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Two-phase heat conductors with
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ABSTRACT. We consider a two-phase heat conductor in RN with N > 2
consisting of a core and a shell with different constant conductivities.
Suppose that, initially, the conductor has temperature 0 and, at all
times, its boundary is kept at temperature 1. It is shown that, if there
is a stationary isothermic surface in the shell near the boundary, then
the structure of the conductor must be spherical. Also, when the medium
outside the two-phase conductor has a possibly different conductivity,
we consider the Cauchy problem with N > 3 and the initial condition
where the conductor has temperature 0 and the outside medium has
temperature 1. Then we show that almost the same proposition holds
true.
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1. Introduction

Let Q be a bounded C? domain in RY (N > 2) with boundary 052, and let
D be a bounded C? open set in RY which may have finitely many connected
components. Assume that  \ D is connected and D C . Denote by o =
o(z) (z € RY) the conductivity distribution of the medium given by

Oc in D,
0=1 0 in Q\ D,
Om in RV \ ,
where o, 04,0, are positive constants and o, # o,. This kind of three-phase

electrical conductor has been dealt with in [7] in the study of neutrally coated
inclusions.
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In the present paper we consider the heat diffusion over two-phase or three-
phase heat conductors. Let u = wu(z,t) be the unique bounded solution of
either the initial-boundary value problem for the diffusion equation:

up = div(cVu) in Q x (0,400), (1)
u=1 on 99 x (0,4+00), (2)
u=0 on  x {0}, (3)

or the Cauchy problem for the diffusion equation:
u, = div(eVu) in RY x (0,400) and u = X on RN x {0}, (4)

where Xqe denotes the characteristic function of the set Q¢ = RV \ Q. Consider
a bounded domain G in RY satisfying

DCGCGCQ and dist(x,00) < dist(x, D) for every z € 0G.  (5)
The purpose of the present paper is to show the following theorems.

THEOREM 1.1. Let u be the solution of problem (1)-(3) for N > 2, and let T’
be a connected component of OG satisfying

dist(T", 9Q) = dist(9G, 9N). (6)
If there exists a function a : (0,+00) — (0,400) satisfying
u(z,t) = a(t) for every (z,t) € T x (0,+00), (7)
then 0 and D must be concentric balls.

COROLLARY 1.2. Let u be the solution of problem (1)-(3) for N > 2. If there
exists a function a : (0,400) — (0,4+00) satisfying

u(z,t) = a(t) for every (x,t) € G x (0, +00), (8)
then Q and D must be concentric balls.

THEOREM 1.3. Let u be the solution of problem (4) for N > 3. Then the
following assertions hold:

(a) If there exists a function a : (0,+00) — (0,400) satisfying (8), then Q
and D must be concentric balls.

(b) If o5 = 0. and there exists a function a : (0,+00) — (0,+00) satisfying
(7) for a connected component T' of OG with (6), then Q and D must be
concentric balls.
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Corollary 1.2 is just an easy by-product of Theorem 1.1. Theorem 1.3
is limited to the case where N > 3, which is not natural; that is required for
technical reasons in the use of the auxiliary functions U, V, W given in section 4.
We conjecture that Theorem 1.3 holds true also for NV = 2.

The condition (7) means that I' is an isothermic surface of the normalized
temperature u at every time, and hence I' is called a stationary isothermic sur-
face of u. When D = ) and ¢ is constant on R, a symmetry theorem similar
to Theorem 1.1 or Theorem 1.3 has been proved in [13, Theorem 1.2, p. 2024]
provided the conclusion is replaced by that 02 must be either a sphere or the
union of two concentric spheres, and a symmetry theorem similar to Corol-
lary 1.2 has also been proved in [10, Theorem 1.1, p. 932]. The present paper
gives a generalization of the previous results to multi-phase heat conductors.

We note that the study of the relationship between the stationary isother-
mic surfaces and the symmetry of the problems has been initiated by Alessan-
drini [2, 3]. Indeed, when D = ) and o is constant on R¥, he considered the
problem where the initial data in (3) is replaced by the general data g in
problem (1)-(3). Then he proved that if all the spatial isothermic surfaces of u
are stationary, then either ug — 1 is an eigenfunction of the Laplacian or 2 is
a ball where ug is radially symmetric. See also [8, 14] for this direction.

The following sections are organized as follows. In section 2, we give four
preliminaries where the balance laws given in [9, 10] play a key role on behalf
of Varadhan’s formula (see (12)) given in [15]. Section 3 is devoted to the
proof of Theorem 1.1. Auxiliary functions U,V given in section 3 play a key
role. If D is not a ball, we use the transmission condition (35) on 9D to
get a contradiction to Hopf’s boundary point lemma. In section 4, we prove
Theorem 1.3 by following the proof of Theorem 1.1. Auxiliary functions U, V, W
given in section 4 play a key role. We notice that almost the same arguments
work as in the proof of Theorem 1.1.

2. Preliminaries for N > 2
Concerning the behavior of the solutions of problem (1)-(3) and problem (4),
we start with the following lemma.

LEMMA 2.1. Let u be the solution of either problem (1)-(3) or problem (4). We
have the following assertions:

(a) For every compact set K C §, there exist two positive constants B and b
satisfying

0 < u(z,t) < Be™ ¢ for every (z,t) € K x (0,1].
(b) There exists a constant M > 0 satisfying
0<1—u(zt)<min{l, Mt~ >|Q}
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for every (z,t) € Q x (0,+00) or € RN x (0,00), where || denotes the
Lebesgue measure of the set §2.

(¢c) For the solution u of problem (1)-(3), there exist two positive constants
C and X\ satisfying

0<1—u(x,t)<Ce ™  for every (z,t) € Q x (0, +00).

(d) For the solution u of problem (4) where N > 3, there exist two positive
constants B and L satisfying

5N < / C( = ue,t) dt < BzN if |2 > L,
0

where Q C B (0) = {z € RN : |z| < L}.

Proof. We make use of the Gaussian bounds for the fundamental solutions of
parabolic equations due to Aronson [4, Theorem 1, p. 891] (see also [5, p. 328]).
Let g = g(z,t; £, 7) be the fundamental solution of uy = div(cVu). Then there
exist two positive constants a and M such that

N _alz—¢? N _ lz—¢?
2

e <y ngn M- Fe T ()

M7Yt—1)"

for all (z,t), (&,7) € RY x (0, +00) with ¢t > 7.

For the solution u of problem (4), 1 — u is regarded as the unique bounded
solution of the Cauchy problem for the diffusion equation with initial data
Xq which is greater than or equal to the corresponding solution of the initial-
boundary value problem for the diffusion equation under the homogeneous
Dirichlet boundary condition by the comparison principle. Hence we have
from (9)

L= ulot) = [ gle.ti0)Xa(6) de < bt ¥ o).

The inequalities 0 < 1 — u < 1 follow from the comparison principle. This
completes the proof of (b). Moreover, (d) follows from (9) as is noted in [4, 5.
Remark, pp. 895-896].

For (a), let K be a compact set contained in . We set

N, = {z e RN : dist(z,09) < p}

where p = 1 dist(K, Q) (> 0). Define v = v(,t) by

v(z,t) = /\/ g(x,t;€,0) d¢ for every (z,t) € RY x (0, +00),

No
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where a number A > 0 will be determined later. Then it follows from (9) that

o2
vz, t) > /\Mflt*%/ e d¢  for (z,t) € RN x (0, +00)
Np

and hence we can choose A > 0 satisfying

v>1 on 09Q x (0,1].
Thus the comparison principle yields that

u<wv in Q x (0,1]. (10)
On the other hand, it follows from (9) that

R
v(z,t) < )\Mt_%/ e~ d¢  for (z,t) € RY x (0, +o0).
Np

Since |z —§| > p for every z € K and § € N, we observe that

v(z,t) S AMt™ % e ar IN,|  for every (z,t) € K x (0,+00),

where |V, | denotes the Lebesgue measure of the set \,,. Therefore (10) gives (a).
For (c), for instance choose a large ball B with Q C B and let ¢ = ¢(x) be
the first positive eigenfunction of the problem

— div(eVp)=Ap in B and ¢ =0 on OB

with sup ¢ = 1. Choose C' > 0 sufficiently large to have
B

1<Cyp in Q.
Then it follows from the comparison principle that
1 —u(z,t) < Ce Mp(z) for every (2,t) € Q x (0, +00),
which gives (c). O

The following asymptotic formula of the heat content of a ball touching at
0f) at only one point tells us about the interaction between the initial behavior
of solutions and geometry of domain.

PROPOSITION 2.2. Let u be the solution of either problem (1)-(3) or prob-
lem (4). Let x € Q and assume that the open ball B,.(x) with radius r > 0
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centered at x is contained in Q and such that B,(xz) N 0Q = {y} for some
y € ). Then we have:

lim t—¥/ u(z,t) dz = C(N, o) ]ﬁl (1 —ﬁj(y)> .1

) r
B, () 7=

Here, k1(y),...,kn-1(y) denote the principal curvatures of O at y with respect
to the inward normal direction to OQ and C(N, o) is a positive constant given
by
N4l
205 % ¢(N)  for problem (1)-(3) ,

C(N, 0) = N1
\/U%Jri%as T ¢(N)  for problem (4) ,

where ¢(N) is a positive constant depending only on N. (Notice that if o5 = o,

then C(N,o) = O';V#C(N) for problem (4), that is, just half of the constant for
problem (1)-(3).)

When k;(y) = 1/r for some j € {1,--- ,N — 1}, (11) holds by setting the
right-hand side to +oo (notice that k;j(y) < 1/r always holds for all j’s).

Proof. For the one-phase problem, that is, for the heat equation u; = Auw, this
lemma has been proved in [12, Theorem 1.1, p. 238] or in [13, Theorem B, pp.
2024-2025 and Appendix, pp. 2029-2032]. The proof in [13] was carried out
by constructing appropriate super- and subsolutions in a neighborhood of 952
in a short time with the aid of the initial behavior [13, Lemma B.2, p. 2030]
obtained by Varadhan’s formula [15] for the heat equation u; = Au

—4tlogu(x,t) — dist(z,0Q)% ast — +0 (12)

uniformly on every compact set in Q. (See also [13, Theorem A, p. 2024] for
the formula.) Here, with no need of Varadhan’s formula, (a) of Lemma 2.1
gives sufficient information on the initial behavior [13, Lemma B.2, p. 2030].
We remark that since problem (1)-(3) is one-phase with conductivity oy near
0f), we can obtain formula (11) for problem (1)-(3) only by scaling in t. On
the other hand, problem (4) is two-phase with conductivities o,,, o5 near 92 if
om # 0s. Therefore, it is enough for us to prove formula (11) for problem (4)
where o,, # 0.

Let u be the solution of problem (4) where o, # o, and let us prove this
lemma by modifying the proof of Theorem B in [13, Appendix, pp. 2029-2032].

Let us consider the signed distance function d* = d*(z) of z € R¥ to the
boundary 052 defined by

dist(z,00) if z € Q,

d*(z) = { — dist(z,00) if x ¢ Q. (13)
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Since 0f) is bounded and of class C?, there exists a number py > 0 such that
d*(z) is C?-smooth on a compact neighborhood A of the boundary 9Q given
by

N={zeRY:—py<d*(z) < po}. (14)

We make N satisfy A'N D = . Introduce a function F = F(£) for £ € R by

F(¢) = L/w e /4 ds.
27 Je
Then F satisfies
F" + %gF’ =0 and F' <0 in R,
F(=00) = 1, F(0) = % and F(+00) = 0.
For each ¢ € (0,1/4), we define two functions Fy = Fy (&) for £ € R by

Fo(§) = F(§F 2e).

Then Fy satisfies
1
FY! + §§Fj'[ =+eF}, F. <0 and F. < F < F{ inR,

1
Fi(—o0)=1, F1(0) 2 2’ and Fy(4o00) = 0.

By setting n = t~2d*(z), p = \/Om/\/Ts and O+ = 1+ (un—1)F+(0) (> 0),
we introduce two functions vy = vy (z,t) by

7 Fx (as_%n) for (x,t) € 2 x (0,4+00),
vy (z,t) = (15)

i {Fi (U;fn) +604 — 1} for (x,t) € Q° x (0, +00).
Then vy satisfies the transmission conditions

Ov+ Ovy
vi|+:vi|_ and o0,,——| =o0s——

o s, | on 082 x (0, 4+00), (16)

where + denotes the limit from outside and — that from inside of Q and v =
v(x) denotes the outward unit normal vector to 9Q at x € 99, since v = —Vd*
on 9. Moreover we observe that for each e € (0,1/4), there exists ¢1 . € (0,1]
satisfying

(1) {(vi) —oAve} >0 in (A\ Q) x (0,t1..]- (17)
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In fact, a straightforward computation gives

A — e (e + Vo tAd*) Fi in (NNQ) x(0,+00),
(Weh = 0Rve = _ 7oy eaAd) Bl in (M) x (0, 40c).
Then, for each ¢ € (0,1/4), by setting t; . = (ﬁ)Q, where M =
max |Ad*(x)|, we obtain (17).
EAS

max{os,0m}

Then, in view of (a) of Lemma 2.1 and the definition (15) of v, we see that
there exist two positive constants Fy and FE5 satisfying

max{|vy], [v_]|, |ul} < Ere= % in Q\N x (0, 1]. (18)
By setting, for (z,t) € RY x (0, +00),
we(z,t) = (1 £ )y (a,t) £ 2Ee 7, (19)
since vy and u are all nonnegative, we obtain from (18) that
w_ <u<wy in Q\N x (0,1]. (20)

Moreover, in view of the facts that Fly (—oo) = 1 and Fy (+00) = 0, we see that
there exists t. € (0,t1,¢] satisfying

wo <u<wi on ((ON\ Q) x (0,t]) U (N x {0}). (21)

Then, in view of (16), (17), (20), (21) and the definition (19) of wy, we have
from the comparison principle over A/ that

w_<u<wy in (MUQ)x(0,t] (22)

By writing
I's={xeQ:d"(x)=s} fors>0,

let us quote a geometric lemma from [11] adjusted to our situation.

1
LEMMA 2.3. ([11, Lemma 2.1, p. 376)) If | max ki(y) < —, then we have:
r

<j<N-1
_1
N—1 N-—1 N-1 1 ’
. N1 N—1 _ = I,
sl_lféﬂ s 7 H TsNB(z) =277 wy—1 H (r Kj (y)> )

where HN 1 is the standard (N —1)-dimensional Hausdorff measure, and wy_1
is the volume of the unit ball in RN~
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1
Let us consider the case where _max (y) < —. Then it follows from (22)
<N- r

1<j<N-1
that for every ¢ € (0, t.]

N+1 N+1
/ w_ dz <t~ "1 / udz <t & / wy dz. (23)
Bv(x) Br(w) BT(x)

On the other hand, with the aid of the co-area formula, we have

/ vt dz =
B(z)

27’(0'575)7% _N-1
e VR Y T
Tt /O Fe© T ((0nie) " HY (T NB()) de,

N+1

t— 2

where vy is defined by (15). Thus, by Lebesgue’s dominated convergence the-
orem and Lemma 2.3, we get

. _ N+1
lim ¢t~ 1 / wy dr =
t—+40 BT(ZE)

_1
N-1 2

i(oﬂf 2 v 4 ] (1 —w@)) /0 TR T de.

Moreover, again by Lebesgue’s dominated convergence theorem, since

pt1

lin% 0y =1+ (u—1)F(0) and p = \/0,,/\/0s,
e—

we see that
. _ N+41
lim ¢t~ 1 / wy dr =
t—+0 BT(CE)
N—1

2\/0m N1 N_1 1_ ‘ N_1
m(%) 277 wN ]1:[1(7" Hj(y)> F(&)E = de.

1
¥ 1’%‘(?!) <
Once this is proved, the case where k;(y) = 1/r for some j € {1,--- ,N—1}

can be dealt with as in [12, p. 248] by choosing a sequence of balls { B, (zx)}7
satisfying:

Therefore (23) gives formula (11) provided max
1<j<N—

T <7, y € 0By, (xr), and By, (vx) C By(x) for every k > 1, and klim TR =T.
—00
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1 1
. < — — 1
Then, because of 13?153131(71 ki(y) < " < - applying formula (11) to each ball

B, (z1) yields that

liminft= "3 / u(z,t) dz = +oo.
t—+0 BT(CE)
This completes the proof of Proposition 2.2. O

In order to determine the symmetry of €2, we employ the following lemma.

LEMMA 2.4. Let u be the solution of either problem (1)-(3) or problem (4).
Under the assumption (7) of Theorem 1.1 and Theorem 1.3, the following as-
sertions hold:

(a) There exists a number R > 0 such that

dist(z,09Q) = R for every x € T;

(b) T is a real analytic hypersurface;

(¢c) there exists a connected component v of 002, that is also a real analytic
hypersurface, such that the mapping v > y — z(y) =y — Rv(y) € T', where
v(y) is the outward unit normal vector to 02 aty € =, is a diffeomorphism;
in particular v and T are parallel hypersurfaces at distance R;

(d) it holds that

1
i — 24
| kj(y) < for everyy €7, (24)
where k1(y), - ,kn—1(y) are the principal curvatures of OQ aty € v with

respect to the inward unit normal vector —v(y) to 9);

(e) there exists a number ¢ > 0 such that
N1
H <R — fij(y)> =c for everyy € . (25)
j=1
Proof. First it follows from the assumption (5) that
B.(z) CQ\ D for every z € G with 0 < r < dist(x, 99Q).

Therefore, since 0 = o, in Q\ D, we can use a balance law (see [10, Theorem 2.1,
pp. 934-935] or [9, Theorem 4, p. 704]) to obtain from (7) that

/ u(z,t) dz = / u(z,t) dz for every p,q € T" and ¢ > 0, (26)
B (p) Br(q)
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provided 0 < r < min{ dist(p, 9Q), dist(q,9)}. Let us show assertion (a).
Suppose that there exist a pair of points p and ¢ satisfying

dist(p, 002) < dist(g, 09).

Set r = dist(p, 92). Then there exists a point y € 9 such that y € B, (p)NON.
Choose a smaller ball B;(z) C B,(p) with 0 < # < r and B;(2)N0B,(p) = {y}.

1 1
. . < 3 11 . ~
Since 1<1;n<aﬁ[< . k5 (y) - < = by applying Proposition 2.2 to the ball B(z),

we get

N+1

N+1
liminf¢™ 2 / u(z,t) dz> lim t~ 2 / u(z,t) dz > 0.
=0 B, (p) o0 B (x)

On the other hand, since B,.(q) C £, it follows from (a) of Lemma 2.1 that

lim ¢t~ 2 / u(z,t) dz =0,
Br(q)

which contradicts (26), and hence assertion (a) holds true.

We can find a point z. € I" and a ball B,(z.) such that B,(z,) C G and
x, € 0B, (24). Since I' satisfies (6), assertion (a) yields that there exists a point
Yy« € 0N satisfying

Brip(2+) CQ, ys € Bryp(2ze) N0Q, and Br(z,) N 0N = {y.}.

Observe that

1
\Jmax hy(ye) < Ris "R and @, =y, — Rv(y.) = 2(ys)

Define v C 02 by
'yz{yE@Q:BR(x)ﬂan{y} forx=y—Rv(y) el

1
and 1S§n§aj%<71 ki(y) < E}

Hence y. € v and v # (). By Proposition 2.2 we have that for every y € v and
r=z(y)(=y— Rv(y))

lim ¢t~ 2 /BR(x)U(Z’t) dz = C(N,0) Nl:[l (11% — Iij(y)> . (27)

j=1

Here let us show that, if y € v and = = z(y), then Vu(z,t) # 0 for some t > 0,
which guarantees that in a neighborhood of x, I' is a part of a real analytic
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hypersurface properly embedded in RY because of (7), real analyticity of u with
respect to the space variables, and the implicit function theorem. Moreover,
this together with the implicit function theorem guarantees that v is open in
0Q and the mapping v > y — z(y) € T is a local diffeomorphism, which is
also real analytic. If we can prove additionally that ~ is closed in 952, then
the mapping v 3 y — z(y) € T' is a diffeomorphism and v is a connected
component of 9S2 since I' is a connected component of G, and hence all the
remaining assertions (b) — (e) follow from (26), (27) and the definition of ~.
We shall prove this later in the end of the proof of Lemma 2.4.

Before this we show that, if y € v and x = z(y), then Vu(z,t) # 0 for some
t > 0. Suppose that Vu(z,t) = 0 for every ¢ > 0. Then we use another balance
law (see [10, Corollary 2.2, pp. 935-936]) to obtain that

/ (z — x)u(z,t) dz =0 for every t > 0. (28)
Bpgr(x)
On the other hand, (a) of Lemma 2.1 yields that
N1
lim ¢~ 2 / u(z,t) dz =0 for every compact set K C €, (29)
t——+0 K

and hence by (27) it follows that for every € > 0

N

N-1
N+1 1
lim ¢~ / u(z,t) dz=C(N,o (—/@»y) . (30
e d=oWo T (fmw (30)

j=1
This implies that

N+1

limt_T/ z—x)u(z,t) dz =
t—+0 BR(x)( ) ( )

M

C(N, o) ]ﬁl (;—%g‘(yo (y—z) #0,

which contradicts (28).
It remains to show that 7 is closed in 0€2. Let {y"} be a sequence of points
inywith lim 3" = y* € 99, and let us prove that y>° € . By combining (26)
n—oo
with (27), we see that there exists a positive number ¢ satisfying assertion (e)
and hence by continuity

N-1 o 1
I AR — () < —
jl,ll (R Ky )) ¢>0 and | Jnax ki(y>) < 7 (31)
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. ; . 1
since y/ € v for every j. Thus 1g?1§a137<71 ki (y>) < ok Let z° = 3> —

Rv(y>)(= z(y*>)). It suffices to show that Br(z>) N9 = {y>}. Suppose
that there exists another point y € Br(x>) N dQ. Then for every R € (0, R)
we can find two points p* and p in Br(z*) such that

By(p™) U Bgx(p) C Br(xz™), Bi(p>®)Not={y>}, and By(p) N 02 = {y}.

Hence by Proposition 2.2 we have

N-1

N+1 ].
lim ¢t~ 3 / u(z,t) dz = C(N, o) (A - n-(yoo)) ,
t+0 Bo(r>) i \R ’

_1
N1 Ry i
+

lim ¢t~ / u(z,t) dz = C(N,0) <A - K'(y)>
t—+0 Ba(p) 1 \R J

Thus, with the same reasoning as in (30) by choosing small £ > 0, we have
from (31), (26), (27) and assertion (e) that for every = €

1
2

C,0) ]ﬁl (}1% - Hj(y‘”)> = C(N,0)c

Jj=1

= lim ¢t~ 3 / u(z,t) dz = lim tiNZl/ u(z,t) dz
t——+0 Br(=) t——+0 Br(z>)

1

> lim ¢~ % / u(z,t) dz—i—/ u(z,t) dz
t—40 B (p>=)NB. (y>) Byi(p)NBe(y)

—1 1
2 2

— C(N,0) Nﬁl (11% - mj(yo")) - Aﬁl (; - fﬂj(?J))

Jj=1 Jj=1

Since R € (0, R) is arbitrarily chosen, this gives a contradiction, and hence ~
is closed in 9€2. O

LEMMA 2.5. Let u be the solution of problem (4). Under the assumption (8)
of Theorem 1.3, the same assertions (a)—(e) as in Lemma 2.4 hold provided T
and 7y are replaced by OG and 9K, respectively.

Proof. By the same reasoning as in assertion (a) of Lemma 2.4 we have asser-
tion (a) from the assumption (8). Since every component I' of G has the same
distance R to 0%, every component I' satisfies the assumption (6). Therefore,
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we can use the same arguments as in the proof of Lemma 2.4 to prove this
lemma. Here we must have

o0 ={x c RN : dist(z,G) = R}.

3. Proof of Theorem 1.1

Let u be the solution of problem (1)-(3) for N > 2. With the aid of Aleksan-
drov’s sphere theorem [1, p. 412], Lemma 2.4 yields that v and T" are concentric
spheres. Denote by zo € RY the common center of v and I'. By combining the
initial and boundary conditions of problem (1)-(3) and the assumption (7) with
the real analyticity in o of u over Q\ D, we see that u is radially symmetric
with respect to 2o in 2 on (€2\ D) x (0,00). Here we used the assumption that
Q\ D is connected. Moreover, in view of the Dirichlet boundary condition (2),
we can distinguish the following two cases:

(I) Q is a ball; (IT) ©Q is a spherical shell.

By virtue of (c) of Lemma 2.1, we can introduce the following two auxiliary
functions U = U(z), V =V (z) by

U(zx) = / (1 —wu(x,t)) dt forxeQ\D, (32)

0
V(z) = / (1—u(w,t) dt forz € D. (33)

0

Then we observe that
A=t mo\D, cav=2L b, (34)
S O-C
oU oV

U=V and 055 = UCE on 0D, (35)
U=0 on 09, (36)

where v = v(x) denotes the outward unit normal vector to 9D at z € 9D
and (35) is the transmission condition. Since U is radially symmetric with
respect to xg, by setting r = |z — x| for x € Q\ D we have

0? N-10 1 —

or? r  Or Os in (37)
Solving this ordinary differential equation yields that

{ cr? N — ﬁrz +cp if N>3,

U= °

—cqlogr — iTQ—i_CQ if N=2,
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where ¢, co are some constants depending on N. Remark that U can be ex-
tended as a radially symmetric function of 7 in RV \ {z¢}.

Let us first show that case (II) does not occur. Set Q = B, (x¢) \ B,_ (o)
for some numbers p; > p_ > 0. Since Q\ D is connected, (36) yields that
U(p+) =U(p-) =0 and hence ¢; < 0. Moreover we observe that

U” <0 on [p—,p4]. (39)

Recall that D may have finitely many connected components. Let us take a
connected component D, C D. Then, since D, C €2, we see that there exist
p« € (p—, p+) and z, € D, which satisfy

U(ps) =min{U(r) : r = |x — xo|,z € 0D, } and p, = |z, — xo]. (40)

Notice that v(z.) equals either £t or — &2, For v > 0, set
~ O's
U(r) =Ulps) + ~(U(r) = Ulpx))- (41)
Since
A~ O.S
00 -0 = (2 1) ) - Ulp.)), ()

it follows that

[ 2U i g >0,
U{_ B s T 0 L aD.. (43)

<U if o4<o0,

Moreover, we remark that U never equals U identically on 8D, since Q\ D, is
connected and {2 is a spherical shell. Observe that

. 1 oU o, 0U

On the other hand, we have

—AV = 1 in D, and V=U on dD,. (45)

Oc

Then it follows from (43) and the strong comparison principle that

N >V i os>0. .
U in D, (46)

<V if o4 <o,

since U never equals U identically on dD,. The transmission condition (35)
with the definition of U tells us that
oU oV

A: —_— —_ = Tx D* 4
U=V and 5 = By at x =2, € 0D,, (47)
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since v(z.) equals either % or —‘T*p;f@. Therefore applying Hopf’s bound-

ary point lemma to the harmonic function U7 — V' gives a contradiction to (47),
and hence case (II) never occurs. (See [6, Lemma 3.4, p. 34] for Hopf’s bound-
ary point lemma.)

Let us consider case (I). Set @ = B,(x¢) for some number p > 0. We
distinguish the following three cases:

()1 =0; (i) eg >0;  (iii) g <O.

We shall show that only case (i) occurs. Let us consider case (i) first. Note
that

U'(r) <0 ifr >0, and U’'(0) = 0. (48)
Take an arbitrary component D, C D. Then, since D, CcO= Bp(xo), we see
that there exist p. € (0,p) and z, € D, which also satisfy (40). Notice that
v(z.) equals =720 For r > 0, define U = U(r) by (41). Then, by (42) we
also have (43). Observe that both (44) and (45) also hold true. Then it follows
from (43) and the comparison principle that

in D,. (49)

o >V if o4 >0,
<V if o5 <o,

The transmission condition (35) with the definition of U also yields (47) since
v(z,) equals #=—%0. Therefore, by applying Hopf’s boundary point lemma to

the harmonic function U — V', we conclude from (47) that
U=V in D,

and hence D, must be a ball centered at z¢. In conclusion, D itself is connected
and must be a ball centered at xg, since D, is an arbitrary component of D.
Next, let us show that case (ii) does not occur. In case (ii) we have

U'(r) <0 ifr >0, lim U(r) = +oo, and x¢ € D. (50)

Let us choose the connected component D, of D satisfying o € D.. Then,
since D, C Q = B,(z0), we see that there exist p.1, p«2 € (0, p) and z41, 42 €
0D, which satisfy that p.; < p«o and

U(ps1) = max{U(r) : r = |z — xo|,z € 0D} and p.1 = |Ts1 — 20|, (51)
U(ps2) = min{U(r) : 7 = |z — 2o|,x € OD,} and pia = |42 — 20|. (52)

Lxi—T0

Notice that v(z.;) equals e for i = 1,2. Also, the case where p.1 = pa2

may occur for instance if D, is a ball centered at xg. For r > 0, we set

: { Ulpea) + 2 (U(r) ~ Ulpaa) i 0y > 00,

U(r)=
(r) U(paa) + 22 (U(r) —=U(pa)) ifos <oc. (53)
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Then, as in (43), it follows that

U>U ondD,. (54)
Observe that
-1 U o,0U  — o
—AU = o and o oo in D, \ {zo}, and wgrgOU =+4o0. (55)

Therefore, since we also have (45), it follows from (54) and the strong compar-
ison principle that R
U>V in D\ {zo}. (56)

The transmission condition (35) with the definition of U tells us that

oUu oV

5 = By at x = x4 € 0D, (57)

since v(x4;) equals

””*;f"”o for ¢ = 1,2. Therefore applying Hopf’s boundary
point lemma to the harmonic function U — V' gives a contradiction to (57), and
hence case (ii) never occurs.

It remains to show that case (iii) does not occur. In case (iii), since ¢; < 0,

there exists a unique critical point r = p,. of U(r) such that

Upe) =max{U(r) :r>0}>0 and 0 < p. < p ; (58)
Ulr)<0 ifr>p. and U'(r) >0 if0<7r < p.; (59)
1ir% U(r) = —oo and zp € D. (60)
r—

Let us choose the connected component D, of D satisfying xg € D,. Then,
since D, C = B,(x0), as in case (ii), we see that there exist p.1, ps2 € (0, p)
and Z.1, T« € 0D, which satisfy (51) and (52). In view of the shape of the
graph of U, we have from the transmission condition (35) that at z.; € 9D,,1 =
1,2,

. 0 if pui = pe
av_m,m]_{ psi = p (61)

v oo v 20" if pui # pe

where, in order to see that v(x,;) equals I*;’;IO if pyi # pe, we used the fact

that both D, and B, (z0) \ﬁ* are connected aﬁd rg € D,. Also, the case where

P+1 = Px2 MAY occur for instance if D, is a ball centered at xy. For r > 0, we
define U = U(r) by

. U(ps) +

(U(r) = U(ps1)) ifos>o.,
(U(r) = U(ps2)) ifos<o..

o o

(62)

SR
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Remark that (62) is opposite to (53). Then, as in (54), it follows that
U<U ondD,. (63)

Hence, by proceeding with the strong comparison principle as in case (ii), we
conclude that

U<V inD,\ {0} (64)

Then, it follows from the definition of U/ and (61) that (57) also holds true. In
conclusion, applying Hopf’s boundary point lemma to the harmonic function
U — V gives a contradiction to (57), and hence case (iii) never occurs.

4. Proof of Theorem 1.3

Let u be the solution of problem (4) for N > 3. For assertion (b) of Theo-
rem 1.3, with the aid of Aleksandrov’s sphere theorem [1, p. 412], Lemma 2.4
yields that v and I' are concentric spheres. Denote by zo € RY the common
center of v and I'. By combining the initial condition of problem (4) and
the assumption (7) with the real analyticity in  of u over RN \ D coming
from o5 = o, we see that u is radially symmetric with respect to xp in =
on (RV\ D) x (0,00). Here we used the assumption that 2\ D is connected.
Moreover, in view of the initial condition of problem (4), we can distinguish
the following two cases as in section 3:

(I) Q is a ball; (IT) Q is a spherical shell.

For assertion (a) of Theorem 1.3, with the aid of Aleksandrov’s sphere theorem
[1, p. 412], Lemma 2.5 yields that G and 9 are concentric spheres, since
every component of 92 is a sphere with the same curvature. Therefore, only the
case (I) remains for assertion (a) of Theorem 1.3. Also, denoting by zo € RY the
common center of G and 02 and combining the initial condition of problem (4)
and the assumption (8) with the real analyticity in = of u over Q\ D yield that
u is radially symmetric with respect to zg in z on (RY \ D) x (0, 00).

By virtue of (b) of Lemma 2.1, since N > 3, we can introduce the following
three auxiliary functions U = U(x), V = V(z) and W = W(z) by

U(x):/oo(l—u(x,t)) dt for z € Q\ D, (65)

0

V(z) = /00(1 —u(z,t)) dt forzxz € D, (66)
0

W(x) = /000(1 —u(z,t)) dt  for z e RV \ Q. (67)
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Then we observe that

1 — 1 Q

S O-C
oUu ov
U=V and Os,, =0cg - on oD, (69)
oU ow
U=W and Os5,, = Om— - on 09, (70)
lim W(z)=0, (71)

|z|—o00

where v = v(z) denotes the outward unit normal vector to D at = € 9D or to
0N at x € 0N and (69) - (70) are the transmission conditions. Here we used (d)
of Lemma 2.1 to obtain (71).

Let us follow the proof of Theorem 1.1. We first show that case (IT) for
assertion (b) of Theorem 1.3 does not occur. Set Q@ = B, (x¢) \ B,_(xo) for
some numbers p; > p_ > 0. Since u is radially symmetric with respect to zp in

z on (RV\ D) x (0,00), we can obtain from (68)-(71) that for r = |z —zo| >0

U=cr?2 N - 21\}05 r24+cy  forp_ <r<pg,
W = cgr?=N for r > p4,
W =cy for0<r<p_,
where c1,...,c4 are some constants, since '\ D is connected. Remark that

U can be extended as a radially symmetric function of r in RN \ {zo}. We
observe that ¢4 > 0 and ¢35 > 0. Also it follows from (70) that U’(p_) = 0 and
U'(py) <0, and hence

c1 <0 and U’ <0on (p_,pi].

Then the same argument as in the corresponding case in the proof of Theo-
rem 1.1 works and a contradiction to the transmission condition (69) can be
obtained. Thus case (II) for assertion (b) of Theorem 1.3 never occurs.

Let us proceed to case (I). Set = B,(zo) for some number p > 0. Since
u is radially symmetric with respect to zg in x on (RN \5) x (0,00), we can
obtain from (68)-(71) that for r =[x — x| > 0

U:c17‘2’N—2A}USr2—|—02 for z € Q\ D,
W = cgr2=N for r > p,

where ¢, ¢z, c3 are some constants, since Q2 \ D is connected. Remark that U
can be extended as a radially symmetric function of r in R™ \ {zo}. Therefore
it follows from (70) that U’(p) < 0. As in the proof of Theorem 1.1, We
distinguish the following three cases:

(i) ¢1 = 0; (ii) ¢1 > 0; (iii) ¢; < 0.
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Because of the fact that U’'(p) < 0, the same arguments as in the proof of
Theorem 1.1 works to conclude that only case (i) occurs and D must be a ball
centered at xg.
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