
Rend. Istit. Mat. Univ. Trieste
Volume 48 (2016), 5–19

DOI: 10.13137/2464-8728/13149

Exponential decay of solutions to

initial boundary value problem for

anisotropic visco-elastic systems

Gen Nakamura and Marcos Oliva

Dedicated to Prof. Giovanni Alessandrini on the occasion of his 60th birthday

Abstract. The paper concerns the asymptotic behaviour of solutions
of initial boundary value problem for a general anisotropic viscoelas-
tic system in the form of integrodifferential system of equations with
homogeneous mixed boundary condition. We put a usual assumption
on the relaxation tensor and assume that the inhomogeneous term of
the equation and boundary data are zero. Then, by using the energy
method, we show that the solutions decays exponentially with respect to
time as it tends to infinity.
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1. Introduction

In this paper we will study the asymptotic behavior of solutions of the initial
boundary value problem for general anisotropic viscoelastic integrodifferential
system abbreviated by AVIS with homogeneous mixed type boundary condi-
tion. The main objective of this paper is to show the exponential decay of
solutions with respect to time t as t → ∞ of solutions when the initial data
are zero and the relaxation tensor G satisfies a usual asymptotic behavior with
respect to time as it tends to infinity. For this usual asymptotic behavior of G,
see [1]. In many measurement devices such as a clinical diagnosing modality
called the magnetic resonance elastography ([7]) and a rhelogical measurement
device called the pendulum type viscoelastic spectroscopy ([8]) which use time
harmonic vibrations it is important to have a very short transition time be-
tween time harmonic vibrations with different frequencies ω1 and ω2 when the
frequency of vibration changes from ω1 to ω2. This can be ensured if the
solutions decay exponential as t→∞ (see the argument in [4]).



6 G. NAKAMURA AND M. OLIVA

In order to formulate the initial boundary value problem let Ω ⊂ Rn, (2 ≤
n ∈ N) be a bounded domain with C1 smooth boundary ∂Ω. Divide ∂Ω into
∂Ω = ΓD ∪ ΓN , where ΓD, ΓN ⊂ ∂Ω are open and assume that ΓD 6= ∅,
ΓD ∩ ΓN = ∅ and if n ≥ 3 then their boundaries ∂ΓD, ∂ΓN are C1 smooth if
n ≥ 3.

Consider the following initial boundary value problem
ρ∂2
t u(·, t) = ∇ ·

{
C(·)∇u(·, t)−

∫ t

0

G(·, t− τ)∇u(·, τ) dτ

}
(t > 0)

u = 0 on ΓD × (0,∞), Tu = 0 on ΓN × (0,∞)

u = 0, ∂tu = f ∈ L2(Ω) on Ω× {0},

(1)

where ∂t = ∂
∂t , Tu is the traction given by

Tu(·, t) =

(
C(·)∇u(·, t)−

∫ t

0

G(·, t)∇u(·, τ) dτ

)
ν

with the unit outer normal vector ν of ∂Ω. Here 0 < ρ0 ≤ ρ ∈ L∞(Ω) with a
positive constant ρ0, C = (Cijk`) and G = (Gijk`) denote the elasticity tensor
and relaxation tensor, respectively. Here we note that it is enough to consider
the initial condition given above due to the Duhamel principle.

We assume the following assumptions on C and G.

(i) C ∈ L∞(Ω) and G = e−κtĜ with Ĝ = (Ĝijk`) ∈ L∞(Ω) and some
constant κ > 0.

(ii) (major symmetry) Cijk`=Ck`ij , Gijk`=Gk`ij a.e. in Ω, 1 ≤ i, j, k, ` ≤ n.

(iii) (strong convexity) There exist constants α0 > 0 and β0 > 0 such that for
any n× n symmetric matrix w = (wij)

α0|w|2 ≤ (Cw) : w ≤ β0|w|2, α0|w|2 ≤ (Ĝw) : w ≤ β0|w|2 (2)

where the notation ”:” is defined as (Cw) : w =
∑n
i,j,k,`=1 Cijk`wijwk` .

(iv) There exists some constants µ0 > 0, ν0 > 0 such that for any u(·, t) ∈
C0([0,∞);H1(Ω)),

µ0

∫
Ω

∣∣∇u(·, t)
∣∣2dx

≤
∫

Ω

{(
C(·)−

∫ ∞
0

G(·, τ) dτ

)
∇u(·, t)

}
: ∇u(·, t) dx

≤ ν0

∫
Ω

∣∣∇u(·, t)
∣∣2dx, t ≥ 0.

(3)
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Remark 1.1. The last assumption can be given in the form

µ0

∫
Ω

|∇u|2 dx ≤
∫

Ω

{
(C − κ−1Ĝ)∇u

}
: ∇u dx ≤ ν0

∫
Ω

|∇u|2 dx

for any u ∈ H1(Ω).

Our main result is as follows.

Theorem 1.2 (Main result). The solution u ∈ C3([0,∞);H1(Ω)) to (1) which
exists provided that the initial data f satisfies the smoothness condition of order
3 will converge to zero exponentially fast in time t.

Remark 1.3. For the definition of the smoothness condition of order 3, see [2].
Also, the existence of u ∈ C3([0,∞);H1(Ω)) easily follows from Theorem 2.2
therein.

There are several studies on the asymptotic behavior of solutions of AVIS
as follows. Some abstract schemes for an integrodifferential equation were de-
veloped given in [2, 3] and applied showed that solutions of AVIS satisfying
the Dirichlet boundary condition decay to zero as the time tends to infin-
ity. Concerning the decay rate of the solutions, a polynomial order decay was
shown in [6] by the energy method introducing an energy norm which is ef-
fective to analyze the asymptotic behavior of solutions. The first result on
the exponential decay of solution was given in [5]. More precisely the author
studied a special isotropic viscoelastic integrodifferential system with exponen-
tially decaying relaxation function and gave the exponential decay of solutions
satisfying the Dirichlet boundary condition. Our method is based on the afore-
mentioned energy method given in [6] with careful estimates of constants in
energy inequalities.

The rest of this paper is organized as follows. In Section 2 we introduce some
notations and give the strategy of proof. Then we provide some basic identities
and inequalities given in [6] in Section 3. Since we are concerned about the
constants in these identities and inequalities we will give their proofs. Following
the arguments in [6], we carefully carry out the strategy in Section 4. At last
in Section 5, we will give some conclusion and discussion.

Here after for simplicity we will assume ρ = 1.
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2. Notations and strategy of proof

2.1. Notations

We will use the following notations

E(t, u) :=
1

2

[∫
Ω

|u(·, t)|2 + (G2∂u)(·, t) dx

+

∫
Ω

{(C(·)−
∫ t

0

G(·, τ) dτ)∇u(·, t)} : ∇u(·, t) dx
]
,

G2∂u(·, t) :=

∫ t

0

{
G(·, t− τ)∇

(
u(·, t)− u(·, τ)

)}
: ∇
(
u(·, t)− u(·, τ)

)
dτ ,

K(t, u) :=
1

2

∫
Ω

|ü|2 dx+
1

2

∫
Ω

(
C(·)∇u̇(·, t)

)
: ∇u̇(·, t) dx

−
∫

Ω

(
G(·, 0)∇u(·, t)

)
: ∇u̇(·, t) dx+ γ

∫
Ω

(
C(·)∇u(·, t)

)
: ∇u̇(·, t) dx

−
∫

Ω

(∫ t

0

F (·, t− τ)∇u(·, τ) dτ

)
: ∇u̇(·, t) dx ,

with F (·, t) := γG(·, t) + Ġ(·, t) ,

I(t, u) :=

∫
Ω

ü(·, t)u̇(·, t) dx− 1

2

∫
Ω

(
G(·, 0)∇u(·, t)

)
: ∇u(·, t) dx

−1

2

∫
Ω

(∫ t

0

Ġ(·, τ) dτ ∇u(·, t)
)

: ∇u(·, t) dx+
1

2

∫
Ω

Ġ2∂u(·, t) dx ,

L(t, u) := N1E(t, u) +N2E(t, u̇) +K(t, u) + (γ − c)I(t, u) + cp

∫
Ω

u̇u dx,

where N1, N2, γ, c, cp are positive constants which will satisfy some condition

given later in Subsection 4.4 and c0 :=
(
supx∈Ω

∫∞
0
|G(x, t)| dt

)1/2
and c1 is the

Poincaré constant of u(·, t).

2.2. Strategy of the proof

By basically following the argument in [6], we estimate d
dtL(t, u) from above by

a negative constant times L(t, u) and L(t, u) from below by a positive constant
times the sum

∫
Ω
|∇u(·, t)|2 dx with some other positive terms depending on u.

By adjusting these constants N1, N2, γ, c, cp, we have

d

dt
L(t, u) ≤ −M1L(t, u), t > 0, (4)
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L(t, u) ≥M2

∫
Ω

{
|ü|2 + |u̇|2 + |∇u̇|2 + |∇u|2

}
dx, t > 0

for some positive constants M1, M2.

3. Basic identities and inequalities

The key to derive estimate (4) is based on some basic identities and inequalities.
In deriving these identities and inequalities, we show each step where we need
the mixed type boundary condition and how constants of inequalities come in.
Henceforth in this paper we assume that u ∈ C3([0,∞);H1(Ω)) is the solution
to (1) with the initial data f satisfying the smoothness condition of order 3.

3.1. Basic identities

We first simply cite the following lemma given as Lemma 2.1. in [6].

Lemma 3.1. For any v ∈ C1([0,∞);H1(Ω)) we have∫
Ω

(∫ t

0

G(·, t− τ)∇v(·, τ) dτ

)
: ∇v̇(·, t) dx =

−1

2

∫
Ω

(
d

dt
G2∂v

)
(·, t) dx+

1

2

∫
Ω

(
Ġ2∂v

)
(·, t) dx

+
1

2

∫
Ω

d

dt

(∫ t

0

G(·, τ) dτ ∇v(·, t)
)

: ∇v(·, t) dx

−
∫

Ω

(
G(·, t)∇v(·, t)

)
: ∇v(·, t) dx t > 0.

Lemma 3.2.

d

dt
E(t, u) =

∫
Ω

(
G(·, t)∇u(·, t)

)
: ∇u(·, τ) dx+

1

2

∫
Ω

Ġ2∂u(·, x) dx,

d

dt
E(t, u̇) =

∫
Ω

(
G(·, t)∇u̇(·, t)

)
: ∇u(·, τ) dx+

1

2

∫
Ω

Ġ2∂u̇(·, x) dx

+

∫
Ω

(
G(·, t)∇u(·, 0)) : ∇ü(·, t) dx, t > 0.

Proof. Let us multiply the viscoelastic equation in (1) by u̇(·, x) to get

1

2

d

dt

{∫
Ω

|u̇(·, t)|2 +
(
C(·)∇u(·, t)

)
: ∇u(·, t) dx

}
=

∫
Ω

( ∫ t

0

G(·, t− τ)∇u(·, τ) dτ
)
;∇u̇(·, t) dx
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Using Lemma 3.1 our first assertion holds. To show the second identity, we
take the time derivative of the viscoelastic equation in (1) so that

(3)
u (·, t) +∇

{
−C(·)∇u̇(·, t) +G(·, 0)∇u(·, t) +

∫ t

0

Ġ(·, t− τ)∇u(·, τ) dτ
}

= 0,

where
(3)
u (·, t) denotes the third order derivtive on u(·, t) with respect to t.

Integrating by parts, this yields

(3)
u (·, t)+∇

{
−C(·)∇u̇(·, t) +

∫ t

0

G(·, t−τ)∇u̇(·, τ) dτ
}

= −∇
(
G(·, t)∇u(·, 0)

)
.

Finally multiplying this by ü(·, t) and using again Lemma 3.1, we have the
second identity.

Lemma 3.3.

d

dt

{
K(t, u) + (γ − c)I(t, u)

}
=

−c
∫

Ω

|ü(·, t)|2 dx+ c

∫
Ω

(
C(·)∇u̇(·)

)
: ∇u̇(·, t) dx

−
∫

Ω

(
G(·, 0)∇u̇(·, t)

)
: ∇u̇(·, t) dx− (γ−c)

∫
Ω

(
Ġ(·, t)∇u(·, t)

)
: ∇u(·, t) dx

+
1

2
(γ − c)

∫
Ω

G̈2∂u(·, t) dx−
∫

Ω

(
F (·, t)∇u(·, t)

)
: ∇u̇(·, t) dx

+

∫
Ω

{∫ t

0

Ḟ (·, t− τ)∇
(
u(·, t)− u(·, τ)

)
dτ

}
: ∇u̇(·, t) dx, t > 0.

Proof. First we sum γ the viscoelastic equation and the time derivative of the
viscoelastic equation in (1) to obtain

(3)
u (·, t) + γü(·, t) +∇

{
− C(·)∇u̇(·, t) +G(·, 0)∇u(·, t)

}
= −∇

{∫ t

0

F (·, t− τ)∇u(·, τ) dτ + γC(·)∇u(·, t)
}

(5)

Hence multiplying by ü(·, t) and integrating in Ω we have

1

2

d

dt

{∫
Ω

|ü(·, t)|2 + (C(·)∇u̇(·, t)) : ∇u̇(·, t) dx
}

=− γ
∫

Ω

|ü(·, t)|2 dx+

∫
Ω

(G(·, 0)∇u(·, t)) : ∇ü(·, t) dx

− γ
∫

Ω

(C(·)∇u(·, t)) : ∇ü(·, t) dx

+

∫
Ω

(∫ t

0

F (·, t− τ)∇u(·, τ)dτ

)
: ∇ü(·, t) dx.

(6)
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Having in mind (6) and the following identities

d

dt

∫
Ω

(G(·, 0)∇u(·, t)) : ∇u̇(·, t) dx

=

∫
Ω

(G(·, 0)∇u(·, t)) : ∇ü(·, t) dx +

∫
Ω

(G(·, 0)∇u̇(·, t)) : ∇u̇(·, t) dx
(7)

d

dt

∫
Ω

(C(·)∇u(·, t)) : ∇u̇(·, t) dx

= γ

∫
Ω

(C(·)∇u(·, t)) : ∇ü(·, t) dx + γ

∫
Ω

(C(·)∇u̇(·, t)) : ∇u̇(·, t) dx
(8)

d

dt

∫
Ω

(∫ t

0

F (·, t− τ)∇u(·, τ) dτ
)

: ∇u̇(·, t) dx

=

∫
Ω

(∫ t

0

F (·, t− τ)∇u(·, τ) dτ
)

: ∇ü(·, t) dx

+

∫
Ω

(∫ t

0

Ḟ (·, t− τ)∇u(·, τ) dτ
)

: ∇u̇(·, t) dx

+

∫
Ω

(
F (·, 0)∇u(·, t)

)
: ∇u̇(·, t) dx

(9)

we obtain

d

dt
K(t, u) =− γ

∫
Ω

|ü(·, t)|2 dx −
∫

Ω

(
G(·, 0)∇u̇(·, t)

)
: ∇ü(·, t) dx

+ γ

∫
Ω

(
C(·)∇u̇(·, t)

)
: ∇u̇(·, t) dx

−
∫

Ω

(
F (·, 0)∇u(·, t)

)
: ∇u̇(·, t) dx

−
∫

Ω

(∫ t

0

Ḟ (·, t− τ)∇u(·, τ) dτ
)

: ∇u̇(·, t) dx.

(10)

Now multiplying (5) with γ = 0 by u̇(·, t) and integrating in Ω we have

d

dt

∫
Ω

ü(·, t)u̇(·, t) dx =

∫
Ω

|ü(·, t)|2 dx−
∫

Ω

(
C(·)∇u̇(·, t)

)
: ∇u̇(·, t) dx

+

∫
Ω

(
G(·, 0)∇u(·, t)

)
: ∇u̇(·, t) dx

+

∫
Ω

(∫ t

0

Ġ(·, t− τ)∇u(·, τ) dτ
)

: ∇u̇(·, t) dx.

(11)
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Further by the definition of I(t, u), (11) and Lemma 3.1 we have

d

dt
I(t, u) =

∫
Ω

|ü(·, t)|2 dx −
∫

Ω

(
C(·)∇u̇(·, t)

)
: ∇u̇(·, t) dx

−
∫

Ω

(
Ġ(·, t)∇u(·, t)

)
: ∇u(·, t) dx +

1

2

∫
Ω

G̈2∂u dx.

(12)

Finally putting together (10) and (12) the proof is complete.

3.2. Basic inequalities

Lemma 3.4. For any u, v ∈ C1([0,∞);H1(Ω)) we have∣∣∣∣∫
Ω

(∫ t

0

G(·, t− τ)(∇u(·, t)−∇u(·, τ))dτ

)
: ∇v(·, t) dx

∣∣∣∣
≤ c0

(∫
Ω

(G2∂u)(·, t) dx
) 1

2
(∫

Ω

|∇v(·, t)|2 dx
) 1

2

.

Proof. Using Hölder’s inequality we have∣∣∣∣∫
Ω

(∫ t

0

G(·, t− τ)(∇u(·, t)−∇u(·, τ))dτ

)
: ∇v(·, t) dx

∣∣∣∣
=

∣∣∣∣∫
Ω

(∫ t

0

G
1
2 (·, t− τ)G

1
2 (·, t− τ)(∇u(·, t)−∇u(·, τ))dτ

)
: ∇v(·, t) dx

∣∣∣∣
≤ c0

∫
Ω

(
(G2∂u)

1
2 (·, t) |∇v(·, t)| dx

)
dx

≤ c0
(∫

Ω

(G2∂u)(·, t) dx
) 1

2
(∫

Ω

|∇v(·, t)|2 dx
) 1

2

.

Lemma 3.5.

d

dt

∫
Ω

u̇(·, t)u(·, t) dx

=

∫
Ω

|u̇(·, t)|2 dx−
∫

Ω

{(
C(·)−

∫ t

0

G(·, τ) dτ

)
∇u(·, t)

}
: ∇u(·, t) dx

−
∫

Ω

(∫ t

0

G(·, t− τ)∇(u(·, t)− u(·, τ)) dτ

)
: ∇u(·, t) dx

≤ c1
∫

Ω

|∇u̇(·, t)|2 dx−
(
µ0 + ακ−1e−κt

) ∫
Ω

|∇u(·, t)|2 dx

+
c0
2

(
ε

∫
Ω

G2∂u(·, t) dx +
1

ε

∫
Ω

|∇u(·, t)|2 dx
)
, t > 0, 0 ≤ ε ≤ 1.
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Proof. Using the viscoelastic equation in (1) and integrating by parts we obtain

d

dt

∫
Ω

u̇(·, t)u(·, t) dx =

∫
Ω

|u̇(·, t)|2 dx +

∫
Ω

ü(·, t)u(·, t) dx

=

∫
Ω

|u̇(·, t)|2 dx−
∫

Ω

{
C(·)∇u(·, t)

}
: ∇u(·, t) dx

+

∫
Ω

(∫ t

0

G(·, t− τ)∇u(·, τ) dτ

)
: ∇u(·, t) dx

Now if we add and subtract
∫

Ω

( ∫ t
0
G(·, τ) dτ ∇u(·, t)

)
: ∇u(·, t)dx we have the

equality in Lemma 3.5, for the inequality we use the Poincaré inequality, (3),
Lemma 3.4, and Young’s inequality.

Lemma 3.6.

∣∣∣∣∫
Ω

(∫ t

0

F (·, t− τ)∇u(·, τ) dτ

)
: ∇u̇(·, t) dx

∣∣∣∣
≤ 1

2
c0(γ − κ)

{
ε

∫
Ω

G2∂u(·, t) dx +
1

ε

∫
Ω

|∇u̇(·, t)|2 dx

+c0

(
ξ

∫
Ω

|∇u(·, t)|2 dx+
1

ξ

∫
Ω

|∇u̇(·, t)|2 dx
)}

with ε, ξ > 0.

Proof. By the definition of F (·, t) and Ġ(·, t) = −κG(·, t) we have

∣∣∣∣∫
Ω

(∫ t

0

F (·, t− τ)∇u(·, τ) dτ

)
: ∇u̇(·, t) dx

∣∣∣∣
≤ (γ − κ)

∣∣∣∣∫
Ω

(∫ t

0

G(·, t− τ)
(
∇u(·, t) −∇u(·, τ)

)
dτ

)
: ∇u̇(·, t) dx

∣∣∣∣
+ (γ − κ)

∣∣∣∣∫
Ω

(∫ t

0

G(·, t− τ)dτ ∇u(·, t)
)

: ∇u̇(·, t) dx
∣∣∣∣

Now using Lemma 3.4 and Young’s inequality the proof is complete.
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4. Estimates

4.1. d
dt
L(t, u) ≤ −M1L(t, u), t ≥ 0

We will bound from above d
dtL(t, u). From Lemma 3.3 and (1) we obtain:

d

dt
L(t, u) = −c

∫
Ω

|ü(·, t)|2 dx+ c

∫
Ω

(C(·)∇u̇(·, t)) : ∇u̇(·, t) dx

−
∫

Ω

(
G(·, 0)∇u̇(·, t)

)
: ∇u̇(·, t) dx+ (γ−c)κ

∫
Ω

(G(·, t)∇u(·, t)) : ∇u̇(·, t) dx

+
1

2
(γ − c)κ2

∫
Ω

G2∂u(·, t) dx− (γ − κ)

∫
Ω

(G(·, t)∇u(·, t)) : ∇u̇(·, t) dx

− κ(γ − κ)

∫
Ω

{∫ t

0

G(·, t− τ)(∇u(·, t)−∇(·, τ))dτ

}
: ∇u̇(·, t) dx

−N1

∫
Ω

(G(·, t)∇u(·, t)) : ∇u(·, t) dx − 1

2
N1κ

∫
Ω

G2∂u(·, t) dx

−N2

∫
Ω

(G(·, t)∇u̇(·, t)) : ∇u̇(·, t) dx− N2

2
κ

∫
Ω

G2∂u̇(·, t) dx

+ cp
d

dt

∫
Ω

u̇(·, t)u(·, t) dx.

Using (2), (3), Lemma 3.4, Lemma 3.5 and Young’s inequality we have

d

dt
L(t, u) ≤ −c

∫
Ω

|ü(·, t)|2 dx+
1

2

{(
2(γ − c)κβ0 + (γ − κ)β0 − 2N1α0

−2cpα0κ
−1
)
e−κt +

cpc0
2η
− cpµ0

}∫
Ω

|∇u(·, t)|2 dx

+
1

2

{(
(γ − κ)β0 − 2N2α0

)
e−κt + 2cβ0 + 2cpc1

+
c0(γ − κ)κ

ξ
− α0

}∫
Ω

|∇u̇(·, t)|2 dx

+
1

2

{
(γ − c)κ2 + κ(γ − κ)c0ξ + cpc0η

−N1κ
}∫

Ω

G2∂u(·, t) dx− 1

2
N2κ

∫
Ω

G2∂u̇(·, t) dx.
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4.2. Estimating −L(t, u) from below

In this subsection we bound −L(t, u) from below.

−L(t, u) = −1

2

∫
Ω

|ü(·, t)|2 dx − 1

2

∫
Ω

(C(·)∇u̇(·, t)) : ∇u̇(·, t) dx

+

∫
Ω

(G(·, 0)∇u(·, t)) : ∇u̇(·, t) dx− γ
∫

Ω

(C(·)∇u(·, t)) : ∇u̇(·, t) dx

+ (γ − κ)

∫
Ω

(∫ t

0

G(·, t− τ)∇u(·, τ)dτ

)
: ∇u̇(·, t) dx

− (γ − c)
∫

Ω

ü(·, t)u̇(·, t) dx+
1

2
(γ − c)

∫
Ω

(G(·, 0)∇u(·, t)) : ∇u(·, t) dx

+
γ − c

2

∫
Ω

{(∫ t

0

Ġ(·, t− τ)dτ

)
∇u(·, t)

}
: ∇u(·, t) dx

− 1

2
(γ − c)

∫
Ω

Ġ2∂u(·, t) dx− 1

2
N1

∫
Ω

|u̇(·, t)|2 dx − 1

2
N1

∫
Ω

G2∂u(·, t) dx

− 1

2
N1

∫
Ω

{(
C(·)−

∫ t

0

G(·, τ) dτ

)
∇u(·, t)

}
: ∇u(·, t) dx

− 1

2
N2

∫
Ω

|ü(·, t)|2 dx− 1

2
N2

∫
Ω

G2∂u̇ dx

−N2

∫
Ω

{(
C(·)−

∫ t

0

G(·, τ) dτ

)
∇u̇(·, t)

}
: ∇u̇(·, t) dx

− cp
∫

Ω

u̇(·, t)u(·, t) dx.

Using (2), (3), Lemma 3.6, G = e−κtĜ and Young’s inequality, we have:

−L(t, u) ≥ −1

2

{
1 +N2 + γ − c

}∫
Ω

|ü(·, t)|2 dx

+
1

2

{(
α0(γ − κ)−N1β0κ

−1
)
e−κt +N1α0κ

−1 −N1β0 − c20(γ − κ)

− cp − (γ + 1)β0

}∫
Ω

|∇u(·, t)|2 dx

+
1

2

{
− 2N2κ

−1β0e
−κt + 2N2κ

−1α0 − 2N2β0 − β0 − c1(γ − c)

− c1N1 − c0(γ − κ)(c0 + 1)− cp − (γ + 1)β0

}∫
Ω

|∇u̇(·, t)|2 dx

+
1

2

{
(γ − c)κ−N1 − c0(γ − κ)

}∫
Ω

G2∂u(·, t) dx

− 1

2
N2

∫
Ω

G2∂u̇(·, t) dx.



16 G. NAKAMURA AND M. OLIVA

It is easy to see that if we take the constants like in Subsection 4.4 given later,
all the coefficients in both bounds are less than a negative constant and are
bounded. Hence there is a constant M ≥ 0 such that d

dtL(t, u) ≤ −ML(t, u)
for any t ≥ 0.

4.3. Estimating L(t, u) from below

In this section we will bound L(t, u) from below. For this we use (3) to get the
next two inequalities:

N1E(t, u) ≥ 1

2
N1

∫
Ω

|u̇(·, t)|2 dx+
1

2
N1

∫
Ω

G2∂u(·, t) dx+N1µ0

∫
Ω

|∇u(·, t)|2 dx,

N2E(t, u̇) ≥ 1

2
N2

∫
Ω

|ü(·, t)|2 dx+
1

2
N2

∫
Ω

G2∂u̇(·, t) dx+N2µ0

∫
Ω

|∇u̇(·, t)|2 dx.

We apply (4), Lemma 3.6 with ε = ξ = 1,G = e−κtĜ and Young inequality
with p = q = 2 to obtain

K(t, u) + (γ − c)I(t, u) ≥ 1

2

[∫
Ω

|ü(·, t)|2 dx+ α0

∫
Ω

|∇u̇(·, t)|2 dx

− β0

(∫
Ω

|∇u(·, t)|2 dx
∫

Ω

|∇u̇(·, t)|2 dx
)

+ γα0

(∫
Ω

|∇u(·, t)|2 dx+

∫
Ω

|∇u̇(·, t)|2 dx
)

− c0(γ − κ)

{∫
Ω

G2∂u(·, t) dx+

∫
Ω

|∇u̇(·, t)|2 dx

+c0

(∫
Ω

|∇u(·, t)|2 dx+

∫
Ω

|∇u̇(·, t)|2 dx
)}

− (γ − c)
{∫

Ω

|u̇(·, t)|2 dx +

∫
Ω

|ü(·, t)|2
}

− β0(γ − c)
∫

Ω

|∇u(·, t)|2 dx

−κ(γ − c)
∫

Ω

G2∂u(·, t) dx
]
.

By using Young inequality with p = q = 2 and Poincaré inequality, we have

cp

∫
Ω

u̇(·, t)u(·, t) dx ≥ −1

2

[∫
Ω

|u̇(·, t)|2 dx+ c1

∫
Ω

|∇u(·, t)|2 dx
]
.
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Putting together the last four inequalities and the definition of L(t, u) we
obtain:

L(t, u) ≥ 1

2

[
1 +N2 − (γ − c)

] ∫
Ω

|ü(·, t)|2 dx

+
1

2

[
2N1µ0 + γα0 − β0 − c20(γ−κ)− β0(γ−c)− cpc1

]∫
Ω

|∇u(·, t)|2 dx

+
1

2

[
2N2µ0 + γα0 + α0 − β0 − c20(γ − κ)− c0(γ − κ)

] ∫
Ω

|∇u̇(·, t)|2 dx

+
1

2

[
N1 − c0(γ − κ)− κ(γ − c)

] ∫
Ω

G2∂u(·, t) dx

+
1

2
N2

∫
Ω

G2∂u̇(·, t) dx+
1

2

[
N1 − (γ − c)− cp

] ∫
Ω

|u̇(·, t)|2 dx.

Now if we take the constants like in Subsection 4.4 we see that exists M2 ≥ 0
such that

L(t, u) ≥M2

∫
Ω

{
|ü(·, t)|2 + |u̇(·, t)|2 + |∇u̇(·, t)|2 + |∇u(·, t)|2

}
dx, t > 0 .

4.4. Conditions for constants

We summarize the conditions for constants N1, N2, γ, c, cp as follows.

N1 > max
{

2
(
(γ−c)κ− c0(γ−κ)

)
, 2
(
(γ−c)κ+ c0(γ−κ)ξ + c0 cpκ

−1η
)
,

(β0 − κ−1α0)−1
(
(α0 − c20)(γ − c)− c20(γ − κ)− cp c1 − (γ+1)β0

)
,

1

2µ0

(
β0 − γα0 + c20(γ − κ) + β0(γ − c) + cp c1

)
,

c0(γ − κ) + κ(γ − c), (γ − c) + cp

}
,

N2 > max
{

(γ − c)− 1,
1

2µ0

(
− α0 + β0 − γα0 + c0(c0 + 1)(γ − κ)

)}
,

ξ > 6c0(γ−κ)κα−1
0 , c <

α0

6β0
, cp <

α0

6c1
, η >

c0
N0

,

with c0 :=
(
supx∈Ω

∫∞
0
|G(x, t)| dt

)1/2
and the Poincaré constant c1 provided

that β0 > κ−1α0.

It is easy to see that there are constants N1, N2, γ, c, cp which satisfy these
conditions. Hence, from Subsections 4.1 and 4.3, we have obtained the expo-
nential decay of solution to (1).
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5. Conclusion and discussion

Conclusion
We have shown an exponential decay of solutions of (1) by applying the energy
method given in [6] and carefully concerning the constants which appear in this
method.

Discussion
We will give the following list for some discussion on our result.

1. The case with density can be handled in a similar way.

2. The case with general inhomogeneous data can be handled using the
Duhamel principle.

3. How the exponential decay rate depends on the assumptions and coeffi-
cients is not clear.

4. As a future work, we would like to extend this work to a more general
relaxation tensor.
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