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ABSTRACT. We are concerned with a Dirichlet system, involving the
mean curvature operator in Minkowski space

. Vw
M(w) = div (m)

in a ball in RN . Using topological degree arguments, critical point the-
ory and lower and upper solutions method, we obtain non-existence,
existence and multiplicity of radial, positive solutions. The examples
we provide involve Lane-Emden type nonlinearities in both sublinear
and superlinear cases.
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1. Introduction

In this paper we study the existence and multiplicity of positive solutions for
radial systems of type

M) + g1(|z|,u,v) =0 in B(R),
M)+ ga2(Jz|,u,v) =0 in B(R), (1)
ulos(r) = 0 = v]on(r)

where M stands for the mean curvature operator in Minkowski space

Vw
Mw) =div | —m— |,
(w) («/1—|VW|2>

B(R) = {x € RY : |z| < R}, N > 2 is an integer and the functions g;, gs :
[0, R] x [0,00)% — [0,00) are continuous.
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In recent years, a particular attention was paid to Dirichlet problems (for a
single equation) involving the operator M, either in a general bounded domain
[3, 4, 11, 12, 13, 24] or in a ball [6, 5, 10, 25]. These problems are originated in
differential geometry and are related to maximal or constant mean curvature
hypersurfaces (spacelike submanifolds of codimension one in the flat Minkowski
space LN*! = {(z,t) : z € RY, t € R} endowed with the Lorentzian metric
Z;VZI (dz;)?—(dt)?), having the property that their mean extrinsic curvature is
respectively zero or constant [1, 8, 20, 28]. On the other hand, it is known that
systems with classical Laplacian (or other more general elliptic operators) bring
in discussion new and specific phenomena, which does not occur in the study of
a single equation. From the wide literature, for a basic outlook on the subject
we restrict ourselves to mention here the papers [7, 14, 16, 17, 18, 29] and the
references therein. It is worth to point out that, among various nonlinearities,
an important role is played by those of Lane-Emden type, having either the
form kjuP + kov? (see, e.g. [15, 26, 30]) or ksu®v? (see, e.g. [16, 19, 22]).
In view of the above, it appears as a natural direction the study of systems
involving the mean curvature operator M.

In the recent paper [21], among others, the authors deal with gradient
systems of type
M) + AFy(z,u,v) =0, inQ,
M) + AFy(z,u,v) =0, inQ, (2)
ulag = 0 = v]aq,

where Q is a smooth bounded domain in RY and A > 0 is a real parameter.
They obtain existence and multiplicity (at least two) of nontrivial non-negative
solutions for large values of the parameter, when the nonlinearities Fy; and Fy
have a superlinear behavior near origin. On the other hand, in paper [5], for
the problem

M(w) + Mu(fz)u® = 0 in B(R), ulosim) =0 (a > 1)

with ¢ > 0 on (0, R], it was shown a sharper result: there exists A > 0 such that
it has zero, at least one or at least two positive solutions according to A € (0, A),
A= Aor A > A. It is the main goal of this paper to improve the result from [21]
in the case when F has the particular form F(x,u,v) = u(|z|)uPTivit!, with
the positive exponents p, ¢ satisfying max{p,q} > 1 (this guaranties a super-
linear behavior of both Fyy and Fy near origin, with respect to (u,v)) and
O = B(R). By adapting the strategy from [5], we prove (Theorem 5.1, Corol-
lary 5.2) that the result from [5] for a single equation remains valid for the
system (2) with the above choice of F' and Q2. Notice, in this case g; in (1) have
the form

g1zl u,v) = Ma(|z]) (p + DulvT* - ga(fz],u,v) = Aa(|a) (g + DuP e,
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which, in particular, include Hénon-Lane-Emden nonlinearities for p(|z|) = |z|”
(o0 > 0). We also deal with the case when g1 (resp. go) has a sublinear growth
near origin with respect to u (resp. v). In this respect, we obtain (Theorem 3.1,
Corollary 3.3) the existence of a solution with either one or both components
positive. This enables us to consider Lane-Emden non-potential nonlinearities
having the form kju? + kov?. Here we have in view extensions of some results
obtained in [6] for a single equation to systems of type (1).

As usual, setting r = |z| and u(z) = wu(r), v(z) = v(r), the Dirichlet
problem (1) reduces to the mixed boundary value problem:

v) =0, (3)

where

By a solution of (3) we mean a couple of functions (u,v) € C1[0, R] x C*[0, R]
with |[t/]|[oc < 1, [|V/||ec < 1 and r — 7NV =Lo(u/ (1)), r — 1V "1o(v/(r)) of class
C' on [0, R], which satisfies problem (3). Here and below, we denote by || - ||
the usual sup-norm on C := C[0, R]. We say that u € C'is positive if u > 0 on
[0, R). By a positive solution of (3) we understand a solution (u,v) with both
u and v positive.

The paper is organized as follows. In Section 2 we present some preliminary
results concerning the reformulation of system (3) as a fixed point problem as
well as a variational problem — in the case when it has a potential structure.
Two lemmas about the positivity of the components of the solution are also
provided. Section 3 is devoted to the case when g; and g, have a sublinear
behavior near origin. The lower and upper solution method and some de-
gree estimations in the superlinear case are presented in Section 4. The main
non-existence, existence and multiplicity result for an one-parameter system is
stated and proved in Section 5.

2. Preliminaries

Throughout this paper, the space C! := C'[0, R] will be considered with the
norm ||ul|1 = ||u||oo +||t/]| 0. We shall use the product space C x C endowed
with the norm ||(u,v)]| = max{||u||co, ||V||cc} + max{||t||cc, ||V ||cc} and its
closed subspace

Cir = {(u,v) € Ct x C* : /' (0) = u(R) =0 =v(R) =v'(0)};
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we shall denote B, := {(u,v) € Cj; : ||(u,v)|| < p}. For given fi, fo : [0, R] X
R? — R continuous functions, let us consider the problem

0
7’0) =0, (4)

and the linear operators

S:C— C, Su(r) = TN

/T tN"Yu(t)dt  (r € [0,R]), Su(0)=0;
0

R
K:Cocl, Ku(r):/ w(t)dt (r € [0, R)).

It is easy to see that K is bounded and S is compact. Hence, the nonlinear
operator K o p~1 oS : C — C! is compact. Denoting by Ny, the Nemytskii
operator associated to f; (i = 1,2), i.e.,

Nfi :OxC—C, Nfi(uvv):fi('au(')av(')) (Uﬂ)GC),

we have that Ny, is continuous and takes bounded sets into bounded sets.
Below, we denote by dps the Leray-Schauder degree. We have the following
fixed point reformulation of problem (3).

PROPOSITION 2.1. A couple of functions (u,v) € Ci, is a solution of (4) if and
only if it is a fixed point of the compact nonlinear operator

Ny Cy — Ciys Nf:(KogpfloSoNfl,Koga*loSoNb),
In addition, any fized point (u,v) of Ny satisfies
[0/l <1, [V'llee <1, ulle <R, lvllec <R, (5)

and

drslI —Ny,B,,00=1 forall p> R+ 1.
In particular, problem (4) has at least one solution in B, for all p > R+ 1.
Proof. The inequalities in (5) follow from the fact that the range of ¢~! is
(—1,1). We consider the compact homotopy

H:[0,1] x C}w — C}V[, H(r, ) = TNs().

Using
H([0,1] x Cp) C Bryu,



POSITIVE RADIAL SOLUTIONS 249

together with the invariance property of Leray-Schauder degree, we have

drs[I — Ny, B,,0] =dps[I,B,,0] =1 for all p > R+ 1.

When system (4) has the form

,0), (6)

with F = F(r,u,v) : [0, R] x R? — R continuous, such that F, and F, exist
and are continuous on [0, R] x R?, then a variational approach is available. For
this, let

Ko={ucW"[0,R]: ||v|lc <1,u(R)=0}.

We know (see [2, 6]) that K is a compact subset of C. So, we have that
Ky x Ky C C x C is compact and convex. By means of ¢ : C — (—00, 4+00]
defined by

R
/ PN — 1 —w2ldr for € Ky
Plu) =4 70
+0o0 for weC\ Ky,
we introduce ¥ : C' x C' — (—o00,+0o0] by
U(u,v) =1(u) + 9(v), for all (u,v) € C x C.
Using the arguments in [2] we deduce that ¥ is proper, convex and lower
semicontinuous. Also, the mapping
R
(u,v) — F(u,v) :z/ TR u,v), (u,v € O)
0

is of class C! on C' x C and its Fréchet derivative is given by

(F'(u, v),(wl,wg)):/rN_l[Fu(r,u,v)wl—i—Fv(r,u,v)wg], (u, v, wy,wy € C).
Q

The energy functional associated to (6) will be Z := ¥ 4 F. This has the
structure required by Szulkin’s critical point theory [27]. Accordingly, (u,v) €
Ky x Ky is a critical point of T if it is a solution of the variational inequality

U (wy,wa) — W(u,v) + (F (u,v),(w; —u,wz —v)) >0, Ywy,we €C. (7)
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PROPOSITION 2.2. If (u,v) € C'x C' is a critical point of Z, then it is a solution
of system (6). Moreover, system (6) has a solution which is a minimum point
of T on C x C.

Proof. Let (u,v) be a critical point of Z. By taking in (7) wy = v, one gets

R
(wy) — P(u) —l—/ rNR (ru,v) (wy —u) >0, for all wy € C

0
i.e., u € Ky is a critical point of ¢(-) + F(-,v), which by virtue of [6, Proposi-
tion 4] satisfies

(rN o)) = rN1F, (r,u,v),

u'(0) = 0 = u(R).
Similarly, one obtains that v verifies

{ (rN=to(") = rNLE, (r,u,v),
v'(0) =0 =v(R).

The rest of the proof follows exactly as in [6, Proposition 4]. O

Next, let g1, 92 : [0, R] x [0,00)? — [0,00) be continuous. We are interested
about positive solutions for the system (3). With this aim, we consider the
modified problem

[P o)) + Vg (r,ug, v4) =0,
[TN_1@<UI)]/ + TN_lQQ(T? U4, UJr) =0, (8)
W' (0) = u(R) = 0 = v(R) = v'(0),

where, as usual we have denoted &, := max{0, £}.

Let Ji,Jo C R. In the terminology of [9, 23], a function f = f(r,s,t) :
[0, R] x J; x J» — R is said to be quasi-monotone nondecreasing with respect
to t (resp. s) if for fixed 7, s (resp. r,t) one has

f(rys,t1) < f(r,s,t2) as t1 <ta (resp. f(r,s1,t) < f(r,s2,t) as s1 < $9).
LEMMA 2.3. Assume that (u,v) is a nontrivial solution of problem (8) and
(HD) g1(r.£,0) > 0 < g2(r.0,€), V&> 0.%r € (0, B,
then u > 0 < v and either u or v is positive and strictly decreasing.

If in addition to hypothesis (H;) one has that g1(r, s, t) (resp. ga2(r,s,t)) is
quasi-monotone nondecreasing with respect to t (resp. s) and it holds

(Hg) gl(r707£) >0< 92(7’,670), Vg > O,V’I" € (OvR]a

then (u,v) is a positive solution with both w and v strictly decreasing.
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Proof. From

T
g = = [ g dr o)
0
it follows ' < 0, which means that u is decreasing. Similarly, one obtains that

v is decreasing. Then u(R) = 0 implies u > 0 and analogously, v is > 0. If we
assume u = 0, on account of

rNlo(') = —/TN_ng(T,O,U)dT
0
and v(0) > 0, from (H}) one obtains v' < 0; thus v is strictly decreasing and

v > 0 on [0,R). Similarly, if v = 0 one has that u is positive and strictly
decreasing.

To prove the second part, suppose that u is positive and let us show that v
is positive, too. If v(0) = 0, from the second equation we get go(r,u(r),0) =0
for all 7 € [0, R], contradicting (H;). So, we have v(0) > 0. Then, using that
g2(r, s,t) is quasi-monotone nondecreasing with respect to s, it follows

T T
erlga(U’) = — /TNflgz(T,u,v)dT < - /TNilgg(T,O,’U)dT < 0.
0 0

Hence, v' < 0 and v is strictly decreasing. O

LEMMA 2.4. Assume that
(HS) (Z) gl(r,&t) >0< gg(?",S,t), V87t > 07 Vr € (07R]7
(#1) g1(r,&,0) = go(r,0,8) =0, V€ > 0, Vr € (0, R].
If (u,v) is a nontrivial solution of problem (8), then (u,v) is a positive solution
with both u and v strictly decreasing.
Proof. From the second equation we have
rN=lo(') = - /TN_lgg(T, Uy, vy )dT, (10)
0
which gives v/ < 0, meaning that v is decreasing. Similarly, one obtains that u
is decreasing. From u(R) = 0 we have u > 0 and analogously v > 0. Assuming
that u = 0, from v # 0, equality (10), (i) in (H2) and v(R) = 0 we get v = 0,
which is a contradiction. It follows that u # 0. A similar argument shows that
v # 0. Then, from (10), hypothesis (i) in (H3) and u(0) > 0 < v(0) we get
v’ < 0, thus v is strictly decreasing and v > 0 on [0, R). Similarly, u is positive
and strictly decreasing. O
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REMARK 2.5. Under the assumptions of Lemmas 2.3 and 2.4 any nontrivial
solution of problem (8) actually solves the system (3).

3. Sublinear nonlinearities near origin

In this section we deal with positive solutions of problem (3) when g; (resp. g2)
has a sublinear growth near origin with respect to u (resp. v).

THEOREM 3.1. Assume that g1,g2 : [0, R] x [0,00)% — [0,00) are continuous
and satisfy hypothesis (H}) in Lemma 2.3. If gi(r,s,t) (resp. ga(r,s,t)) is
quasi-monotone nondecreasing with respect to t (resp. s) and

0
lim 9u(r5,0) = 400 uniformly with r € [0, R], (11)
S—>O+ S
0,t
lim 92(r. 0.) = +oo uniformly with r € [0, R, (12)
t—04 t

then problem (3) has a solution (u,v) with u > 0 < v and either u or v positive
and strictly decreasing. If in addition, (ng) in Lemma 2.3 holds true, then
problem (3) has a positive solution (u,v) with both u and v strictly decreasing.

Proof. We make use of some ideas from [6]. First, we show that there exists
p € (0, R+ 1) such that problem

(TNfl

(rNt “Hoa(r,up,vy) +7] =0 (13)

u'(0) = u(R) =0 =v(R) = v'(0)

has at most the trivial solution in Ep, for all 7 € [0, 1]. By contradiction, assume
that there exist {r} C [0,1], {(ux,vx)} C Ci,\{(0,0)}, ||(uk,vk)|| = 0, such
that (ug,vg) is a nontrivial solution of (13) with 7 = 7, for all k& € N. From
Lemma 2.3 we have that either uy or v is positive and strictly decreasing. We
may assume that e.g., uy is positive for all £ € N. Choose m > 0, with

m(R/3)N 3
NQR/)NT - R (14)

Then, using (11) (similar reasoning with (12) when all vy are positive) we can
find kp € N such that

g1(r, ug(r),0) > me(uk(r)) for all r € [0, R] and k > k. (15)
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Moreover, integrating over [0, r] the first equation in (13) with 7 = 73, u = u,
v = v, using that ¢1(r, &+, n+) is quasi-monotone nondecreasing with respect
to 1 and taking into account (15) one has

—p(u) = mS[p(ug)].

Next, following exactly the estimations in the proof of [6, Proposition 1] we
obtain

p(Bur(R/3)/R) _ _m(R/3)N
p(ue(R/3))  — NQR/3)N-
for k sufficiently large. By passing with £ — oo, and taking into account that
ug(R/3) — 0 we get a contradiction with (14).
Note that (13) has no solution in B,, for any 7 € (0, 1].
Next, we consider the compact homotopy H : [0,1] x B, — C},,

H(Tv (uv v)) = NQ+T(U1 'U)’

where by N4, we have denoted the fixed point operator associated to (13).
Notice, the Leray-Schauder condition on the boundary

(u,v) # H(T, (u,v)), for all (1, (u,v)) € [0,1] x IB,

is fulfilled. Then, from the invariance under homotopy of the Leray-Schauder
degree we have

dLs[I—H(O,-),Bp,O] = dLs[I—H(l,-),Bp,O].

So, assuming that dps[I —H(1,-), B,,0] # 0, we infer that there exists (u,v) €
B, with H(1, (u,v)) = (u,v), a contradiction. Consequently,

drs{I —H(1,-),B,,0] =0.

Using Proposition 2.1 together with the excision property of Leray-Schauder
degree one obtains -
dps[I = Ny, Bri1\B,,0] = 1,

where Ny is the fixed point operator associated to problem (8). Therefore,
there exists a solution (u,v) € Bry1\B, of (8). The conclusion follows by
Lemma 2.3 and Remark 2.5. O

REMARK 3.2. From [6, Theorem 1] it is known that, if ¢ : [0, R] x [0,00) —
[0, 00) is continuous, g(r,s) > 0, for all (r,s) € (0, R] x (0,00) and

TIGL)

s—04 S

= +oo uniformly with r € [0, R],



254 D. GURBAN AND P. JEBELEAN

then the mixed boundary value problem

{ (rN o)) + N g (ru) = 0,
w'(0) = 0 = u(R)

has a positive solution. It is easily seen that this result also follows from
Theorem 3.1 by taking g1(r,&,n) = g(r, &) = g2(r,n,§).

COROLLARY 3.3. Let g1, g2 : [0, R] x[0,00)% — [0, 00) be continuous and satisfy
hypothesis (H) in Lemma 2.3. If g1(r, s,t) (resp. ga(r,s,t)) is quasi-monotone
nondecreasing with respect to t (resp. s) and (11), (12) hold true, then the
system (1) has a solution (u,v) with u > 0 < v and either u or v positive and
radially strictly decreasing. If in addition, (ng) in Lemma 2.3 is satisfied, then
problem (1) has a positive solution (u,v) with both u and v strictly decreasing.
EXAMPLE 3.4. Let p1,q2 € (0,1) and ¢1 > 0 < po.

(i) The system

M(u) +uPr +uv? =0, in B(R),
M) +vuP2 +v2 =0, in B(R),
ulosr) = 0 = Vv]as(r)
has a solution (u,v) with u > 0 < v and either u or v positive and radially
strictly decreasing.
(i) The system
M) +uPr + v =0, in B(R),
M(v)+uP2 +v22 =0, in B(R),
ulos(r) = 0 = v]an(r)
has a solution (u,v) with u > 0 < v on B(R) and both u and v radially strictly
decreasing.

4. Lower and upper solutions; degree estimations

A lower solution of (4) is a couple of functions (ay, o, ) € C! x C!, such that
o lloc <1, [ [0 < 1, the mappings r = N~ p(al, (1)), r = ¥ lo(ag (1))
are of class C'! on [0, R] and satisfies

PN t(ar)) + N fu(r aws ap) >
(PN ()] + N fo(r ) >
au(R) <0, a,(R)<0.

0,
0,

An upper solution (B, B,) € C! x C! is defined by reversing the above inequal-
ities.



POSITIVE RADIAL SOLUTIONS 255

PROPOSITION 4.1. If (4) has a lower solution (o, a,) and an upper solution
(Bu, By) such that au,(r) < Byu(r), ay,(r) < By(r) for allr € [0, R] and fi(r,s,t)
(resp. fa(r,s,t)) is quasi-monotone nondecreasing with respect to t (resp. s),
then (4) has a solution (u,v) such that a,(r) < u(r) < Bu(r) and a,(r) <
v(r) < By(r) for all v € [0, R].

Proof. Define the modified functions
FI(T7 u, U) = fl (7“, 71 (T7 ’U,), 72(“ ’U)) —u+ Y1 (T7 ’LL),

FQ(Ta U, ’l)) = f2(r> 71 (Tv 'LL), 72(7', U)) —v+ ’72(7/.7 U)‘
where v; are given by

Y1(r, §) = max{ay(r), min{&, Bu(r)}}, 72(r, §) = max{o (r), min{¢, By (r)}}.
Then I'1, Ty : [0, R] x R? — R are continuous and we consider the modified
problem

[rN=Lo(u)] + rN 1T (r, u,v) = 0,

[P ()] + N T (r,u,0) = 0, (16)

uw'(0) = uw(R) =0 =v(R) =v'(0).
From Proposition 2.1 it follows that problem (16) has at least one solution. We
show now that if (u,v) is a solution of (16) then «,(r) < u(r) < B,(r) and
ay(r) < v(r) < B,(r) for all r € [0, R]. We only prove that a, < w on [0, R],
the remainder can be obtain analogously.

By contradiction, suppose that exists ro € [0, R] such that
w— ) =y - > 0. 17

%%(a u) = a(ro) — u(ro) (17)
If rq € (0, R), then o, (r9) = u'(ro) and there exists a sequence {r} C (0, 7o)
converging to rg such that o, (ry) — v/(rx) > 0. Since ¢ is increasing, this
implies

(el (rk)) — g (el (ro) 2 Tl (k) — g e (u (o)),
which yields
[N ()=, < 1YW () ]5<p-

Hence, because (ay,, ) is a lower solution of (3) and f; is quasi-monotone
nondecreasing with respect to v, we obtain

[P (o (T ey < P (1))

=1 = fi(ro, aw(ro), v2(ro, v(ro))) + u(re) — awu(ro)]
< révfl[—f1(7“o7 ay(r0), 12(r0,v(10)))]
<1 M= fi(ro, au(ro), aw(r0))]



256 D. GURBAN AND P. JEBELEAN

a contradiction. If 7o = R then a,,(R) —u(R) > 0, contradiction with a,(R) <
0. Finally, if ro = 0, then there exists r1 € (0, R] such that a,(r) —u(r) > 0
for all r € [0,71] and /,(r1) — u/(r1) < 0. It follows that

r (e, (r)) < (! ().

Integrating the first equation in problem (16) from 0 to r; and using the fact
that (o, o) is a lower solution of (4) and f; is quasi-monotone nondecreasing
with respect to v we get

¥ ol () = / N () s o) + () — g (r)dr
< / N (), ()
</ Ny (r, (), ()]
< [ eemyar

=y o(a,(r)),

a contradiction. Consequently, a,,(r) < u(r) for all r € [0, R]. O

LEMMA 4.2. Assume that (4) has a lower solution (a,ay) and an upper so-
lution (Bu, Bv) such that ay(r) < Bu(r), aw(r) < Bu(r) for all r € [0,R] and
fi(rys,t) (resp. fa(r,s,t)) is quasi-monotone nondecreasing with respect to t
(resp. s). Let

Aaﬁ = {(u,v) € le\/l toy Su< By, a, <o < 51;}

Assume also that (4) has an unique solution (ug,vo) in Aap and there exists
po > 0 such that B((ug,vo), po) C Aa,p. Then

dLS[I_Nf7B((uO7UO)7p)u0] =1, fOT’ G”0<P§p0,
where Ny stands for the fized point operator associated to (4).

Proof. Let Nt be the fixed point operator associated to (16). From Proposi-
tion 2.1 and the proof of Proposition 4.1 it follows that any fixed point (u,v) of
N is contained in A, g and it is fixed point of Ny. Using again Proposition 2.1
together with the excision property of the Leray-Schauder degree one has that

drs[I — Nr, B((ug,v0),p),0] =1 for all 0 < p < po.

The conclusion follows from the fact that Np = Ny on A, g D B((ug, vo), po)-
]
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LEMMA 4.3. Assume that g1, gs : [0, R] X [0,00)? — [0,00) are continuous and
satisfy hypothesis (Hg’) in Lemma 2.4. If there is some M > 0 such that either

gl(ra S, t)

lim = 0 uniformly with r € [0, R], t € [0, M] (18)
S—>0+ S
or .
lim CIGLID) = 0 uniformly with r € [0, R], s € [0, M], (19)
t—>0+ t

then there exists po > 0 such that
drs[I — Ny, B,,00 =1 for all 0 < p < po,
where Ny is the fized point operator associated to problem (8).

Proof. Let 0 < ¢ < N/R?. Assume (18) (similar reasoning when (19) holds
true). Then there exists s. > 0 such that for all s € (0, s.),

g1(r,s,t) < ep(s) for all r € [0, R], ¢ € [0, M]. (20)
Consider the compact homotopy
H:[0,1] x Ciy — Chpy H(T,u,v) = 7N (u,v).
We show that there exists pg > 0 such that
(u,v) # H(r,u,v), for all (1,u,v) € [0,1] x (B,,\{(0,0)}).
By contradiction, assume that
(wk, vk) = TNy (up, vi),

with 7, € [0,1], (ug,vx) € C3,\{(0,0)} for all & € N and ||(ux,vx)|| — O.
From Lemma 2.4 we have that both u; and vy are strictly positive on [0, R).
We may assume (passing if necessary to a subsequence) that ||ug|eo < s and
lvglloo < M for all k € N. Using (20) it follows that

g1 (r, uk(r), vp(r)) < ep(||uk||s) for all r € [0, R], k € N.

For any k € N we obtain

koo < ( [ ) Uk<r>)dr> it

t

(tNl 1 <|ukoo>dr) @

<Rp™ (eﬁwnuknw)) .
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It follows that

Plluelloo/B) 2B oy

p(lurlloc) = N

By passing with k& — oo, we get 1/R < eR/N, contradicting the choice of e.

Then, from the invariance under homotopy of Leray-Schauder degree we
have that for any p € (0, po],

dLs[I —Ng,BP,O] = dLs[I,Bp,O} =1,

which completes the proof.

O
5. Non-existence, existence and multiplicity
In this section we study the one-parameter gradient system
[P rp(u)]) + AN () (p + DuPutt = 0,
[P ()] + AN u(r) (g + DuPt ot =0, (21)
w'(0) = u(R) = 0 =wv(R) = v'(0),

under the hypothesis:

(H) The positive exponents p,q satisfy max{p,q} > 1 and the function p :
[0, R] — [0,00) is continuous and u(r) > 0 for all r € (0, R].

THEOREM 5.1. Assume (H). Then there exists A > 0 such that the system (21)
has zero, at least one or at least two positive solutions according to A € (0, A),
A=AorA>A.

Proof. We assume that p > 1, ¢ > 0 and we divide the proof in two steps.

1. Euxistence of A; the cases A € (0,A) and A = A. First, notice that, by
Lemma 2.4 and Remark 2.5, (u,v) is a positive solution of problem (21) if and
only if (u,v) is a nontrivial solution of

/

[r" ()] + /\TN Lu(r)(p+ Dul o™ =0,
[P o) + A u(r) (g + Du p“m =0, (22)
' (0) = u(R) =0=wv(R) ='(0)

and in this case, u, v are strictly decreasing. We set

S :={\ > 0:(21) has a positive solution}.
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Let A > 0 and (u,v) be a positive solution of (21). Integrating the first
equation in (21) on [0, r], one obtains

—rN o/ (1) = Mp + 1) /T tN L u(t)uP (v T (t)dt for all r € [0, R].
0

Since u, v are strictly decreasing on [0, R], we deduce
N () < =Nl (r)
< A(p + 1)paru? (0)0 7 (0)r™ /N,

where s := max y. This gives
[0,R]

u(0) < X(p + D)ppruP (0)v9TH(0)R?/(2N). (23)
From 0 < u(0),v(0) < R and p > 1 we obtain
A > 2N/[(p+ 1)pup RPTIT2), (24)

The energy functional Zy : C' x C' — (—o0, +00] associated to problem (22)
is
2RN

R R
Ih(u,v) = o TN_l[\/l —u244/1 — v’Q]dr—A/ rN_lu(r)uiHviﬂdr
0 0

for (u,v) € Ko x Ko and Z) = 400 on C x C'\ Ky x Ky. Computing the value
of Z at ug(r) = vo(r) = R — r we obtain that Z (ug,vo) < 0, for A > 0 large
enough. Hence, for such A, the functional 7, has a negative minimum and, as
7,(0,0) = 0, from Proposition 2.2 we have that problem (22) has a nontrivial
solution. In particular, S # (). We denote

A=A(R):=infS (< 4+o0)
and we show that A € S. For this, let {A\;} C S be a sequence converging to A
and (uy,vy) € Ch; with ug > 0 < vy on [0, R) such that

u, = Kop toSoN\(p+ puubol™,

vp = Kop oS o[\(qg+ 1)pub o).
From (5) and Arzela-Ascoli theorem we obtain that there exists (u,v) € C x C

such that, passing eventually to a subsequence, {(ux,vr)} converges to (u,v)
in C x C. Hence, u > 0 < v and

w=KoploSo[A(p+ 1)t
v=Kogp toSo[Ag+1)uuvi].
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Using (23) we infer that there is a constant ¢ > 0 such that uz(0) > ¢ for all k
sufficiently large. This leads to u(0) > ¢, hence by Lemma 2.4 we get © > 0 < v
on [0, R). Consequently, A € S. Also, from (24) it is clear that

A > 2N/[(p + l)M]V[Rp-’_qJ'_Q}.

2. The case A > A. First, we show that (A,00) C S§. With this aim, let
Ao € (A, 00) be arbitrarily chosen and (ua,va) be a positive solution for (21)
with A = A. Then, (ua,va) is a lower solution of (22) with A = A\g. In order
to construct an upper solution for (22), we first observe that if H; > 0 < Ha,
the mixed boundary value problem

(PNl + N H =0,
[PV =lo@")) +rN"1Hy =0, (25)
uw'(0) = u(R) =0 =v(R) ='(0).

has as the unique (positive) solution the couple

\/1+1R2 \/1—1—7"21, r € [0, R],
\/1—#211%2 \/1+r21, r € [0, R)].

Below, R will be > R. For fixed A > Ao, let (ug,,vp,) be the solution of (25)
corresponding to

’LLH1

’UH2

= A(p + Dpar RV,
= Mg + Dpp RPHIFL

Using that R < R, together with

Ao(p + 1) p(r)uly, v?l(r) < Ap+ DpyRPHL rel0,R),
Mg+ Dplryuf v, (r) < Ma + Dua R, r € [0, R,

it follows that (um,,vm,) is an upper solution for (22) with A = \g. From the

fact that
R—2(p+g+1) R2 R—2(p+a+1) R2
\/d(p Fm? | N \/mp Fomn? N )
there exists R sufficiently large, such that ug, (R) > ua(0) and similarly, we
may assume that vg, (R) > va(0). Taking into account that wpy,,v,, us, va

’U,H1 (R) = N
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are strictly decreasing it follows that uy < ug, and vy < vg, on [0, R]. From
Proposition 4.1 we obtain that Ag € S.

Next, we show that for Ao € (A, 00) problem (22) with A = A\ has a second
positive solution. For this, let (ua,va) be the lower solution and (up,,vm,)
be the upper solution constructed as above. We fix (ug,vp) a positive solu-
tion of (21) with A = Ao such that (ug,v0) € A = Aguy vp),(un, vm,) (€€
Lemma 4.2).

Firstly, we claim that there exists ¢ > 0 such that B((ug,vo),e) C A. Note
that, for all r € [0, R] we have

R 1t ~ ~
up, (1) :/ 80_1 (tNl /0 SN_l[/\(p + 1)MMRP+Q+1]dS> dt
R 1 t - 3
>/ o (tNl / ST+ 1)NMRp+q+1]d8) at
r 0

> ["e (e [ ol Dt s )

=ug(r).

Analogously we obtain that v, (1) > vg(r). Thus, there exists £; > 0 such that
if (u,v) € C3; then

lu —uolloo <e1=u <up, and ||[v— 1o <e1= v <vp,. (26)

Using similar arguments we have ux (1) < ug(r) and v () < vo(r) on [0, R/2].
So, we can find ¢} > 0 such that if (u,v) € C}, then

lu —uplloo <€) = un <u and ||v — vollee <€) = va <wvon [0,R/2]. (27)

On the other hand, for r € [R/2, R] one obtains ug(r) < u) (r) and vj(r) <
vl (r). Thus, there is some &} € (0,¢}) such that if (u,v) € Ci;, then

v —uplleo <) = u)y >u' and ||/ —vj|leo < €Y = v}y > on [R/2, R].

From ua(R) = 0 = u(R) we deduce that v > up (and, similarly v > vy) on
[R/2, R). This means that

[ —ulloo < €] = ua <u and ||V —v)|leo < = va <von [R/2,R]. (28)

The claim follows from (26), (27) and (28), by taking 0 < ¢ < min{ey, €/ }.

Next, if (22) has a second solution contained in .4, then it is nontrivial and
the proof is complete. If not, by Lemma 4.2 we infer that

drs|I — N, B((ug,v0),p),0] =1 for all 0 < p <,
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where N, stands for the fixed point operator associated to (22) with A = X.
Also, from Proposition 2.1 we have

drs[I — Ny, By, 0l =1 for all p> R+ 1,
and from Lemma 4.3 we get
drs[I — Ny, B,,0] =1 for all p > 0 sufficiently small.

Let p1, p2 > 0 be sufficiently small and p3 > R + 1 such that B((ug,v0), p1) N
B,, =0 and B((ug,vo),p1)UB,, C B,,. From the additivity-excision property
of Leray-Schauder degree it follows that

drs[I = Nig: Bp, \[B((uo, v0), p1) U By, 0] = —1.

Therefore, Ny, has a fixed point (u,v) € B,,\[B((uo,v0), p1)UB,,]. We obtain
that (22) has a second positive solution. O

COROLLARY 5.2. Assume (H). Then there exists A > 0 such that the problem

M) + Ap(|z])(p+ DuPvitt =0 in B(R),
M) + ) (g + v =0 in B(R)
ulon(r) = 0 = v]sn(r)

has zero, at least one or at least two positive solutions according to A € (0, A),
A=A orA>A.

REMARK 5.3. Analyzing the proof of Theorem 5.1, the reader will emphasize
that the potentiality of the system (21) is only involved in showing that the
set S is nonempty. This means that a topological proof of this fact could allow
to consider non-potential systems which are superlinear near origin.
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