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Flat solutions of the 1-Laplacian
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ABSTRACT. For every f € LN(Q) defined in an open bounded subset
Q of RN, we prove that a solution u € Wol’l(ﬂ) of the 1-Laplacian
equation — div (%) = f in Q satisfies Vu = 0 on a set of positive
Lebesgue measure. The same property holds if f ¢ L™ (Q) has small
norm in the Marcinkiewicz space of weak-LY functions or if u is a
BV minimizer of the associated energy functional. The proofs rely on
Stampacchia’s truncation method.
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1. Introduction

Let © C RY be a smooth bounded open subset. Given a convex function
®:RY — R and f € LY(Q), consider the energy functional

Eo(w) = [ @(Vu) - [ fu,
Q Q

defined on some class of functions u : 2 — R for which the integrands are
summable. Although ® need not be smooth, one can express the Euler—
Lagrange equation of Eg using the subdifferential of ®. Indeed, by convexity
of @, at each point & € RY there exists a subgradient ¢ € RY such that

D(y) > @(x) +&- (y — @),

for every y € RV see [18, Chapter 2]. Denoting the collection of all subgradi-
ents £ at x by 0P(z), one can then write the Euler-Lagrange equation of Fg
at some function u as (see [12, Chapter IV] and [22])

—divZ = f in the sense of distributions in (2, (1)
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where Z is a summable function with values in RY such that
Z € 09(Vu) almost everywhere in . (2)

For example, if ®,(x) = |z|?/p for some exponent p > 1, then @, is differ-
entiable pointwise. Thus, 0®,(z) = {|z|P~2z}, and one recovers an equation
involving the p-Laplace operator:

— Apu = —div (|VulP2Vu) = f.

When p = 1, the function @, is not differentiable at 0, and one should be careful
about the meaning of the quotient Vu/|Vu| that appears in the formal notation
of the 1-Laplacian. The correct interpretation is based on the formalism of
subdifferentials above. Indeed, for ®;(z) = |z|, one has

{/lzl} ifz#0,
where B;(0) denotes the unit open ball in RV,

The vector field Z in the Euler-Lagrange equation now satisfies the condi-
tions:

00, (z) = { (3)

|Z] <1 and Z|Vu|=Vu

almost everywhere in 2. Observe that, in dimension 1, equation (3) provides
one with the maximal monotone graph associated to the sign function.

Assuming that f € LY (Q), the functional Eg, associated to ®; is well-
defined in W' (Q), and the EulerLagrange equation (1)—(2) is indeed satisfied
by a minimizer. The goal of this paper is to show that one cannot abandon the
vector field Z and replace it by the quotient Vu/|Vu| since the gradient Vu
must vanish on a set of positive Lebesgue measure.

Every function u € WH(Q) such that Vu # 0 a.e. in Q has a legitimate
1-Laplacian Aju defined in the sense of distributions as

Vu

A == — -
< lua(p> |vu|
Q

Ve,

for every test function ¢ € C°(Q) with compact support in €2, but even
for smooth functions u something strange happens near an interior extremum
point:

EXAMPLE 1.1. For every N > 1, let u : B1(0) — R be the function defined by
u(r) = 1 — |z|%. In the sense of distributions we have, for N = 1,
7A1u = 250,

while for N > 2,
N -1
—Au=——
||
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In the previous example, the topological singularity of the vector field
—x/|z| is detected by its divergence, and the 1-Laplacian does not belong to
LY (Q). We show that this is a general fact that holds for Sobolev functions,
not necessarily smooth:

THEOREM 1.2. There exists no function u € Wy () such that Vu # 0
a.e. in £ and

Alu S LN(Q)

In Example 1.1 above for N > 2, one sees that the right-hand side belongs
to the Marcinkiewicz space M¥ () of weak-L" functions f in Q equipped with
the seminorm

1
1w iy = Sup —er / I
~ Ja

ACQ | A

where |A| denotes the Lebesgue measure of A and the supremum is computed
with respect to every Borel subset of 2. In the case of the example, the function
f = (N —1)/|x| satisfies

1/N
I fll i~ (Bos1y) = NN, (4)

where wx denotes the volume of the unit ball in RY.

A variant of the proof of Theorem 1.2 based on Peetre-Alvino’s imbedding
of WHL(RY) in the Lorentz space L%’l(RN) shows that this quantity (4) is
critical for the existence of flat levels of solutions involving the 1-Laplacian:

THEOREM 1.3. Let N > 2. There exists no function u € Wy (Q) such that
Vu #0 a.e. in €,

Ayue MN(Q) and  |[Arull v gy < Noy ™.

Theorems 1.2 and 1.3 are related to the degenerate limit behavior of solu-
tions of the p-Laplacian equation as p tends to 1 that has been studied by several
authors; see e.g. 9,20, 21], starting with the pioneering work of Kawohl [15],
and also clarify the need for relying on the vector field Z in replacement of
Vu/|Vul.

EXAMPLE 1.4. For any 0 < r < 1, let u : B1(0) — R be the function defined

by
1—|z* if |z| >,
@) = {1 —r2 if |z <.

Then, u € Wy (B1(0)). If Z : B1(0) — B;(0) is any smooth extension of the

function -
x € B1(0)\ B-(0) — Tl e RY,
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then v and Z satisfy the Euler-Lagrange equation (1)—(2) for some function
f € L*>*(B1(0)).

Observe that the Sobolev space W, ' (£2) is not the natural setting for look-
ing for minimizers of Eg,, due to the lack of reflexivity of L!(£2;RY). This is
in contrast to minimization problems in W1?(Q) for 1 < p < +oc which can
be investigated using techniques based on the uniform convexity of the space;
see [11].

Let us assume that Eg, is bounded from below for some given f € LY (Q).
This is the case for example if the norm | f| L~ () is small, depending on

the Sobolev constant; see e.g. [16]. One can now take a minimizing sequence
(tun)nen in Wy () such that

A () = B B

Each function u,, extended by zero to R, is an element of W1 (RY). Since the
sequence (Vi )nen is bounded in L' (RM;RY), we can extract a subsequence
(Vn, )ken converging weakly to some finite vector-valued measure in RY sup-
ported in . Applying the Rellich-Kondrashov compactness theorem, we de-
duce that there exists u € BV (R") such that v = 0 in RV \ Q, and

lim Fg, (un,) 2/ |Du|f/fu.
k— o0 RN Q

The limit function « is a minimizer of the extended functional

Ba(0)= [ 100l = [ fo. (5)

over the class of functions v € BV (R¥) such that v = 0 in R \ Q. Such a
functional provides a relaxed formulation of the minimization problem for which
a solution exists; see [14]. In the spirit of Theorems 1.2 and 1.3, minimizers
of (5) must have flat level sets:

THEOREM 1.5. Let f € LN(Q2) and let w € BV(RY) with u =0 in RN \ Q be a
minimizer of the extended functional Eg,. Then, u € L>(RY) and the set of
extremal points

{ze RY : fu(z)| = [ ull Lo mv) }

has positive Lebesgue measure.
We deduce in this case that the absolute continuous part D?u of the measure

Du vanishes a.e. on a set of positive measure since D*u = 0 a.e. on level sets
{u = a} for every o € R [4, Proposition 3.73]. The counterpart of Theorem 1.5

involving the condition || f[| vy () < N wjlv/N is true but uninteresting since Eg,
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is nonnegative and 0 is the unique minimizer. This follows from a standard
application of Alvino’s version of the Sobolev inequality in Lorentz spaces.

Renormalized solutions to equations involving the 1-Laplacian have been
introduced in the spirit of the relaxed minimization problem above, but in
general such solutions merely have bounded variation or do not satisfy the
homogeneous Dirichlet boundary condition [1,5,6,8,10,19].

EXAMPLE 1.6 (Remark 3.10 in [19]). For every N < r < R, the function
u = (1—N/r)xs, () is a renormalized solution of the Dirichlet problem

—Ajv=h—v in Bg(0),
v=0 on 0Br(0),

with bounded datum h = xpg (o). Note that if r < R then u, is a BV function
with compact support in Bg(0), while if » = R then u, is a W1 function
which does not vanish on the boundary.

In the next section, we prove Theorems 1.2, 1.3 and 1.5. This paper is a
revised and extended version of a note written by the authors in 2012 that was
only available at the arxiv.org website.

2. Proofs of the main results

Proof of Theorem 1.2. Assume by contradiction that there exists a function
u € Wy'' (Q) such that Vu # 0 almost everywhere in Q and f := Aju € LN(Q).

Then,
Vg = / fo
|V \

for every ¢ € C°(Q2). Note that Vu/|Vu| € L>®(Q) (Q) by the
Gagliardo-Nirenberg-Sobolev imbedding. By density of C°(Q) in VVO1 1(Q) we

deduce that
fv, 6
|v B / (©)

for every v € Wy ().
We proceed using Stampacchia’s truncation method. For this purpose, for
every kK > 0 let G, : R — R be the function defined by

t+rk ift<—k,
G.(t)=<X0 if —x <t <k, (7)
t—k ift> k.
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Since u € W' (), we have G, (u) € Wy (€2). Hence,

Vu / — u
Tap VO=() = G ()| Vul = [V (w)].

Applying identity (6) with test function G, (u), we get

/IVG If/fG

Since G, vanishes on the interval [—x, k], by the Hélder inequality we have

[t6w= [ 160 <1l e 16,
{lu[>~}

2

Thus,
VG < e cquimplGatll,

Q

By the Gagliardo-Nirenberg-Sobolev inequality,

<c [V,
T(Q)
Q

for some constant C' > 0 depending only on the dimension N. Hence,

(1= CIflew (gupsnp) |Gr(w)

1G],

<o. 8)

I ) =

Let T := ||Ju|| (o) if u is essentially bounded, or T':= 400 otherwise. We
have

F}i}%”fHLN(ﬂubn}) = Iflle~ ((ui=1})-

We observe that the set {|u] = T} has zero Lebesgue measure. This is indeed
the case when T' = 400 since u is finite a.e. When T < 400, we observe that
Vu = 0 a.e. on the level set {|u| = T'}; since by assumption Vu # 0 a.e. in €,
the set {4 = T'} must have zero Lebesgue measure. This implies that

S Az (gatsnen = Il (gui=ry) = 0.
In particular, there exists 0 < x < T such that C||f|loyussy < 1. We

deduce from (8) that
1G s (w)l

Therefore, [u] < & a.e. in Q. Hence, T' = ||ul[p~(n) < #, and this contradicts
the choice of k. The proof of the theorem is complete. O

LN I(Q) -
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To prove Theorem 1.3, we rely on Peetre’s imbedding of Sobolev functions
in Lorentz spaces, with the best constant computed by Alvino. We recall that
the Lorentz space Lp’l(RN) for 1 < p < oo can be defined as the vector space
of measurable functions ¢g in RY such that

9]l r.1 m) ;:/ H{lg| > t}\l/p dt < +o0.
0

Using an equivalent definition to this one, Lorentz [17] established the duality
between LPL(RN) and M7 1(RN) for p > 1 by proving an estimate which
amounts to

V78l 1A ol ),
for every g € LP'{(RN) and f € M7 1(RY), where
191 — [
_p_ = sSu N
e 8 A

see [17, Theorem 5] and the computation of the Lorentz norm in [7, Section 2].

-1
Here one should not rely on the quasi-norm sup,. {t[{|f] > t}|pT}7 which

gives a quantity that is only equivalent to || f ”M 21 vy

Peetre [23] proved by interpolation that W1H1(RY) C L%’I(RN) and
Alvino [2] later showed using rearrangements that the inequality

||UHLNI\11,1(RN) < nlVollpiwe)

holds with the best constant given by 3 := 1/(N wjlv/N).

Proof of Theorem 1.3. Proceeding as in the previous proof, by the duality be-
N
tween L¥-1'1 and MY one gets

/IVGH(U)\ :/QfGn(u) S llmy @) [Gr(w) |

RN

Ny 5
LN—T"(RN)

where the functions f and u have been extended by zero to RY; this does not
change their seminorms. Using Alvino’s improvement of the Sobolev inequality
with v = G (u), it follows that

(1=l ) 1G] s )

Under the assumption of the theorem we have || f|| oy @®~) < 1/71, hence the
quantity in parenthesis is positive. We deduce that |G (u) HL =0 for

every k > 0, and then u = 0 a.e. in €2, but this is not possible. O

N4
N-1''(RN)
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The proof of Theorem 1.5 relies on a property of BV function related to the
chain rule. For this purpose, given x > 0 denote by 7, : R — R the truncation
function at levels £k:

—K ift < —k,
T.t) =<t if—k<t<k,
K if t > k.
Observe that, for every t € R,
t=Tu(t) + Gr(t), (9)

where G, is the function defined by (7). Since T}, and G, are Lipschitz con-
tinuous, it is straightforward to verify using an approximation argument that
T,.(u) and G (u) both belong to BV (RY) for every u € BV (RY). In addition,
by the identity above we have

Du = D(T.(w)) + D(G . (u)).

One then verifies that
[ pul= [ ip@ i+ [ pG.w)l (10)

where, for a given vector-valued measure p,
/ |u|=sup{/ <I>~/1:<I>€C§°(]RN;]RN)and|<I>|<1inRN}.
RN RN

Indeed, the inequality < in (10) follows from the triangle inequality in RY.
The reverse inequality > can be deduced from Vol'pert’s chain rule for BV
functions [3]. A more elementary approach is based on an approximation of u
using the sequence of smooth functions (p, *u),en, where (pp,)nen is a sequence
of mollifiers in C2°(RY). In this case, one observes that

/ D(pn )| — / |Dul
RN RN

as n — oo; see [13, Theorem 5.3]. On the other hand, there exist a subsequence
(pn; * u)jen and finite positive measures oy and oy such that

|ID(T(pn, * )| = o1 in MRV RY),
ID(Go(pn; )| = 05 in M(RY;RY),

as j — 0o, where o1 > |D(T,(w))| and o2 > |D(G.(u))|. This implies the
reverse inequality in (10).
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Proof of Theorem 1.5. Since u minimizes Fg,, and T} (u) is also an admissible
function in the minimization class, we have

Eg, (u) < Eg, (T, (u)).

Thus,
[ el =Dl < [ =)

RN
We deduce from (10) and (9) that
[ Gl < [ 16w,
RN RN

We can now pursue the strategy of the proof of Theorem 1.2 to get the conclu-
sion. Indeed, the Sobolev and Holder inequalities imply that

(L= CllA Nl qrusm) IG5y ) <O

For every 0 < r < ||lu|| g ®~), where we do not exclude the possibility that

|l oo (rry = 400, we have ||Gn(u)||L%(Q) > 0. Thus,

1
1A Lw (Quisny) = rok

Since w is finite a.e., this inequality cannot hold for every x > 0. Therefore,
we must have |[ul| e @yy < 0o and so u is essentially bounded. Letting x —
||| oo (rvy, we deduce that {|u| > x} has positive measure. O

Acknowledgements

The authors would like to thank Francesco Petitta for bringing to their atten-
tion problems related to the 1-Laplacian and Stefan Steinerberger for suggesting
a counterpart of their original result in the setting of weak-L" functions. The
second author (ACP) was supported by the Fonds de la Recherche scientifique—
FNRS under research grants 1.5.199.10F and J.0026.15. He warmly thanks the
Dipartimento di Matematica of “Sapienza” Universita di Roma for the invita-
tion and hospitality.

REFERENCES

[1] F. ALTER, V. CASELLES, AND A. CHAMBOLLE, A characterization of convex
calibrable sets in RY, Math. Ann. 332 (2005), no. 2, 329-366.

[2] A. ALvINO, Sulla disequaglianza di Sobolev in spazi di Lorentz, Boll. Un. Mat.
Ital. A (5) 14 (1977), 148-156.



50

3]

[4]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]
(18]

(19]

L. ORSINA AND A.C. PONCE

L. AMBROSIO AND G. DAL MASO, A general chain rule for distributional deriva-
tives, Proc. Amer. Math. Soc. 108 (1990), no. 3, 691-702.

L. AMBROSIO, N. Fusco, AND D. PALLARA, Functions of bounded variation and
free discontinuity problems, Oxford Mathematical Monographs, The Clarendon
Press, Oxford University Press, New York, 2000.

F. ANDREU, C. BALLESTER, V. CASELLES, AND J. M. MAZON, The Dirichlet
problem for the total variation flow, J. Funct. Anal. 180 (2001), no. 2, 347-403.
F. ANDREU, A. DALL’AGLIO, AND S. SEGURA DE LEON, Bounded solutions
to the 1-Laplacian equation with a critical gradient term, Asymptot. Anal. 80
(2012), no. 1-2, 21-43.

H. BAHOURI AND A. COHEN, Refined Sobolev inequalities in Lorentz spaces, J.
Fourier Anal. Appl. 17 (2011), no. 4, 662-673.

G. BELLETTINI, V. CASELLES, AND M. NOVAGA, Ezplicit solutions of the eigen-
value problem —div(lg—Z) = o in R?, STAM J. Math. Anal. 36 (2005), no. 4,
1095-1129.

M. CICALESE AND C. TROMBETTI, Asymptotic behaviour of solutions to p-
Laplacian equation, Asymptot. Anal. 35 (2003), no. 1, 27-40.

F. DEMENGEL, Functions locally almost 1-harmonic, Appl. Anal. 83 (2004),
no. 9, 865-896.

G. Dinca, P. JEBELEAN, AND J. MAWHIN, Variational and topological methods
for Dirichlet problems with p-Laplacian, Port. Math. (N.S.) 58 (2001), no. 3,
339-378.

1. EKELAND AND R. TEMAM, Convex analysis and variational problems, Classics
in Applied Mathematics, vol. 28, Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 1999.

L. C. EvaNs AND R. F. GARIEPY, Measure theory and fine properties of func-
tions, 2nd ed., Textbooks in Mathematics, CRC Press, Boca Raton, FL, 2015.
M. GIAQUINTA, G. MODICA, AND J. SOUCEK, Functionals with linear growth
in the calculus of variations I, II, Comment. Math. Univ. Carolin. 20 (1979),
143-156, 157-172.

B. KAWOHL, On a family of torsional creep problems, J. Reine Angew. Math.
410 (1990), 1-22.

B. KAwWOHL AND F. SCHURICHT, Dirichlet problems for the 1-Laplace operator,
including the eigenvalue problem, Commun. Contemp. Math. 9 (2007), no. 4,
515-543.

G. G. LORENTZ, Some new functional spaces, Ann. of Math. (2) 51 (1950),
37-55.

J. MAWHIN AND M. WILLEM, Critical point theory and Hamiltonian systems,
Applied Mathematical Sciences, vol. 74, Springer-Verlag, New York, 1989.

J. M. MAZON AND S. SEGURA DE LEON, The Dirichlet problem for a singular
elliptic equation arising in the level set formulation of the inverse mean curvature
flow, Adv. Calc. Var. 6 (2013), no. 2, 123-164.

A. MERCALDO, S. SEGURA DE LEON, AND C. TROMBETTI, On the solutions to
1-Laplacian equation with L' data, J. Funct. Anal. 256 (2009), no. 8, 2387-2416.
A. MERCALDO, S. SEGURA DE LEON, AND C. TROMBETTI, On the behaviour
of the solutions to p-Laplacian equations as p goes to 1, Publ. Mat. 52 (2008),



FLAT SOLUTIONS OF THE 1-LAPLACIAN EQUATION 51

no. 2, 377-411.
[22] N. S. PAPAGEORGIOU AND A. S. PAPAGEORGIOU, Minimization of nonsmooth
integral functionals, Internat. J. Math. Math. Sci. 15 (1992), no. 4, 673-679.
[23] J. PEETRE, Espaces d’interpolation et théoréme de Soboleff, Ann. Inst. Fourier
(Grenoble) 16 (1966), no. 1, 279-317.

Authors’ addresses:

Luigi Orsina

“Sapienza” Universita di Roma
Dipartimento di Matematica
P.le A. Moro 2

00185 Roma, Italy

E-mail: orsina@mat.uniromal.it

Augusto C. Ponce

Université catholique de Louvain

Institut de Recherche en Mathématique et Physique
Chemin du cyclotron 2, bte L7.01.02

1348 Louvain-la-Neuve, Belgium

E-mail: Augusto.Ponce@uclouvain.be

Received December 1, 2016
Accepted March 17, 2017



