 2.1 ([5]). Let f € A1 (C) be a solution of finite order p of the equation
H(z, f)P(z, f) = Q(z,f), where H(z,f),P(z, f) and Q(z, f) are difference
polynomials such that the total degree of H(z, f) in f and its shifts is n and
that the total degree of Q(z, f) is at most n. If H(z, f) just contains one term of
mazimal total degree, then m(r, P(z, f)) = O (r*='%¢) + S(r, f) holds possibly
outside of an exceptional set of finite logarithmic measure, where € > 0.

REMARK 2.2. Particularly, if H(z, f) = f™(z), then a similar conclusion holds
when P(z, f) and Q(z, f) are differential-difference polynomials in f.

LEMMA 2.3 ([1)). Let f € 1 (C) and f"(2)P(z, f) = Q(z, f), where P(z, f)
and Q(z, f) are polynomials in [ and its derivatives with meromorphic coef-
ficients, say {ax(z) |A € I} such that m(r,ax) = S(r, f) for all A € I. If the
total degree of Q(z, f) as a polynomial in f and its derivatives is less than or
equal to n, then m(r, P(z, f)) = S(r, f).

LEmMA 2.4 ([3]). Let f € #(C) and a; € L(f), i = 1,2. Then T(r, f) <
N(r, f)+ N(r,a1; f) + N(r,aq; f) + S(r, f).

LEMMA 2.5 ([2]). Let c € C\ {0}, € > 0 and f € #(C) such that p2(f) < 1.

Then
(1289 o 1) <o 1AL
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outside of an exceptional set of finite logarithmic measure.

LEMMA 2.6 ([9]). Let f € A1 (C) such that p2(f) <1 and ¢ € C\ {0}. Then
T(r, f(z+¢)) =T(r, f) + 50, f) and N(r, f(z +¢)) = N(r, f) + 5(r, f).

LEMMA 2.7. Let ¢ € C\ {0} and Py(z, f) be a differential-difference polynomial
with small functions of f as its coefficients and d < n— 1. Suppose p1,p2(Z 0)
are rational functions and a1, as are non-constant polynomials. If f € 4 (C) is
a solution of (1.2) satisfying p2(f) < 1 and N(r, f) = S(r, f), then f € 47(C)
and p(f) < +oo.

Proof. Let f € #(C) be a solution of the equation (1.2). We claim that f €
M7 (C). If not, suppose f is a rational function. In this case p;e®* +pye®? must
be a rational function, say R;(# 0) and so —pe®! = poe®? — Ry. Consequently
p2e®? — Ry has finitely many zeros and so by Lemma 2.4 we get

T(r,pae®?) < N(r,p2e®) + N(r,0; p2e®*) + N(r, R1; p2e®?) + S(r, p2e®)
= S(Tap26a2)7

which is impossible. Hence f € .#1(C). Note that
Py(z,f) =Y bu(2)Gu(2, ),
m

where b, € (f) and

= (FEN S P (PR (fz +e)® (f (2 4+ ) ... (fP (= + )%,

k k
Do Py Py dosdts- -+ € NU{0} such that - pf + 3" ¢} = p < d.
i=0 =0

Therefore we have

Palen£) = L bl S ), (2.1)

Now applying the lemma on the logarithmic derivative and Lemma 2.5 we
obtain

m(r, bu(2) Gulz, /) )
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Therefore (2.1) takes the form Py(z, f) = ca(2)f%(2) + ca_1(2) f 1 (2) +
..+ co(2), where ¢qg £ 0 and m(r,¢;) = S(r, f) for i = 0,1,2,...,d. Now by
mathematical induction we can prove that m(r, Py(z, f)) < d m(r, f)+S(r, f).
Note that f € #7(C) and N(r, f) = S(r,f). Then by Lemma 2.6 we get
N(r, f(z+¢)) = S(r, f). We know that N(r, f)) < (1 + §)N(r, f). Therefore

N(r,Gul(z, ) < (Si_o(+ )N ) + (Zh_o(1+3)d )N (r, f(2 +¢)) =
S(r, f). Since N(r,b,) = S(r, f) one can easily deduce that N(r, Pi(z, f)) =
S(r, f). Consequently

T(T7Pd(zaf)) :m(T,Pd(Z7f))+S(’I“,f) (2'2)
<dm(r,f)+S(r, f) =dT(r, f) + 5(r, f).
On the other hand from Lemma 2.5, we have
T(r, f"(2)f(z 4 ) = m(r, f"(2)f(z + ) + S(r, [)

< m(r, f*(=)) + m(r, f(ff))) LS )

=(n+1)T(rf)+S(rf).

Again from Lemma 2.5, we see that
(n+1) T(r, f) = m(r, f*) + S(r, f)
<m(r, f"(2)f(z+c)) + m(r,

<ST(r, f*(2)f(z+¢)) + 5(r, f).

Therefore T'(r, f"(2)f(z+¢)) = (n+1) T(r, f)+ S(r, f) and so from (2.2),
we get

T(r,p1e® + p2e®?) < T(r, f"(2)f(z +¢)) + T(r, Pa(z, f))
<(n+d+1)T(rf)+S(rf),

T(r,p1e® +p2e®?) > T(r, f"(2) f(z + ¢)) = T(r, Pa(2, [))
>(n—d+1)T(r, f)+S(r f).

Consequently (n —d + 1) T(r, f) + S(r, ) < T(r,p1e™ + p2e®2) < (n+
d+1) T(r, f) + S(r, f), which implies that p(f) < 4o00. This completes the
proof. O

From Lemma 2.7, we immediately have the following lemma.

LEMMA 2.8. Let ¢ € C\ {0} and Py(z, f) be a differential-difference polynomial
with small functions of f as its coefficients and d < n — 1. Suppose p(#£ 0)
is a rational function and « is a non-constant polynomial. If f € .#(C) is a
solution of (1.3) satisfying p2(f) < 1 and N(r, f) = S(r, f), then f € .47 (C)
and p(f) < +oo.
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LEMMA 2.9 ([6)). Let f € #7r(C) and q1,92,q93,a € L(f) such that q1qza %

0. If auf* + af f' +a3(f')* = a, then g3 (a3 —4q103) & + g2 (a3 — 4a193) —
/

a3 (45 — 4q1a3) + (45 — 4q143) ¢5 = 0.

LEMMA 2.10 ([3]). Let f € #(C). Suppose g(z) = f™(2) + Pn-1(2, f), where

P,_1(z, f) is a differential polynomial with small functions of f as its coeffi-

cients and N(r, f) + N (r, %) =S5(r,f). Then g= (f +7)", where y € L(f).

LEMMA 2.11. Let f € #(C). Suppose g(z) = f"1(2) + Po_1(2, f), where
P,_1(z, f) is a differential polynomial with small functions of f as its coeffi-
cients and N (r, f) + N (r, é) = S(r,f). Then g = ' and Py_y(z, f) = 0.

Proof. From Lemma 2.10 we get g = (f + 'y)"ﬂ, where v € Z(f). If possible,
suppose v # 0. Then we have (f(z) +7(2))" ™" = f1(2) + Po_1(z, f) and so
(n+1)v(2)f"(2) + Qn-1(2, f) = Po—1(z, f), where Q,—1(z, f) is a differential
polynomial with small functions of f as its coefficients. Therefore f?~1(2).(n+
Dy (2)f(2) = Poo1(z, f) — Qu-1(2, f) and so by Lemma 2.3 we conclude that
m(r, f) = S(r, f). Since N(r, f) = S(r, f), it follows that f € .#(r, f), which
is impossible. Hence v = 0. Consequently g = f**! and P,_1(z, f) = 0. O

3. Proofs of the theorems

Proof of Theorem 1.5. Let f € .#(C) be a solution of the equation (1.3). Then
by Lemma 2.8 we conclude that f € .#r(C) and p(f) < +o00. Now differenti-
ating (1.3) once we get

SN (nf'(2) f(z+ o) + f(2)f (2 +¢) + Py(f(2))
= (p(2)a’ () + P (2))e*®), (3.1)

where Py(f(2)) = Pa(z, f).
We claim that pa’ + p’ #Z 0. If not, suppose pa’ + p' = 0. On integration

we get e® = 22, where ag € C\ {0}, which is impossible. Now eliminating e

from (1.3) and (3.1) we get
1@ () (nf' () f(z +0) + f(2) f' (2 +¢))
= (p(2) (2) +1'(2)) f(2) f (2 + )
= (p(2)e/(2) + p'(2)) Pua(f(2)) = p(2)P4(f(2))-  (3.2)
Suppose p(2) (nf'(2) f(z+¢) + f(2)f'(z+0)) = (p(2)0 (2) + D' (2)) f(2) f(z+
¢) # 0. Then by Lemma 2.1 we get
m(r,p(z) (nf'(2)f(z +¢) + f(2)f'(2 +¢))
— (p(2)d/ (2) + 7' (2)) f(2) f(z +¢)) = O (r"1°) + S(r, f)  (3.3)
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and

m(r,p(2) (nf(2) f () (= + ©) + [ (2)f (2 + €))
= ((2)d/ (2) +9(2) fA(2) f(z +¢)) = O (r"7175) + S(r, f). (34)
Since N(r, f) = O(logr), from (3.3) and (3.4) we have

<T(r,p(2) (nf(2) ' (2)f(z + ) + [2(2) ' (2 + ©))
— (p(2)d/ (2 ) (Z)) 2(2)f(z+0)

+ T (r,p(z) (2)f(z +
= (p(2)d (2 ) P'(2)) f(z

which is impossible. Therefore

p(z) (nf'(2)f(z + 0) + f(2)f'(z + ¢) = (p(2)e(2) +P'(2)) f(2) f(z +¢) =0

and so on integration we get

F™(2)f(z + ¢) = arp(2)e™, (3.5)

where a; € C\{0}. Now from (1.3) we have (1— ail)f"(z)f(z—ﬁ-c) = —Py(z, f).
If a; # 1, then by Lemma 2.1 we get m(r, f(z+c)) = O(r*=*7¢)+5(r, f). Since
N(r,(z +c)) = O(logr), we have T(r, f(z + ¢)) = O(r*='¢) + S(r, f), which
is impossible. Hence a; = 1 and so Py(z, f) = 0. Also from (3.5) we deduce
that N(r,0; f) = O(logr) and so we let f = geP, where ¢(# 0) is a rational
function and p is a non-constant polynomial such that ¢"(2)q(z+¢) = p(z) and
np'(2) + p'(z + ¢) = &/(z). This completes the proof. O

o)+ f(2)f'(z+¢))
)f(z+¢) =0 (r*7179) + 50, f),

Proof of Theorem 1.6. Let f € .# (C) be a solution of the equation (1.2). Then
by Lemma 2.7 we conclude that f € .#7(C) and p(f) < +oo. Differentiating
(1.2) once we get
"R (nf' () f (2 + 0) + f(2) f (2 + €)) + Py(f(2))
= (p1a} +p1)e™ + (p20y +ph)e™ . (3.6)

Now eliminating e*? from (1.2) and (3.6) we get
@) (p2(2) (nf'(2) f (2 + €) + F(2) (2 + ©))
= (p2(2)25(2) + p5(2)) f(2) f (2 + €))
+p2(2) Pi(f(2)) = (p2(2)aa(2) +p5(2)) Pa(f(2)) = A(z)e &), (3.7)

where

A(2) = p2(2)(p1(2)a1 (2) + P1(2)) — p1(2) (p2(2) 2 (2) + p5(2)).-
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First we suppose A = 0. Then o — o} = P2 _ 25 oand so oy = afy. Now

p2 P1
from (3.7) we get

N2 (p2(2) (nf'(2) f (zH0)+ £ (2) f/(24¢)) — (p2(2) b (2)+P5(2)) £ (2) f (z4¢))
= (p2(2)ay(2) + p5(2)) Pa(f(2)) — p2(2) Py(f(2)). (3.8)

Then proceeding in the same way as done in the proof of Theorem 1.5, one
can easily conclude that f = geP, where ¢(# 0) is a rational function and p is a
non-constant polynomial such that ¢" (2)g(z+c¢) = pa2(z) and np’(2)+p'(z4c¢) =

ay(z) = ay(2).
Next we suppose A # 0. Now differentiating (3.7) once we get

() ((n—l)npz( )(f'(2)*f (= + )+2np2(2)f(z "(2)f'(z+¢)

—npa(2)ay(2) f(2) [/ (2)f (= +
+pa(2) f2(2) " (2 + ) — (pz(z) 5(2 )+p2(2)
—pa(2)ay(2) f2(2) f' (2 + €)) + Qul

where

Qa(f(2)) = p2(2) Py(f(2)) — (p2(2)ay(2) + p5(2)) Pu(f(2))- (3.10)
Eliminating e from (3.7) and (3.9) we get

2 (2)e(z) = A(2)Qu(f(2) — (A'(2) + A(2)0n(2))Qa(f (7)), (3.11)

where

p(2) =hi(2)(f'(2))*f (2 + ©) + ha(2) f(2) ' (2) f (2 + ¢)
)f

(

T ha(2) ()] ()2 + )+ hal2) F)F ()2 + )

+hs(2) f2(2) f" (2 + ¢) + he(2) f2(2) f (2 + ©)

+ he(2) f2(2) f (2 + ¢), (3.12)
hi(z) = n(n—1)pa(2)A(2)

ho(z) = —2npa(2)A(2)

hs(z) = npa(2) ((A(2)ay(2) + A'(2)) + a5(2) A(2))

and ha(z) = —npa(2)A(2)
hs(z) = —pa(2)A(2) )
he(z) = (p2(2)as(2) +pa(2)) A(2)
— (A(2)a (2) + A(2)) (p2(2)ab(2) + ph(2))

he(z) = pa(z) (A(2)()(2) — a5(2)) + A'(2)) .
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If ¢ # 0, then by Lemma 2.1 we get

{ m(r,p) =0 (T"_H‘E) +S(r, f)

(3.13)
m(r, f) =0 (r”‘l+5) + S(r, f)-

Since N(r, f) = O(logr), from (3.13) we get T'(r, f) < T(r,p) + T(r, fo) =
O (r*=*€) + S(r, f), which is impossible. Hence ¢ = 0 and so from (3.11) we
have

AQ, = (A + Ad))Qq. (3.14)

Suppose Qg = 0. Then from (3.10) we have
p2Py = (p20y + p5) Pa. (3.15)
If P; =0, then from (1.2) we get

FH(2)f(z + ) = pr(2)e™ @) 4 py(2)e>) (3.16)
= ) (py ()6 (=2 ) 4 py(2)).

We claim that a; — ag € C. If not, suppose a; — ag ¢ C. Since N(r, f) =
O(logr), from (3.16) we get N(r, 0; prer—az —&—pg) < %N(r, 0; pre®r—az —|—p2) +
O(logr). Now by Lemma 2.4 we get

T(r,e** =) =T(r,pre®~**) + S(r,e* =)
< N(r,05p1e® 7%2) + N (r, 005 pre® ~2)
£ (r, o pre™ ) + S (r, e )

IN

%N(r, 0;p1e™ 7% +po) + S (r, e 72)

< %T(r, eal*az) + S(r, eal*o‘z),

which is impossible. Hence ay — as € C and so we let e** = b1e®2, where
by € C\ {0}. Therefore from (3.16), we have f"(z)f(z +¢) = (bip1(z) +
pg(z))e"‘z(z). This shows that f has finitely many zeros. In this case one
can easily conclude that f = geP, where ¢(Z 0) is a rational function and p
is a non-constant polynomial such that ¢"(2)q(z + ¢) = bip1(z) + p2(2) and
np'(z) +p'(z + ¢) = o) (2) = a4(2).

If P; # 0, then from (3.15) we have % = + %2 Op integration, we get

P2
P = bopae®?, where by € C\ {0} and so from (1.2) we get

1

F' @G+ + (1= ) Palf(2) = pr(z)e™ ).
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Now by Theorem 1.5, we conclude that f = geP, where g(# 0) is a rational
function and p is a non-constant polynomial such that ¢"(z)q(z + ¢) = p1(2)
and np'(z) + p'(z + ¢) = o} (2).

Suppose Qg # 0. Then from (3.14) we have Qu = Aj/ + o). On integration

Qa

we get Qg = bgAe™, where by € C\ {0} and so from (3.7) we have

N P2 (0 (2 + )+ F)f (2 4 6)) — (pa()ab(2)
FRE) G +0) = (1- )@ (317)

3

Let

p1(2) = p2(2) (nf'(2) f(z + ) + f(2)f' (2 + )
= (p2(2)as(2) + pa(2)) f(2)f (2 + ).

If b3 = 1, then from (3.17) we get

p2(2) (nf'(2) f(z + ) + f(2)f (2 + )
— (p2(2)ah(2) + p5(2)) f(2) f(z +¢) =0

and so on integration we have f™(2)f(z+4c) = bapa(2)e®2(*), where by € C\{0}.
Now by Theorem 1.5, we conclude that f = geP, where ¢(# 0) is a rational
function and p is a non-constant polynomial such that ¢"(z)g(z + ¢) = pa(2)
and np'(z) + p'(z + ¢) = ah(2).

If b3 # 1, then from Lemma 2.1 and (3.17) we get m(r, 1) = O(r’~17¢) +
S(r, f) and m(r, o1 f) = O(TP’HE) + S(r, f). Since N(r,00; f) = O(logr) we
get T(r, 1) = O(r*=1) + S(r, f) and T(r, 1 f) = O(r’~1¢) + S(r, f). Note
that

T(r, f) <T(r,o1f)+T(r, é)w(r"*”e)%(n [ =0(@""5)+S(r, f),

which is impossible. This completes the proof. O

Let k € N and a € CU {oo}. We use the notation N(;41(r,a; f) to denote
the counting function of a-points of f with multiplicity greater than k. Also
N (k41(r, a; f) is the reduced counting function.

Proof of Theorem 1.9. Let f € .#(C) be a solution of (1.2). Now using Lem-
ma 2.7 we conclude that f € .#7(C) and p(f) < +oo. We have N(r, f) =
S(r, f) and so from Lemma 2.6 we get N(r, f(z+¢)) = S(r, f). Since f(z) and

f(z + c) share 0 CM,, we have N (r, fgf(':)c)) = S(r, f). Also by Lemma 2.5 we
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get m(r, fgf(j)c)) = S(r, f). Consequently f(fz(j)c) € Z(f) and so f(z +¢) =
¢(2)f(z), where ¢ € Z(f). Therefore (1.2) reduces to

4 Qu = p3e™ + pae®?, (3.18)

where Qq(f) (d < n —1) is a differential polynomial with small functions of f
as its coefficients,

_ p1(2) 4! z) f(2)

i) = 28 = 2 ¢ ) (3.19)
and paz) = 28 = 2T ¢

Now differentiating both sides of (3.18) once we get
(n+1)f"f" +Qq = (psay +p3)e™ + (pacy + piy)e™. (3.20)
Eliminating e®? from (3.18) and (3.20) we get
F((n+ Dpaf' — (pacy + pl) f) +paQly — (pacy, + ply) Qa = Are®',  (3.21)

where A1 = py(psa + ph) — p3(pacy + ply). Again eliminating e* from (3.18)
and (3.20) we get

I ((n+Dpsf’ — (psal + p) f) + psQl — (p3a + py) Qa = —Are®?. (3.22)

First we suppose A; = 0. Then we have of —af = % - Z—é and so e 72 €
Z(f). Now from (3.21) we get

S ((n+ D)paf — (paciy +py) f) = (pacy + ply) Qa — pa@y- (3.23)

If (n+4 Dpaf — (pach, +ply)f # 0, then from Lemma 2.3 we get

{ m(r, (n+ 1)paf’ — (pacy +py) f) = S(r, f)
m(r, (n+ Dpaff' — (pacty + p}) f?) = S(r, f).

Since N(r, f) = S(r, f), from (3.24) we get f € #(r, f), which is impossible.
Therefore (n + 1)paf’ — (psch + pi)f = 0 and so f*t! = cypse®?, where
c1 € C\ {0}. Therefore we let f = ge+1, where q € Z(f) \ {0} such that
L)L+ 0) = copa(2)f(2), ey ¢ (2a(z4c)e T HT = copa(z), where
coeC \ {0}

Next we suppose A; £ 0. Now differentiating (3.21) once we get

(3.24)

P = (pacdy +14) f2 = (n+ D)pacdy f f
+n(n+Dpa(f)? + (n+ Dpaf ") + Ry = (A} + Arof)e™,  (3.25)
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where
Ra = paQy — (pacty + pl)) Q. (3.26)
Eliminating e** from (3.21) and (3.25) we get

P (hor f2 + hoo f f/ + hos(f')* + hoa f f") = R, (3.27)
where
R, = (Al+Aio))Rq— A1R)
hot = (pacth +pi) (A} + Ara}) — A (pacty + )’
hoa = —(n+1)(a) + ab)psds — (n+ 1)psA] (3.28)
hog = ’fl(’fl + 1)p4A1 3_'5 0
h24 = (TL + 1)p4A1 ;t'L 0.

Clearly hoj € 7(f) for j =1,2,3,4.

Suppose hs; = 0. Then we have M _ A = «o}. On integration we
pacy+ph Ay
get paah,+ply = caAre®t, co € C\{0} and so A1e®* € .Z(f). Then from (3.21),

we have

S ((n 4+ Dpaf’ — (pacy + pl) f) = (pacty + py) Qa — paQyy + Are®*. (3.29)

In this case also, we conclude that f = qe%, where ¢ € . f) \ {0} such that
g (z4e)—ag(2)

q"(z)q(z +c)e” T = cop2(z), where ¢y € C\ {0}.
Suppose ho; # 0. Let

hot f2 + hoa [ ' + has(f')* + haa f [ = a. (3.30)

Now we consider the following two cases.
Case 1. Suppose a = 0. Then from (3.30), we have

—ho1f% = hoof f' + has(f')? + haaf £/ (3.31)

Let z; be a zero of f of multiplicity {; such that hg;(z1) # 0,00 for i =
1,2,3,4. Clearly z is a zero of multiplicity 2I; of the left hand side of (3.31)
and a zero of multiplicity 2/; — 2 of the right hand side of (3.31). Therefore
we arrive at a contradiction from (3.31). Now from (3.31) we deduce that
N(r,0; f) = S(r, f). Since a = 0, from (3.27) and (3.28) we get

R; =0, ie, (A]+ Ai1d))Rs= ALR). (3.32)
First we suppose Ry = 0. Then from (3.26) we have

(pacty + py) Qa = paQy- (3.33)
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Suppose Qg = 0. Then from (3.18) and (3.21) we have respectively
fn-'rl :pseCh +p4€a2 and fn((n+ 1)p4f/ _ (p4a/2 _i'_pil)f) = Aleal. (334)

Clearly (3.34) gives (n+1)p4f7l—(p4a’2 +p)) = A fe:il and so m(r, fe:il) =
S(r, f). Since N(r,0; f) = S(r, f) we have % € .Z(f) and so Il e Z(f)-

e*1
Again from (3.34) we have f:Ttl p3 + pae®2~* and so e*2~ Y € L(f). Let

e = ¢1e®, where ¢ € (f). Then from (3.34) we get f”‘|r1 = e,

where ¢o = p3 + ¢1ps € Z(f). In this case also we get f = qen+1, where
g € Z(f) \ {0} such that ¢"*!(2)f(z + ) = (p1(2) + @(2)p2(2)) f(2), ie.,

0"(2)alz + )T = pi(2) + p(2)pa(2), where p = ez,

Suppose Qg # 0. Then (3.33) gives Q—Z = of + pj. On integration we
get Qg = c3pse®?, where c3 € C\ {0} and so from (3.18) we get f"** + (1 —
é)Qd = p3e®. If c3 # 1, then by Lemma 2.11 we have f"*! = pse® and
Q4 = 0. Therefore we get a contradiction since Qg #Z 0. Hence ¢3 = 1 and so
frtl = p3e® and Qg = pse®? # 0. In this case also, we have f = qe"(%, where

a1 (zte)—ay (2)

q € Z(f)\ {0} such that ¢"(2)q(z +c)e 1 = p1(z). Now substituting
f = qen T into Qu(f(2)) = pa(2)e”2) we get

3 as(2)e = py(2)e™ ), (3.35)

where agr, € L(f) (k =0,1,...,d). Since T(r, ) = T(r,e"aTll) + S(r, f), it

follows that aqr € Y(G:TII) (k =0,1,...,d) and so ag; € y(e%) (k =
0,1,...,d), where k € {1,2,...,d}. Since py £ 0, from (3.35) we conclude
that there exists at least one value of k € {0,1,...,d} such that as, #Z 0. We
now claim that there exists exactly one value of k € {0,1,...,d} such that
asky Z 0. If d = 0, then our claim is true. Next we suppose that d > 1. If
possible suppose that there exist at least two values of k € {0,1,...,d} such
that agx, # 0. For the sake of simplicity we may assume that agy Z 0 and
asq Z 0. Clearly

d
T(r, azke%) = dT(r,en?1) + S(r,ent1). (3.36)
k=1

Also from (3.35) we have

(r, *azoazazke = N(r,0;ps) < S(r,ent1). (3.37)
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Now from Lemma 2.4, (3.36) and (3.37) we get

d d
ko ko

dT(r,ent1) <N(r,0;>  asren ) + N(r, > azrer)
k=1 k=1

d
+ N (r, —ago; Z agre™ 1) + S(r, entt )
k=1

d—1

< T(T,Zagke%) JrS(T,en%ll)
k=0

=(d-1) T(r,ef%ll) + S(r,enaTll),

which is impossible. Therefore there exists exactly one value of k € {0,1,...,d}

such that agr, # 0 and so from (3.35), we conclude that there must exist exactly
one value of k € {0,1,2,...,d} such that e% e Z(f).

Next we suppose Ry #Z 0. Then (3.32) gives % = ;‘—i + o} and so
Ry = cqAre™, where ¢s € C\ {0}. Also from (3.21) we get f"((n + 1)psf’ —
(pacy +p4)f) = (& — 1) Ra-

Let ¢3 = (n+ D)paf’ — (pach + ply) f. If ¢4 # 1, then by Lemma 2.3 we
have m(r,¢3) = S(r, f) and m(r,¢sf) = S(r, f). Since N(r, f) = S(r, f), it
follows that ¢35 € Z(f) and ¢s3f € Z(f). Note that T'(r, f) < T(r,¢sf) +
T(r, é) + S(r, f) = S(r, f), which is impossible. Hence ¢4 = 1 and so ¢3 = 0.
Then we have (n + 1)f7/ = % + ag and so f"T! = cspse®?, where ¢z € C\ {0}.
If ¢s # 1, then from (3.18) we have (1 — é)f""‘1 + Qq = p3e*t. Now by
Lemma 2.11 we conclude that Q45 = 0 and so Ry = 0, which contradicts the
fact that Ry #Z 0. Hence c; = 1 and so f*™! = pse®2. Also from (3.18) we
have Qg = pze®'. In this case, we have f = qe%, where ¢ € .7(f) \ {0}
such that ¢"(z)q(z +c)ew = pa2(z). Also there must exist exactly one

kag—(n+l)ag

ke€{0,1,2,...,d} such that e~ »+1 e L(f).
Case 2. Suppose a # 0. Then Lemma 2.3 gives a € .(f). Also from
(3.30) we have

1 hoy  haof' | hos (N7 haa f"
_ha  hnf | e (f> CTY (3.38)

2 a " af ' a \f a f°

Therefore from (3.38) we deduce that m(r,#) = S(r, f), ie., m(r,%) =
S(r, f). Consequently T'(r, f) = N(r,0; f) + S(r, f). This shows that f has
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infinitely many zeros. Let zo be a multiple zero of f such that hg;(22) # 0,00
for i = 1,2,...,4. Then from (3.30) we conclude that z5 is also a zero of a.
Therefore Ny(r,0; f) < T(r,a) = S(r, f), i.e., No(r,0;f) = S(r, f). Con-
sequently f has infinitely many simple zeros. Differentiating (3.30) once we
have

a' =Ry f? + (2hor + Way) ' + (haz + hiys) (f)? + (haz + hiy) f "
+ (2hos + hoa) f' f" + hoaf [, (3.39)

Now from (3.30) and (3.39) we get

(ahh, — a'ha1) 2 + (2aha1 + ahlby — a’hao) f f
+ (ahga + ahbs — a'has)(f')? + (ahgy + ahlyy — a'haa) f [
+ 0,(2h23 + h24)f/f/l + G;h24ffm =0. (340)

Let z3 be a simple zero of f which is not a zero or pole of the coefficients in
(3.40). Now from (3.40) we see that z3 is also a zero of (2ahas + ahayg)f” —
(a/h23 — ah22 — ah’23) f/. Let
o= (20]123 =+ ah24)fl/ — (a/h23 — ahog — ah'23) f/. (341)
f
Since N(r, f) + N2(r,0; f) = S(r, f), from (3.41) we see that N(r,a) =
S(r, f). Since m(r,a) = S(r, f), we get a € Z(f). Therefore from (3.41) we
have

/ /
17 a h23 — ah22 — ah23 ’ «
= . 3.42
f 2ah23 + ah24 2ah23 + ah24 f ( )
Now from (3.30) and (3.42) we get
a=qf*+aff +a(f)? (3.43)
where
a’'hos — ahog — aht
q1 = ho1 b g2 = hyy + —2 22 219y and g3 = has

B 2(Lh23 + ah24’ 2@/123 + ah24

are small functions of f. Also from (3.28) we see that

@ 2 (o 3 3 A 1 o 1 p)
qs3 27’L+1

— — — = —. 3.44
a1+ 0 2n+1A4; 2n+1la 2n+1py ( )

Then by Lemma 2.7 we get

/

a
qs(Q§—4q1q3)E + 42(05 —4q1a3) — 43(q5 —4q143)" + (g5 —4q1q3)g5 = 0. (3.45)
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Let 6 = ¢3 — 4qiq3. Clearly 6 € .#(f). Now we consider the following two
sub-cases.

Sub-case 2.1. Suppose § = ¢3 — 4q1g3 = 0. Then (3.43) gives g5(f’ +
2‘% )2 = a. This shows that f/—i—Q%f € .7(f). Let b= f’—i—Q%f. Since a #Z 0,
it follows that b # 0. Now substituting f* = b — 72 f into (3.21) and (3.22) we

get respectively

P (pacd + p + (n+ Dpas) — (n+1)pabf™ + Rig = Ae™  (3.46)

2q3
and " (psay + ply + (n+ 1)p32%2) — (n+1)psbf™ + Rog = —A1€*?, (3.47)
3
where Rig = psQ} — (paay + p}y)Qq and Rogq = p3Qy — (p3a) + p3)Qq. Let
Y1 = pacy + Py + (n + 1);D4q—2 and vy = p3a) +ph + (n + 1)p3£.
2qs3 2qs3

First we suppose v; = 0. Then using (3.44) we get
ZLZL / _ ! ! — 1 77/ — 4
(2n+1) » +ay)=Mn+D(a] +a5+ - + .
4

On integration we get

3(ntl) n41

A 2 p 2
2n+1 __ 1 4 n+1)(a1+a
—CGTe( Y(on 2)7
2

(pae™?)
a
where cg € C\ {0} and so e"@2~(nFhar ¢ 7(f).
Next we suppose v2 = 0. Then using (3.44) we get
Py, pLo, 34 1d 1p)
e () oot 2412
@n+1)((2+ai) =+ (ol +ah+ 550 =5+ 5

On integration we get

3(n+1) nt1

A, 2 2
2n+1 __ 1 p4 n+1)(a1+o
Y) = or At —e(rt(eates)

a 2

where c; € C\ {0} and so en®r=("+1)az ¢ 2 (f) Next we discuss the following
four sub-cases.

Sub-case 2.1.1. Suppose 713 =0 and v, = 0.

Then encz—(ntlar enai—(ntlaz ¢ () Clearly e®t*2 ¢ #(f) and
so e*2 = gge” ™, where ¢4 € .Z(f). Now from (3.46) and (3.47) we have
respectively

(P3€a

)

—(n4+1)psbf"™ + R1g = A1e“t and
— (n + 1)p3bfn + Rog = —A1¢546_a1. (348)
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Eliminating e** and e~*, from (3.48) we get

£ (4 1)°0*pspaf) + Rza = —Alda,
where Rzq = —(n+ 1)psbRogf™ — (n + 1)psbRigf™ + RiaR2a (3.49)

is a differential polynomial in f of degree < 2n — 1 with small functions as its
coefficients. Then from Lemma 2.3 and (3.49) we obtain m(r, f) = S(r, f) and
so f € Z(f), which is impossible.
Sub-case 2.1.2. Suppose v; Z 0 and 75 = 0. Then we have e —(?+1)az ¢
Z(f) and so
€2 = ¢gsenti® where ¢5 € .7(f). (3.50)

Now from Lemma 2.10 and (3.46) we conclude that there exists v; € Z(f)
such that

A [e3
(f + o))" = —160‘1, ie, f= urenit — vy, (3.51)
B!

where w1 € Z(f) \ {0}. Since f has infinitely many zeros, it follows that
vy # 0. Now from (3.18), (3.50) and (3.51) we have (uleﬁ - vl)nH +Qq =

p3e*t + C5p4e%. Using Lemma 2.11 we obtain u} ™' = p3 and so from (3.19)
we get u T (2) f(z 4+ ¢) = p1(2) f(2), i.e.,

a1(z)

aq(z4e)—aq(z)
up(z)e (u?(z)ul(z—&-c)e M

- p(2))
= U (2)v1 (2 4 ¢) — pr(2)vi(2).  (3.52)

aq(z4c)—aq(2) aq(2)

Note that p1,ui, vy, e B € Y(e = ) Therefore from (3.52), one can
aq(z4c)—aq (z)

easily conclude that u (2)uy (z+c)e 1 = py(2) and w1 (2)v1 (24-¢) =

p1(2)v1(2).

Sub-case 2.1.3. Suppose y1 = 0 and 72 # 0. Since y; = 0, we have
ene2—(nthar ¢ 2(f) and so e = ¢gent1®?, where ¢ € .7 (f). Now pro-
ceeding in the same way as in Sub-case 2.1.2, one can easily conclude that
f = ugeniT — vy, where ug, vy € Z(f)\ {0} such that uj™ = p,. Also from

(3.19) we get ub ™! (2) f(z + ¢) = p2(2)f(2). In this case we can conclude that
ag(zt+c)—ag(z)
ul(2)ug(z 4+ c)e AT o = py(z) and uh T (2)vg(2 4 ¢) = pa(2)va(2).
Sub-case 2.1.4. Suppose 71 # 0 and 3 # 0. Now from Lemma 2.10, (3.46)
and (3.47) we conclude that there exist v3, vy € .7(f) such that (f +v3)"*! =

%eal and (f +v4)" Tt = —%6‘12. From these we have respectively
o g
f=wuzentT —ov3 and f = ugenti — vy, (3.53)
where w2t = AL 2t = — A1 Since f has infinitely many zeros we have
3 e 72

vy Z 0 and vy 7‘;(1)
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First we suppose e®*~%2 € .(f). Therefore e*? = ¢7e**, where ¢7 € 7 (f).
Now from (3.18) we have f"*! 4+ Qg = pse®t, where ps = p3 + ¢rps. If ps = 0,
then we have f"*! = —Q, and so by Lemma 2.3 we get m(r, f) = S(r, f).
Therefore f € Z(f), which is impossible. Hence ps # 0. Now by Lemma 2.11
we conclude that f?*! = pse® and Q4 = 0. In this case we have f = qenaTll,
q € Z(f)\{0} such that q”(z)q(z—l—c)e%:ﬂz} = p1(2) + p(2)p2(z), where
p = e (f).

Next we suppose e~ & #(f). Note that T(r,f) < T(T,en%ll) +
S(r, f). Also we have T(r,e%) < T(r, uzenit — v3) + S(r, f) = T(r, f) +
S(r, f). Therefore T'(r, f) = T'(r, U36%)+S(T, f). Similarly we have T'(r, f) =
T(’I", U46%) + S(r, f). Consequently S(r, f) = S(r, U3€%) = S(r, U4ena+21).
Clearly w3, uq,v3,v4 € Y(e%l) N y(e%). On the other hand from (3.53)
we have

@] @2

Ugenti — ygenFl = vg — V4. (3.54)
We claim that vs = vy. If not, suppose v3 # vq. Then by Lemma 2.4 we get
T(r, f) = T(r,use ) + S(r, f)
< N(r, 0; u3e%) —&—N(n V3 — Ug4; U36%) + S(r, u3e%) + S(r, f)
(rﬂ f)?

which is absurd. Hence vz = v4 and so from (3.54) we get e
Hence e**~2 € (f), which is impossible.

Sub-case 2.2. Suppose § = q3 — 4q1q3 #Z 0. Then (3.45) gives Z—i = %/ -

% _ o' Therefore from (3.28) and (3.44) we get 2(o) +ab) = (2n—2)%+(2n—|—

g3 a

I
n

ar—az — (M)”'H.
us

, , , . . A2n—2,2n42 20
2)% + 2”% —(2n + 1)%. On integration we get e2(®1+a2) = g2 2 P1

where cg € C. This shows that e*17*2 € #(f) and so e*? = ¢ge~*', where
os € Z(f). Now from (3.21) and (3.22) we have respectively

f((n+ Dpaf' — (pacy + pi)f) + Rig = Are™ (3.55)
and f" ((n+ 1)psf’ — (p3a + p5)f) + Rog = —ggAre” . (3.56)
Eliminating e** and e~*1, from (3.55) and (3.56) we get
£ ((n+ Dpaf' — (pacy + pi) f) ((n + Dpsf’ = (psey + ph) f)
+ Qi = —¢sAl, (3.57)
where

Q7 = f"((n+ V)paf' — (pacy + py) f) Raa
+ M ((n+ Dpif — (pedy +01)f) Ria + RiaRoda
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is a differential polynomial of degree < 2n with small functions of f as its
coefficients. Now by Lemma 2.3 we get

((pso +p5)f — (n+ D)psf’) (pacy +p)) f — (n+ 1)paf’) = b11,

where by; € Z(f). If by; = 0, then we have either (psof +p5) f—(n+1)psf' =0
or (psaty +p))f — (n+ 1)pyf’ = 0. Thus in either case one can easily conclude
that N(r,0; f) = S(r, f), which is impossible. Hence by; # 0. Therefore we
can assume that

(pacy +pi) f — (n 4+ 1)paf' = bre” (3.58)
and (pza) +p5)f — (n+ )psf' = bae™7,

where by,bs € Z(f) such that byby = by; and ~ is an entire function. Since f
is of finite order, it follows that ~ is a polynomial.

First we suppose v € C. Then (3.58) gives [/ = n%rl(o/g + &)f brel

pa/d T (n+1)pa
! - .
and f/ = %H(o/l + ;j—g)f — (Zj_el)ps. These imply that

/ /

boe™  bie”
(o) —af+ B8 _Payp_22¢ ¢ (3.59)
b3 P4 b3 P4
If of — b + Z—/g - % = 0, then on integration we get e™ ™2 = cob2,

where ¢g € C\ {0} and so e®*~*2 € .#(f). Since e = ¢ge~ !, we have
e € Z(f). Certainly e** € #(f). Then from Lemma 2.3 and (3.18) we
deduce that m(r, f) = S(r,f) and so f € Z(f), which is absurd. Also if

o) —ah+ 8 — P12 then from (3.59) we get f € (f), which is absurd.

p3 P4
Next we suppose v € C. Then (3.58) gives (pspa(ah—a})+pspy—pspa) f =
p3b1e? — pgboe™. With the similar argument, we can prove that psps(c —
o)) + p3ply, — phpa # 0. Clearly we have f(z) = 01(2)e?®) 4 65(2)e=7*) | where
01 = p3bi 3 and 0y = —pabs Then (3.58) can be

P3Py —pipa—p3palef—ag P3Py —Pspa—papa(a)—alb)”
rewritten as

Aof —(n+ D)paf' =bre?, Az = paay + pj. (3.60)

Differentiating (3.60) we get ALf + (Az — (n+ 1)p}) f' — (n + D)paf” = (b +
b17')e”. Then from (3.42) we have

I (n+ Lpsor
(A2 2(1h23 4+ ah24> f

"hos — ahos — ahl,
+<Az—(n+1)p2—(n+1)a 2O O

2ahas + ahay

p4) = (b +biy)e?
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and so from (3.28) we get

1 «
Al — — Ay — Dpl —
<2 2n+1aA1>f+< 2 — (n+1)p}
n(n+1)ad n(n+1) ,_112—1147'1
2n + 1 ap4 2n—|—1p4 2n+1 A,

(0 +ad)ps

p4> =0 +b1y)e?. (3.61)

Dividing (3.61) by (3.60) we get (1 f + C2f’ = 0, where

1 o b
Y e Y1 /
Q= e A )

n(n+1)ad nn+1) ,

d G=Ay— (n+1)ph — —— (o + a)ps — LA
and G = Az = (n+ 1ps = gomg (ay +ag)pe = 5w Upa 5 2
n?—1 A, by
_ il § (= +7)pa.
2n+1A1p4+(n+ )(b1+7)p4

It is clear that either (; Z0 and (3 Z0or ( =0and (o =0. If {(; 0 and
C2 # 0, then we have N(r,0; f) = S(r, f), which is impossible. Hence (; =0
and (3 = 0. Now (3 = 0 yields,

AL . S A S I Gh b Lt S
n+1lpy, 2n4+1° " 2 2n+1 a 2n+14,
b/
D+ 1)y =0,
1
which implies that
2 2
n” ga1tasz g n(ntl) gn"—1
(4 )r+aa) _ o PA ST L—, ¢10 € C\ {0}
1

So ertrtaz ¢ Z(f). Finally f = d1e7 + dpe™7, e*1792 € Z(f), where
01,02 € Z(f) \ {0} and v is a non-constant polynomial such that either
e(rthrtes ¢ 2(f) or e(rtrter ¢ 7 (f). O
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