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1. Introduction.

We work over an algebraically closed field of characteristic zero. Let E be a
rank two vector bundle on P3. The Buchsbaum index of E is b(E) := min {k |
mF. H(E) = 0} (in the literature one often says that E is ”k-Buchsbaum”).
By Horrock’s theorem b(E) = 0 if and only if E is the direct sum of two line
bundles. Then we have (see [8]):

THEOREM 1.1. Let E be a normalized rank two vector bundle on P3.
(1) If }(E) = 1, then E is a null-correlation bundle.
(2) If b(E) = 2, then E is stable with ¢ = 0,co = 2 (an instanton with c3 = 2).

This classification is quite simple. However since every bundle is k-Buchsbaum
for some k it is clear that soon or later we will reach a point where the classifica-
tion will be intractable. Since there were some echoes on Buchsbaum bundles
during the conference we were curious to see if it was possible to push the
classification a little bit further. Our result is as follows:

THEOREM 1.2. Let E be a rank two vector bundle on P3 with b(E) = 3. Then
E is stable and:

(i) if c1(F) = 0, E is an instanton with 3 < co(E) < 5. Moreover for any
3 < g <5, there exists an instanton, E, with c3(E) = ¢ and b(E) = 3;

(i) if c1(E) = —1, then co = 2. FEuvery stable bundle E with ¢; = —1,¢0 = 2
has b(E) = 3.
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This answers a conjecture made in [16]. The main tools we use are a restric-
tion theorem (Theorem 2.3) to control h°(Ex(1)) in the stable case, some gen-
eral properties (see Proposition 2.4) and a careful study of the minimal monad
of Horrocks build from the minimal free resolution of the module H}(E).

In particular in Section 5 we investigate the minimal monad of "negative
instantons” (a negative instanton is a stable bundle £ with ¢;(E) = —1 and
h'(E(—2)) = 0). Contrary to what happens in the case of "positive” instantons
(c1 = 0) the H! module is not necessarily generated by its elements of degree -1,
some generators of degree zero may occur. If ¢ denotes the number of generators
of degree zero, it is easy to show that ¢ < ¢3/2. In fact in a forthcoming paper
([6]) we prove:

THEOREM 1.3. Let E be a negative instanton with ca > 2. Then ¢ < co/2 — 1.
Moreover if ¢ = co/2 — 1, then h°(E(1)) = 1. Finally for every ca > 2 there
exists a negative instanton with ¢ = ¢ /2 — 1.

However to prove Theorem 1.2, we need this result just for co < 6. So to
keep this paper self-contained we will prove this particular case with an ad-hoc
argument (see Proposition 5.2, Corollary 5.8).

To conclude let us make this curious remark: every vector bundle F, with
1 < b(FE) < 3 is an instanton (positive or negative).

2. Generalities.

A first bound on the Buchsbaum index of E is given by the diameter of H}(E):

DEFINITION 2.1. The diameter of the indecomposable rank two vector bundle
E is d(E) := ¢ — ¢ + 1, where ¢ = max{k | h*(E(k)) # 0}, ¢ = min{k |
h'(E(k)) # 0}.

We have (see [3]):

THEOREM 2.2. Let E be a rank two vector bundle on P3, then H!(E) is con-
nected (i.e. if h'(E(k)) =0 for some k > ¢/, then h*(E(m)) =0 for m > k).

It follows that the diameter counts the number of non-zero (successive)
pieces in the module H}(E) and that b(E) < d(E).

The following result, which may be considered as a complement to Barth’s
restriction theorem, will play an important role:

THEOREM 2.3. Let E be a stable, normalized, rank two vector on P? with cy > 4.
If H is a general plane then: h°(Eg(1)) < 2+ ¢1. In particular h°(E(1)) <
24 c.

Proof. See [7]. O
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Here we collect some general properties:
PROPOSITION 2.4. Let E be a normalized, rank two vector bundle on P3.

1. Assume all the minimal generators of H}(E) are concentrated in one and
the same degree (i.e. H(E(c')) generates H(E)). Then d(E) = b(E).

2. Let a be the greatest degree of a minimal generator of HX(E). Then
RY(E(n)) =0, ifn > a+b(E).

3. If E is stable, then h*(E(—k)) = 0 for k > b := b(E). Moreover
RY(E(=b+1)) < h°(Eg(1)); if ca > 4 then: h'(E(—b+1)) < h%(Eg(1)) <
2+ ¢y (H a general plane).

4. If E is stable with ¢; = —1,¢co > 4 and if b(E) > 3, then hY(E(—b+1)) =
0.

Proof. (1) Assume H'(E(k)) generates H(E), then ¢’ = k. The natural map
HY(E(k)) ® S¢7*(V) — H(E(c)) is surjective and non-zero. It follows that
b(E)=c—d+1=d(E).
(2) We have the minimal free resolution: .. — @ S(—a;) ® k.S(—a) —
H}(E) — 0, where a; < a. Twisting by a + b and using the fact that m®.& = 0
for any generator &, we get H'(E(a+b)) = 0. We conclude with Theorem 2.2.
(3) Tt is enough to show h'(E(—b)) = 0 (b = b(E)). Since h°(Ey) = 0 by
b

Barth’s theorem if H is a general plane, we have an injection H'(E(—b)) i
H(E). Since .H® = 0, h'(E(-b)) = 0.
b—1

In the same way we have an injection H'(E(—b+1)) oo (E). Compos-
ing with H'(E) A H'(E(1)) we must get zero, so the image of H'(E(—b+1)) in
H'(E) is contained in the kernel Ky of H!(E) A (E(1)). Since H°(Eg(1))
surjects Kg we get h'(Eg (1)) > h'(E(-b+ 1)). We conclude with Theo-
rem 2.3.
(4) If KX (E(=b+1)) # 0, by (3) h'(E(=b+ 1)) = 1. Let L be a general line.
By combining 0 - Z;, - O — O - 0 and 0 - O(-2) — 2.0(-1) - I, — 0
twisted by E(—b+ 2) we get:

<— O

0 - E(-b) — 2E(-b+1) — Z,E(-b+2) — 0
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Taking cohomology, since h'(E(—b)) = 0 and h°(EL(—b + 2)) = 0 (indeed

Er(—b+2) ~ O (—b+2)BOL(—b+1)), we get 2.H (E(—b+1)) — H'(E(—b+

2)). It follows that the map H*(E(—b+1))®V — H'(E(—b+2)) has an image,

W, of dimension at least two. Now we have an injective map H'(E(—b +
b—2

2)) N HY(E). So W := .H*2(W) C H'(E) has dimension at least two.

Since W' has to be contained in the kernel, Ky, of HY(E) 23 H'(E(1)) and
since h'(Ey (1)) > dim(Kp), we get a contradiction (see (3)). O

We recall the following fact (see for instance [13] Prop. 3.1, this is stated
for ¢; = 0 but works also for ¢; = —1):

LEMMA 2.5. Let E be a stable, normalized, rank two vector bundle on P3. Let
{ki} be its spectrum. Set ky = max {k;}. Then H}(E) is generated in degrees
< k‘+ —C1 — 1.

Let p(k) denote the number of minimal generators of HL(E) in degree k, then:
p(=1—=j) <s(j) =1, for 0 < j < ky (here s(j) = #{j | ki = j}.

Finally let us recall Horrock’s construction of the “minimal monad” for a
rank two vector bundle E on P? with —1 < ¢; < 0. Let

v Ly — Ly = Lo — HYE) =0

be the minimal free resolution. Then L; ~ Lj(c1), L2 has a direct summand
isomorphic to L§(c1) which induces a minimal monad

Li(er) = Ly — Lo
whose cohomology is E. Furthermore rk(Ly) = 2rk(Lo) + 2. See for instance
[15], [4], [13].

3. Unstable bundles.

First of all let us recall the following useful fact:

LEMMA 3.1. Let € be a rank two vector bundle on P3 with ¢1(£) = ¢1. Assume
€ has a section vanishing in codimension two. If h°(Ex(—c1+1)) #0 for H a
general plane, then & is the direct sum of two line bundles.

Proof. We have an exact sequence: 0 — O — & — Ix(c1) — 0, where X C P?
is a curve. The assumption implies h®(Zxng (1)) # 0, for H a general plane.
By a result of Strano ([17]) this implies (ch(k) = 0) that X is a plane curve.
So H(£) = 0 and & is decomposed. O

REMARK 3.2. The assumption ch(k) = 0 is necessary, see [11].
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From now on E will denote a normalized, unstable rank two vector bundle.
hence h°(E(—r)) # 0 for some r > 0 and we will assume that —r is the least
twist having a section.

LEMMA 3.3. With notations as above, if bl(E) = b, then h*(E(r—b+1—c;)) = 0.
Moreover: —2b+2r +6 — ¢ < 0.

Proof. By assumption we have:
0->0—=E(-r)—=>Zc(—2r+c¢)—0

where C is a curve with wa(4 + 2r — ¢1) =~ O¢. In particular: 1 — p,(C) =
d(4+2r —¢1)/2 (x), where d = deg(C).

We may assume h"(Z¢(1)) = 0 (otherwise E is decomposed). It follows that
RO(E(k)) = h°(O(k +r)) if k <r —c; + 1. We may assume h®(Zonp (1)) =0
if H is a general plane (Lemma 3.1). Hence h°(Eg(k)) = h%(Oy(k + 1)) if
k <r — ¢y + 1. This shows that:

0—>Ek-1)— E(k) = Eg(k) —0

induces an exact sequence on global sections if k < r—c;+1. So H*(E(k—1)) t

b
HY(E(k)) if k<7 —c; +1. Then HY(E(r —b—cy +1)) & H(B(r+1— 1))
is injective. Since .H® =0, h'(E(r —b—c; +1)) = 0.

If b > 2 it follows that h'(Zo(—b+1)) = 0 = h°(Oc(—b+1)). This implies
X(Oc(=b+ 1)) < 0. Since x(Oc(—b+1)) = d(—=b+ 1) — po(C) + 1, from ()
we get: —2b+ 2r —c; +6 < 0.

Ifb=1, h°Oc) =1, pa(C) > 0. From (x): d(4+2r —c;) < 2. If d > 3,
then 4 + 2r — ¢; < 0 as wanted. The case d < 2 are impossible, indeed since
h%(Zc(1)) = 0, we must have d = 2 and p,(C) < 0. O

This gives us the complete classification when b < 3:

PROPOSITION 3.4. There is no unstable rank two vector bundle E with 1 <
b(E) < 3.

Proof. From —2b+2r +6 —¢; < 0 (Lemma 3.3), since 7 > 0 and —1 < ¢; <0,
we see that if b < 3 the only possibility is b =3, ¢c; =7 = 0. So E is properly
semi-stable, with h'(E(—2)) = 0 (Lemma 3.3). By Serre’s duality we have
R?(E(k)) = 0 if k > —2. Also EL ~ 2.0, for a general line. Combining the
exact sequences: 0 — E(m)®Z; — E(m) — Er(m) - 0and 0 — E(m—2) —
2.E(m —1) = E(m) ® I, — 0, we see that 2.H'(E(m — 1)) — H'(E(m)) is
surjective for m > 0. Hence H!(E) is generated by Hl(E( 1)). It follows
(Proposition 2.4) that d(E) = b(E). If b(E) = 3, then h'(E(2)) = 0. Finally
we get x(E(2)) = h°(E(2)) = 20 — 4cy. Since ho( (2)) > r°(O(2)) = 10, we
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get co < 2. So the section of E vanishes along a curve of degree two with
we(4) = O¢. So C is a double line of arithmetic genus -3. But the Hartshorn
e-Rao module of such a curve has diameter 5.

O

4. Stable bundles with ¢; =0 and b = 3.

Let E be a stable bundle with ¢; = 0 and b(E) = 3. By Proposition 2.4,
h'(E(=3)) = 0 and h'(E(-2)) < 2. We will distinguish two cases: (a)
hY(E(-2)) > 0, (b) h'(E(-2)) = 0.

4.1. Stable bundles with ¢; = 0,b =3 and h'(E(-2)) > 0.

We first observe that by the properties of the spectrum ([10], 7.1, 7.2, 7.5) the
spectrum of E is of the form {—1% 0°72% 1} where u := h'(E(-2)) < 2. It

follows (Lemma 2.5) that H!(FE) is generated in degrees < 0 and h'(E(3)) =0
(Proposition 2.4).

LEMMA 4.1. Let E be a stable rank two vector bundle with ¢y = 0 and b(E) = 3.
Then co(E) < 8 and if HL(E) is generated in degrees < —1, co(E) < 5.

Proof. As already said h'(F(3)) = 0. This implies x(E(3)) = 40 — 5¢ > 0,
hence c; < 8. If H!(FE) is generated in degrees < —1, by Proposition 2.4, we
have h'(E(2)) = 0, this implies y(E(2)) = 20 — 4cy > 0, hence cp < 5. O

The following is well known (|5]) but for the convenience of the reader we
include a proof:

LEMMA 4.2. Let E be a stable rank two vector bundle with ¢ = 0 and spectrum
{=1,02721}. Then H(E) is generated in degrees < —1. More precisely:

(i) If the natural map p : H*(E(—2))®V — HY(E(-1)) is injective the minimal
monad has the following shape:

(c2—4).0(-1) B O(—2) = (2¢c2 —4).0 — (c2 —4).0(1) ® O(2)
(i) If p is not injective it has rank three and the minimal monad is:
(c2—3).0(-1)80(-2) = O(—1)® (2c2—4).080(1) = (c2—3).0(1) B O(2)

Proof. (i) We know that M := H!(E) is generated in degrees < 0. If u is
injective there are cy — 4 generators of degree -1 and no relations in degree
one. Since L; ~ Lj, by minimality L; = «.S and we have: --- - «a.5 —
a.S® (ca—4).5(1)® S(2) - M — 0. By minimality a = 0 and the conclusion
follows.
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(ii) By Lemma 2.5, M has at most c2 — 3 generators of degree -1, so p has rank
> 3. If the rank is three there is one relation of degree one and we have:

oS- eaSeSA) 5 aS@ (2 —3).51)@S(2) - M —0
The induced minimal monad is:
O(=2)® (c2 —3).0(-1) ®a.0 = O(-1) ® .0 ® O(1)

Since this is a minimal injective morphism of vector bundles we get a = 0 and
the conclusion follows. O

LEMMA 4.3. Let E be a stable rank two vector bundle with ¢; = 0,b(E) = 3
and h*(E(=2)) # 0. Then the spectrum of E is Sp(E) = {—12,0274,12}.

Proof. We have to show that Sp(E) = {—1,0°272 1} is impossible. By Lem-
ma 4.2 and Lemma 4.1, ¢ < 5.

If we are in case (ii) of Lemma 4.2 there exists a special plane Hy such
that H'(E(—2)) 3° HY(E(-1)) is zero. It follows that h®(Ep,(—1)) # 0.
Since h®(Ey(—2)) = 0,VH (because h'(E(—3)) = 0), the section of E,(—1))
vanishes in codimension two: 0 = Op, = Eg,(—1) = Zz(—2) — 0. We have
deg(Z) = co+1. Since h'(E(2)) = 0 (because b(E) = 3 and H} (E) is generated
in degrees < —1), we get: h'(Eg,(2)) = 0 (because h?(E(1)) = 0). It follows
that h*(Zz(1)) = 0, which is absurd since ¢z > 3.

So we are necessarily in case (i) of Lemma 4.2, hence co > 4. If ¢5 = 4,
then H!(E) = (S/I)(2), where I is a complete intersection of type (2,2,2,2).
It follows that d(E) = b(E) = 5.

Assume ¢, = 5. The map (S?V ® (£)) @ (V ® (a)) — H(E) is surjective.
Since h!(E) = 8, we deduce that the map S?V ®(¢) — H'(E) has an image, W,
of dimension > 4. Since b(F) = 3, if H is any plane H'(E) ™% H'(E(1)) has W
in its kernel, K. Since h°(Eg (1)) > dim(Kp), this contradicts Theorem 2.3.

O

Now we turn to the case Sp(E) = {—12,0°7% 12} (observe that necessarily
Co Z 5)

LEMMA 4.4. Let E be a stable rank two vector bundle with ¢y = 0 and Sp(E) =
{=12,0°7% 12} (c:=cy >5). Then the minimal free resolution of H:(E) is:

o (8—€).8(—1) @ (2¢ — 10).S ® (8 —e).5(1)
= (c—e).8(1) B 2.5(2) = HL(E) = 0

where 5 < e < 8. In particular H}(E) is generated in degrees < —1.
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Proof. Since p(—1) < s(0) — 1 = ¢ — 5, the image of H'(E(-2)) @ V —
H'(E(—1)) has dimension e > 5. There are ¢ — e generators of degree —1 and
exactly 8 — e linear relations between the two generators of degree —2. Hence
the resolution has the following shape:

= PSSl @ (8—€).5(1) = a.S B (c—e).S(1) ©2.5(2) = H(E) — 0

Since L1 = @ S(b;) D (8—e).S(1) satisfies Ly ~ L7, we get L; = (8—e).5(—1)®
a.S @ (8 —e€).5(1). Now the minimal monad provides a minimal injective
morphism of vector bundles: £§ < £;. It follows (by minimality) that a.O —
(8 —¢).0(1). The quotient is a vector bundle with H}! = 0 so it has to have
rank > 3. This implies 8 — e > a + 3. Since e > 5 it follows that a = 0: there
is no generator of degree zero. So the resolution is:

> 8=e).S(-)da.S®(8—e¢).5(1)
— (c—e).S(1)®2.5(2) - HY(E) = 0

Since 2.rk(Lo) + 2 = rk(L1), we get the result. O
We are close to the end:

COROLLARY 4.5. Let E be a stable rank two vector bundle with ¢ = 0. If
b(E) = 3, then E is an instanton with 3 < co(E) < 5.

Proof. If h1(E(—2)) # 0, by Lemma 4.3 the spectrum is {12,074 12}, Ac-
cording to Lemma 4.4 if E has such a spectrum, H!(E) is generated in de-
grees < —1. By Lemma 4.1, ¢ < 5. So it remains to show that the case
Sp(E) = {—12,0,1%} is impossible. By Lemma 2.5, H!(FE) is generated by
its degree -2 piece. Hence d(E) = b(F) (Proposition 2.4). If b(E) = 3, then
h'(E(1)) = 0 (Proposition 2.4). Since y(E(1)) = —7, this is impossible. O

4.2. Instanton bundles with b = 3.

We recall that an instanton is a stable rank two vector bundle, E, on P3 with
c1(E) = 0 and h'(E(-2)) = 0. Equivalently E is an instanton if it is stable
and its spectrum is {0°2}. As it is well known H}(FE) is generated by its degree
-1 piece, hence (Proposition 2.4) d(E) = b(E).

We recall an important result, due to Hartshorne-Hirschowitz ([12]):

THEOREM 4.6. For every ca > 1 there exists an instanton bundle with Chern
classes ¢; = 0,co and with natural cohomology (i.e. at most one of the four
groups H'(E(k)),0 < i < 3 is non-zero, Vk € Z).

COROLLARY 4.7. There exists an instanton bundle, E, with b(E) = 3 if and
only if co(E) € {3,4,5}.
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Proof. Since x(FE(2)) = 20 — 4cs is < 0 if ¢o > 6, we have h!(E(2)) # 0, hence
d(E) > 4. Since b(E) = d(E) for an instanton, we conclude that if b(E) = 3,
then co(E) < 5.

If F has natural cohomology h'(E(2)) = 0 < ¢ < 5. Moreover since
X(E(1)) = 8 — 3ca, h'(E(1)) # 0 if c2 > 3. In conclusion, if E has natural
cohomology: d(E) = 3 < 3 < ¢ < 5. Since in any case d(E) = b(E) for an
instanton, we conclude. O

Gathering everything together:

PROPOSITION 4.8. Let E be a stable rank two vector bundle with ¢; = 0. If
b(E) = 3, then E is an instanton with 3 < co(FE) < 5. Moreover for any
3 < ¢y <5 there exists an instanton, E, with co(FE) = ¢ and b(E) = 3.

5. Negative instanton bundles.

Let us start with a definition:

DEFINITION 5.1. A negative instanton is a stable rank two vector bundle, E,
with ¢1(E) = —1 and h*(E(-2)) = 0.

Equivalently F is a negative instanton if it is stable with spectrum {—1%2 , 0% }.
Although there are some analogies with the case ¢; = 0, the situation is quite
different. For instance if F is a negative instanton then H!(E) is not necessarily
generated by its elements of degree -1. All we can say is that H!(FE) is generated
in degrees < 0 (Lemma 2.5). We denote by ¢ the number of minimal generators
of degree zero. Also we set n := co/2. To conclude the proof of Theorem 1.2
we will need in the next section the following:

PROPOSITION 5.2. Let E be a negative instanton with 4 < co < 6, then ¢ <
c2/2 — 1. Moreover if co = 4 and ¢ = 1, then h°(E(1)) # 0.

This is a particular case of the following result proved in [6]:

THEOREM 5.3. Let E be a negative instanton with c—2 > 2. Then ¢ < co/2—1.
Moreover if ¢ = co/2 — 1, then h°(E(1)) = 1. Finally for every ca > 2 there
exists a negative instanton with ¢ = co/2 — 1.

However to keep this paper self-contained we will proceed now to prove
Proposition 5.2 with an ad-hoc argument (completely different from the one
used in [6]), see Corollary 5.8.

Notice by the way that it is easy to get the bound ¢ < n: let L be a general
line. By combining 0 - Z;, — O — O — 0, and 0 —» O(-2) — 2.0(-1) —
Tr — 0, twisted by E, we get 2.H (E(-1)) & H (E®I;) & H'(E). Now
j is injective and p is surjective with Ker(p) = H°(Er). We conclude with
Riemann-Roch.
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5.1. Negative instantons with small Chern classes.

let E be a negative instanton, we set n := ¢2/2 and denote by ¢ the number
of minimal generators of H!(E) of degree zero. We assume ¢ > 0. We know
that ¢ < n. The minimal monad is:

n.0(=2)®c.O0(-1) = (c+n+1).0(-1)® (c+n+1).0 » c.OD>n.0O(1) (1)

The display of the monad is:

0 0
\ 1
0— c.O(-1) ®n.0(-2) — N — E -0
I i s
0 cO(-1)®n.0(-2) 5 (c+n+1).(0(-1)d0O) — F 50
Lo \
.0 ®n.0(1) = cO0®n0O(1)
1 1
0 0
By minimality £ induces:
c.0(-1) £> (c+n+1).0 (2)
Also « induces: )
(c+n+1).0(-1) 5 c.O (3)

The first main remark is:

LEMMA 5.4. With notations as above, £ := Coker (8) is locally free.
Proof. By dualizing the display of the monad and since E*(—1) ~ E we see

that (up to isomorphism) a*(—1) = 8 and also &*(—1) = 8. Now we have an
exact sequence:

0—>A—>(c+n+1).(’)(—1)£‘>c.(’)—>0

where A is a vector bundle. By the above remark:

0= cO(-1) B (c+n+1).05E~A" -0
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The map & yields the following commutative diagram:

0 0 0
\ 1 \
0 > K — (c+n+1).0 % o)
A 1 \:
0 - N = (c+n+1).(0-1)a0) 3 cOpnoO1) — 0
LA ! ~ |
0 - A = (c+n+1).0(-1) — c.0 - 0
1 2
0 0

The map ¥ need not be surjective. The snake lemma applied to the two
bottom row of the diagram shows that: Coker(\) ~ Coker(1¢). Let us define
J = Im(y).

LEMMA 5.5. With notations as above:

(i) h°(K) = h®(N) = h°(E) = 0

(i) hO(K (1)) < hON(1)) = ¢+ h2(E(1)) < c+ 1
(i) h°(K (1)) > c.

Proof. The first two statements follow easily from the display of the monad and

the diagram above (taking into account that h°(FE(1)) < 1 by Theorem 2.3).
For (iii) consider the following diagram:

C.O(l)\‘ [f
5 (

N—Ls (c+n+1).(0(-1) & O)

] |

A—— (c+n+1).0(-1)

We have mojoi = 0 by the monad. So sopoi = 0. Since s is injective poi =0
and ¢.O(—1) <» A factors through K. O

COROLLARY 5.6. With notations as above, if rk(J) = n, then ¢ < n — 1.
Moreover if c =n — 1, then h°(E(1)) = 1.
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Proof. By Lemma 5.5 we have a commutative diagram:

0——c.O(=1) K J 0

|

0——cO(-1) —(c+n+1).0 ——E——=0

|

VESS

Since rk(J) = n, we get rk(J) = 1. By Lemma 5.4 £ is locally free. Since
J is torsion free, J is reflexive. So J = O(a) and K = ¢.O(-1) & O(a).
From h°(K) = 0 (Lemma 5.5), we get a < 0. Now ¢1(J) = —¢1(K) = ¢ — a.
Since ¢1(J) < n (because J C n.O(1)), we have ¢ = ¢1(J) + a < n. Finally if
¢ =mn — 1, the only possibility is ¢;(J) =n, a = —1. So h°(K(1)) = ¢+ 1 and
we conclude with Lemma 5.5. O

Now we have the following simple lemma:

LEMMA 5.7. Let F be a coherent sheaf of rank r on P*, k > 1, such that
F C n.Opr. Then h°(F(m)) < r.h%(Opx(m)), for every m € Z. Moreover if
there is equality for some m > 0, then F = r.Ops.

Proof. We make a double induction on k,m. If k =1, F = @._, Op1 (a;) with
a; < 0 and the statement follows immediately. Assume the Lemma proved for
k —1. Since F C n.Opx, h°(F(—1)) = 0. Let H be a general hyperplane. We
have Fg C n.Og and an exact sequence 0 — F(m — 1) = F(m) — Fg(m) —
0. We get h°(F) < h°(Fy) < r. Then we conclude by induction on m,m > 0.

If h%(F(m)) = r.h°(Opx (m)) for some m > 0, then by descending induction
h°(F) = r. The evaluation map yields 0 — .0 — F — G — 0. The inclusion
r.0 < n.0 shows that G < (n — r).0. Since G has rank zero, it follows that
G=0. 0

By considering F = r.Opr we see that the Lemma is sharp.
Now we turn back to P? and the application we had in mind, i.e. the proof
of Proposition 5.2:

COROLLARY 5.8. (1) Let 0 - K — (n+c¢+1).0 — J — 0, be an ezact
sequence with J C n.O(1). Assume h°(K(1)) < c+ 1, with 0 < ¢ < n. If
n > 2, then rk(J) > 2. Moreover if 2 <n <4, thenc<n—1 orrk(J) =n.

(2) Let E be a negative instanton with 4 < co < 8, then ¢ < ¢o/2 — 1, where
c is the number of minimal generators of degree zero of HX(E). Moreover if

ca =4 and c =1, then h°(E(1)) = 1.
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Proof. (1) We have h°((n + ¢+ 1).0(1)) < h°K (1)) + h°(J(1)), hence 4(n +
c+1) <c+1+h%J(1)). By Lemma 5.7: h%(J(1)) < 10r, where r := rk(J).
It follows that 4n + 3¢+ 3 < 10r. Hence r > 2 if n > 2.

Ifc=nweget Tn+3 <10r. If r <n —1, then 13 < 3n, hence n > 5.
(2) Follows from (1) above and Corollary 5.6. O

6. Stable bundles with ¢; = —1 and b = 3.

In this section E will denote a stable rank two vector bundle on P3 with Chern
classes (—1,cz) and with b(E) = 3. For such a bundle we have:

LEMMA 6.1. With notations as above h'(E(—2)) =0, h*(E(3)) = 0 and c5 < 6.

Proof. By Proposition 2.4 (iv), h'(E(—2)) = 0. In particular (Lemma 2.5)
HL(E) is generated in degrees < 0. By Proposition 2.4 (i), we get h'(E(3)) =
0. Since h3(E(3)) = 0 it follows that x(E(3)) > 0. Since x(E(3)) = 30 —
(9¢2)/2, we get co < 6. O

Since cg is even we are left with three cases: ¢2 € {2,4, 6}.

LEMMA 6.2. Fvery stable rank two vector bundle, E, with ¢y = —1,co = 2 has
b(E) =d(E) = 3.

Proof. We have ([14] Prop. 2.2) that H!(E) is concentrated in degrees -1, 0, 1
with h1(E(-1)) = h'(E(1)) = 1, h}(E) = 2. The module H}(E) is isomorphic
(up to twist) to the Hartshorne-Rao module of the disjoint union of two conics,
such a module is generated by its lowest degree piece. O

Concerning the case co = 4 we first recall (see [1]):

LEMMA 6.3. Let E be a stable rank two vector bundle with ¢ = —1,co = 4,
then h'(E(2)) = h°(E(2)) # 0.

PROPOSITION 6.4. Let E be a stable rank two vector bundle with ¢; = —1,¢co =
4. Then b(E) > 4.

Proof. From Lemma 6.3 it turns out that d(E) > 4. The module H}(E) is
generated in degrees -1, 0. If there is no generator in degree 0 then by Proposi-
tion 2.4, b(E) = d(E) > 3. So we may assume that H}(E) has some generator
of degree zero, i.e. (Corollary 5.8) one generator of degree zero. So the image,
W, of u: HY(E(-1)) ® V — H'(E) has dimension 4. Furthermore, always
by Corollary 5.8, h°(E(1)) = 1. If H is a general plane we have 0 — Oy —
Ep(l) — Iz(1) — 0, where deg(Z) = 4 and (Theorem 2.3) h°(Zz(1)) = 0.
It follows that h'(Zz(2)) = h'(Ex(2)) = 0. Moreover the exact sequence
0 - E — E(1) - Ex(l) — 0 yields an inclusion H'(E) — H(E(1)).
Let W C H'(E(1)) be the image of W. The assumption b(E) = 3 implies
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that W’ is contained in the kernel of H'(FE(1)) A HY(E(2)). Tt follows that
hO(Ex(2)) > 4. In conclusion we have: --- — HO(Ey(2)) — H'(E(1)) 2
HY(E(2)) — 0 and W’ C Ker(y). By Riemmann-Roch h'(E(1)) = 6. Since
RO(E(1)) = 1, we get h°(E(2)) > 4, hence (Lemma 6.3), h'(E(2)) > 4. It
follows that dim(Ker(y)) < 2. This is a contradiction since dim W' =4. O

Finally let’s turn to the last case c; = 6. First we have:

LEMMA 6.5. let E be a stable rank two vector bundle with ¢ = —1. Assume
h'(E(3)) =0 and k' (E(=2)) = 0. If L is a line and if B, ~ Op(a)®Or(—a—
1),a > 0, then a < 4.

Proof. Assume a > 4 for some line L. The exact sequence 0 - Z;,  E — E —
Er — 0 shows that h'(Z;, ® E(—a)) # 0. Now consider the exact sequence:
0 — E(-2) - 2.E(-1) - I ® E — 0. Since h'(E(-1 — a)) = 0, from
hY(ZL @ E(—a)) # 0, we get h?(E(—a — 2)) # 0. By duality h?(E(—a —
2)) = h'(E(a — 1)). Since a — 1 > 3, this is impossible (h!(E(3)) = 0 and
Theorem 2.2). O

We can now complete the proof of Theorem 1.2:

PROPOSITION 6.6. Let E be a stable rank two vector bundle with ¢; = —1,¢c5 =
6. Then b(F) >3

Proof. First observe that, by Corollary 5.8, the natural map p: H'(E(-1)) ®
V — H'(E) has an image, W, of dimension > 6.
Assume hY(Eg (1)) = 0 for H a general plane. Then we have H(E) —
H'(E(1)). Let W’ denote the image of W. Now twisting by one we have
- — HY(Eg(2)) - HY(EQ)) 5 HY(E(2)). If b(E) = 3, then W' C Ker(y)
and this implies h°(Ey(2)) > 6. Since h°(Ex (1)) = 0, Ex(2) has a section
vanishing in codimension two: 0 - Oy — Eg(2) — Zz(3) — 0 (+), where
deg(Z) = 8. Since h°(Zz(3)) > 5 and h°(Z(2)) = 0, Z has seven points lying
on a line L. Restricting the exact sequence to L we get EL(2) - Orn(—4). It
follows that Ep, ~ Or(5) ® Or(—6). By Lemma 6.5 this is impossible. hence
b >3 if hO(Eg(1)) = 0.
Assume h°(Eg (1)) # 0. Then we have 0 — Oy — Eg(1) = Zz(1) —
0 (%), where deg(Z) = 6. By Theorem 2.3, h%(Zz(1)) = 0. With notations as
above W’ C H'(E(1)) has dim W’ > 5, hence h°(Eg(2)) > 5. This implies
h%(Zz(2)) > 2. Since h°(Zz(1)) = 0, it follows that Z has 5 points on a line
R. Restricting (%) to R we get: Egr(1) - Ogr(—4). it follows that EFr ~
Or(4) ® Or(—5); in contradiction with Lemma 6.5. So b > 3 again. O

REFERENCES

[1] C. Banica AND N. MANOLACHE, Rank 2 stable vector bundles on P® with Chern
classes c1 = —1, ¢ = 4, Math. Z. 190 (1985), 315-339.



BUCHSBAUM INDEX OF RANK TWO VECTOR BUNDLES. 79

[2] W. BARTH, Some propreties of stable rank 2 vector bundles on P™, Math. Ann.
226 (1977), 225-250.
[3] A. BURAGGINA, Biliaison classes of reflexive sheaves, Math. Nach. 201 (1999),
53-76.
[4] W. DECKER, Monads and cohomology modules of rank 2 vector bundles, Com-
positio Math. 76 (1990), no. 1-2, 7-17, Algebraic geometry (Berlin, 1988).
[5] Pu. ELLIA, Some vanishing for the cohomology of stable rank two vector bundles
on P?, J. Reine Angew. Math. 451 (1994), 1-14.
[6] Pu. ELLiA AND L. GRUSON, in preparation.
[7] Pu. ELLia AND L. GRUSON, A restriction theorem for stable rank two vector
bundles on P3| J. Algebra 438 (2015), 85-89.
[8] PH. ELLIA AND A. SARTI, On codimension two k-Buchsbaum subvarieties of P™,
Commutative algebra and algebraic geometry (Ferrara), Lecture Notes in Pure
and Appl. Math., vol. 206, Dekker, New York, 1999, pp. 81-92.
[9] R. HARTSHORNE, Stable vector bundles of rank 2 on P®, Math. Ann. 238 (1978),
229-280.
[10] R. HARTSHORNE, Stable reflexive sheaves, Math. Ann. 254 (1980), 121-176.
[11] R. HARTSHORNE, The genus of space curves, Ann. Univ. Ferrara 40 (1994),
207-223.
[12] R. HARTSHORNE AND A. HIRSCHOWITZ, Cohomology of a general instanton
bundle, Ann. Sci. Ecole Norm. Sup. (4) 15 (1982), no. 2, 365-390.
[13] R. HARTSHORNE AND A.P. RA0, Spectra and monads of stable bundles, J. Math.
Kyoto Univ. 31 (1991), no. 3, 789-806.
[14] R. HarrSHORNE AND 1. SoLs, Stable rank 2 vector bundles on P* with ¢; =
—1,c2 = 2, J. Reine Angew. Math. 325 (1981), 145-152.
[15] G. HorrocCks, Construction of bundles on P", Astérisque 71-72 (1980), 197—
203.
[16] M. JARDIM AND S. MARCHESI, p-Buchsbaum rank 2 bundles on the projective
space, Rend. Istit. Mat. Univ. Trieste 47 (2015), 17-25.
[17] R. STRANO, A characterization of complete intersection curves in P, Proc.
Amer. Math. Soc. 104 (1988), no. 3, 711-715.

Authors’ addresses:

Philippe Ellia

Universita degli Studi di Ferrara
Dipartimento di Matematica

via Machiavelli 35

44121 Ferrara, Italy

E-mail: phe@unife.it

Laurent Gruson

L.M.V., Université de Versailles-St Quentin
45, Av. des Etats-Unis

78035 Versailles, France

E-mail: Laurent.Gruson@uvsq.fr

Received January 17, 2015



