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Two classes of real numbers and formal
power series: quasi algebraic objects
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ABSTRACT. Motivated by the endeavour to extend to the algebraic irra-
tionals the notion of best rational approximation to a given real number,
we define the concept of quasi algebraic number and prove some results
related to it. We apply these results to the study of the Schréder func-
tional equation with quasi algebraic parameter. The main definitions
can be transposed to the field of formal Laurent series over a finite field.
In this respect we prove that every badly approximable series is quasi
algebraic.
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1. Introduction

The present work originates from the purpose to extend the concept of best
approximation r to a given real number £ (which is defined for rational r) to
the algebraic irrationals. In the literature there are two different notions of
best approximations, namely the best approximations of the first and of the
second kind [6], which are also referred to respectively as fair and good ap-
proximations [10]. A good approximation is also a fair one, while an analogous
implication for algebraic approximations of higher degree does not hold: if P(z)
and Q(z) are polynomials of degree n > 1, P(£) # 0, Q(£) # 0, |P(£)] < |Q(&)],
H(Q) < H(P) (see the definition of height), it does not follow that P(x) has
a root which is closer to £ than any root of Q(x). Therefore we will be con-
cerned with the extension of the notion of best approximation of the first kind
which is more directly related with the distance between £ and its approxima-
tion. For any irrational number £ the sequence of its convergents is a uniquely
determined sequence of rationals of best approximation. We have considered
the problem of determining a sequence {a,} of irrational algebraic numbers
of bounded degree and of best approximation in a sense that we are going to
define. The existence of such a sequence is not assured in general, as in many
cases (like the Liouville numbers) the rationals outdo the algebraic numbers of
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higher degree in their approximation power.

There is a large literature concerning approximations by algebraic numbers
(see [3], especially Chapter 2 and 3). The peculiar features of our approach
are just these notions: after giving the appropriate definitions, the necessity of
providing a suitable context for the existence of irrational algebraic numbers
of best approximation has led us to considering a new class of irrational num-
bers, which we have called quasi algebraic. This class contains almost every
real number in the sense of Lebesgue measure and has dense and uncountable
complement in the set of real numbers. We prove some diophantine properties
of quasi algebraic numbers which apply to the study of the Schréder func-
tional equation. Our main definitions (quasi algebraic irrational numbers and
irrational algebraic numbers of best approximation) can be transposed verba-
tim, mutatis mutandis, to the field K ((X _1)) of formal Laurent series with
coefficients in a field K. We focus on the case K is a finite field.

We thank the referee for the valuable hints which have led to a substantial
improvement of Theorem 3.1.

2. Notation and terminology

Let ag,a1,...,a, be positive real numbers. Let’s pose
1
[ag, a1, ...,a,) = ag + .
ai +

as + ............
1
ap—1+ —
an

and define inductively

Pi = aipi—1 +Pi—2, ¢ =a;¢i—1+qgi—2, (1>0),

we have

Pn

an

= [ao, ceey an] and Pn—19n — PnQn—1 = (_l)n .
Every real number £ can be developed in continued fraction

¢ =lag,a1,...,0p,...] = lim —.
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The fractions p, /¢, are called the convergents of £. The development is finite
if £ is rational, infinite if £ irrational, ultimately periodic if £ is quadratic. The
following identity holds:

5 = [a07a17 < 'aanaATL-'rl]v

where A1 = [@nt1,an42,...]. The a; are called the partial quotients of ¢
and the A; the complete quotients. If $,—1 = Pn—1/qn-1, Sn = Pn/qn, n > —1
are two successive convergents and a,1 > 1, a fraction of the form

k _
Snyk:M:p"J’ with 1<k < anp1

an + Gn-1 qn.k
is called secondary convergent. An irrational number £ is said to be badly
approximable or of constant type if there is a constant C' > 0 such that

D C
e2=¢.
q q
for every p/q € Q; & is of constant type if and only if the sequence of its partial
quotients is bounded.
Given a polynomial with real coefficients

P(z) = apna™ + -+ + ao,

we define the height
H(P):= m<ax|ai| )

and the length
L(P) = lail .
i<n
Given an algebraic number «, we indicate with H(«) and L(«) the height and
the length of its minimal polynomial over Z. We denote by d(«) its degree.
Let n be a positive integer and £ any real number. We say that an algebraic
a of degree n is of best approximation for £ if the following condition holds:

for any algebraic § with 1 < d(8) < n and H(B8) < H(«a), we have
la—¢l < B¢
We say that an irrational number ¢ is quasi algebraic if there is an integer

m > 2 such that the following condition C is fulfilled:

C: for almost every rational r (i.e. except at most a finite number) there is
an algebraic irrational v,y such that d (oz(r)) <m, H (a(r)) < H(r) and

€ = agy| < [€—r.
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If £ is quasi algebraic and s is the least integer m for which the condition above
holds, we say that s is the degree of £ as a quasi algebraic number and write

5= (9.

m
Two real numbers «,  are said to be equivalent if @ = Btp

with
nB+q

m,n,p,q € Z and |mq — np| = 1.
If « is a real number, we denote by («) the distance between a and the set
Z of integers.

3. Main results for real numbers

We take into account the set of all quasi algebraic numbers whose degree does
not exceed 3 in order to investigate its metric properties as well as its relation-
ship with the algebraic irrationals and with the numbers of constant type.

THEOREM 3.1. 1. Almost every real number in the sense of Lebesgue measure,
including the algebraic irrationals, is quasi algebraic of degree 2.

2. If & is of constant type, there exists at least one quasi algebraic & with () <
3 such that € and & are equivalent.

Proof. 1. Recall the definition of the function w, (&), for £ real and n a posi-
tive integer: w, () is the supremum of the set of real numbers w with the
property that there are infinitely many polynomials P(z) of degree < n with
integer coefficients such that

0 <[P <H(P)™™.

It is known that w;(§) = 1 for almost all real numbers. Let us define the
set By o of the real numbers ¢ with the properties that wq(£) = 1 and there
is Hop(¢) > 0 such that the following holds: for every H > Hj there is a
quadratic a with

H* <H(a)<H and [¢—al<H(a)™??.

It follows from Corollaire 1 of [2], with d = 2 and € = 0, 1, that B; 5 contains
almost every real number. Furthermore, as ws(§) = 2, wi(§) = 1 for all
algebraic numbers of degree > 3 (see [3, p.45]), from Théoreéme 1 of [2],
taking A = 1 and € = 0.1 we obtain that every such algebraic belongs to
Bj 2. Now we are going to show that every number in B 5 is quasi algebraic
of degree 2. Let { € By 2. Consider the interval Iz = (§{ —e1,& + 1) where
€1 is chosen in the following way:

a. if |€] <1,then —1<{—e1 <&+e1 <1,
b. if € > 1, then 1 < & —¢q;
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c. if £ < —1,then £ +¢1 < —1.

Observe that, if p/q € I¢, there is a constant Cg such that ¢~ > H (p/q)_ng;
in fact, take C¢ respectively equal 1, £ — &1, |€ +¢1| in the cases q, b, ¢. Fix
two quadratics a1, e € I, a1 < &, ap > § with H(a1) = Hy, H(a) = Ho.
Since wy(§) = 1, there is a finite number of rationals r; = p;/q;, i < k, such
that

i€ — pi| < H(ry)™ ™ (*)
Let Hs = max;<y H(r;). From the defining condition of By 3, consider the
Hj associated with ¢ and Hy = max {Ho, H,,H>, Hs, Cglo}. We are going
to prove that our Condition C in the definition of quasi algebraic numbers
is fulfilled, for m = 2. Take a rational r, H(r) > Hy. If r ¢ I, then
€E—ar] < [€—r|ifr <& |E—ao| < |§—7r|ifr > ¢ Hi,Hy < H(r). If
r =p/q € I¢, then it follows:

€ —r|>q¢ 'H(r) 1 > CgH(T)fz‘l > H(r)=22 .

On the other hand, there is a quadratic o), with H(r)%? < H (o)) <
H(r) and
€ —aw| < H(ap) " < HE)>"

This completes the proof of part 1, as quadratic numbers are trivially quasi
algebraic of degree 2, taking o,y = § for H(r) > H(§).

. Let £ be a number of constant type. For what we proved in 1, we can suppose
that £ is a transcendental. Denote by & = [ag, a1, ...,an,...] any complete
quotient of £ associated with a maximal partial quotient. Therefore & and &
are equivalent and ag > a;, i > 1. Besides ag > 2 as £ is not quadratic. We
are going to prove that £ is quasi algebraic with 9(§) < 3. Divide the proof
in three steps.

i. Given a convergent s, = p, /¢, of &, we prove that there is a cubic a,
satisfying the condition C, with r = s,,. Observe that &2 > A, ; =
[@n+t1,.-.], because ag > 2 by hypothesis. Consider

_ tpn"f'pnfl _
T(t) = 0 g(t) =Vt
() tqn + qn-1 ()

Suppose at first that s,, > s,_1, namely Z(¢) monotonically increasing.
As Z(Any1) = € and €2 > A, 41, we have Z(€2) > Z(An11) = € = §(£2).
As(s2) = s, > Z(s2), thereis tg, £2 < to < s2, such that Z(¢y) = 5(to).
Then tg = 23, £ < 29 < 8, In the case s, < s,_1 and Z(t) decreasing,
we come, with symmetric arguments, to the inequality s, < xg < &,



186

M. CITTERIO AND R. TALAMO

while the equality 7(to) = Z(tg) holds with s2 < ¢y < £2. In both cases
it follows:
2
(to) = #(a2) = LoPn T Pn1

= ————=19Y(lo) =20 .
0 x?)‘]n""]n—l ( )

Then z is a solution of the cubic equation
3 2 _
Gn®” — P + @1 —Pp—1 =10 (1)

and € —xo| < |€ — sp|. It remains to show that the Equation (1) is
irreducible in Z, in order to conclude that H(zo) < H(sy); this check
is necessary, as the height of the product of two polynomials can be
strictly less than the height of one of the factors. The first member
of (1) is primitive, being the convergents reduced fractions. Moreover,
it does not admit negative root, as p,, qn, Pn—1 and ¢,_1 are positive.
As the Equation (1) is equivalent to

_ $2pn + Pn-1
22qn + qn-1

a is a root of (1) if and only if Z(a?) = a = y(a?), i.e. if and only if o?
is a zero of the function z(¢) = Z(t) — y(t). But 2/(t) # 0 for ¢t > 0; thus
the only zero of z(t) is #3. Consequently, xq is the only real root of (1).
If (1) were not irreducible over Z, there would exist a factorization of
the type:

4n®® — pp2® + qn_12 — pp_y = (bx — a)(lz® + mz + n)

with a, b, I, m, n in Z. For what we have just proved above, xo = a/b
with b > g, since xg belongs to the interval of two successive convergents
Sn—1, Sn. Equating terms yields ¢, = b, which is absurd. Therefore (1)
is the minimal polynomial of z¢ and H(xg) < H(sy,).

Given a secondary convergent of £, namely of the form

_ DPn.k _ kpn +pn71
Adn.k an + Gn—1

Snk , 1<k<aptr, n>-1

(existing if a,41 > 1), we prove that there is a quadratic o, which
satisfies the condition C. Let’s pose o, = {ao, . ,an,k‘} if n >0,
Ok = {E} if n = —1. We observe that o, is the positive root of the
equation:

Qn,kx2 + (Qn - pn,k)x —Pn = 0 3
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o tpn,k + Dn
B tqn,k + qn
Obviously a,, i is quadratic and H (o, ;) < H(sp ). As in step 2i, one
can verify that a, ;, belongs to the interval of extremes £ and sy, ; thus
|£ - O‘n,k| < |§ - 5n,k’|'

iii. Consider now any rational r; set h = H(r). Let r* be the rational
(possibly coinciding with 7) which attains the least distance with ¢
among all the rationals of height less or equal to h. It can be easily
checked that r* is either a convergent or a secondary convergent of
£. In both cases, for what we have shown in 2i and 2i4, there is an
algebraic o,y of degree 2 or 3 satisfying condition C with respect to r*
and therefore a fortiori with respect to . This completes the proof. [

being the fixed point of Z(t) , 8S |Pngnk — Pnkdn] = 1.

The following proposition shows that there are numbers of constant type
which are quasi algebraic of degree 2.

LEMMA 3.2. Let m, n, p, q be positive integers, with (m,n) = (p,q) = 1 and
|mq — np| = 1. Further, let k be a positive real number. Then:

km+p km+2p km+p m
kn+q kn + 2q

kn + q n

m km+p km + 2p
roof. Le n’ kn+q’ kn + 2q
A < B < C according to whether mqg — np equals 1 or —1. As A+ C — 2B =

2q(mgq — np)
A-B)—(B-C) = ,
( )= ) n(kn + q)(kn + 2q)
and negative in the second, our claim is proved. O

, we have C < B < A or

which is positive in the first case

PRrROPOSITION 3.3. Let & = [ag,a1,...,an,...] be transcendental of constant
type, mo = m;%{ai}, My = m>ag({ai}. If My/mg < 2, then O(§) = 2, i.e. & is
a; (2

quasi quadratic.

Proof. Suppose firstly ag > 1. Pose a; = [mO,MO], Qg = [Mo,mo}. Ob-
serve that a; and ag are respectively the minimum and the maximum of all
irrationals whose partial quotients are included between mg and My; moreover
as/a; = My/mg. Then a; < £ < as. To prove that 9(§) = 2, owing to
the results of Theorem 3.1, we need only to consider the convergents of £ as
the quadratic associated with a secondary convergent can be constructed ex-
actly in the same way as in step 24 of it. In the notations of the theorem, let
sy =pn/qn, N > 0 and Z(t) the related map. Define o) = [@o, a1, ., an).
Of course a1 < a(y) < ag and a1 < Ayy1 < ap. We distinguish two cases,
since Any1 # a(n), as Any1 is transcendental.
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L. Ant1 < aqny. As Z(ayy) = oy, Z(Ang1) = &, tliinoof(t) = sy and

Z(t) is monotone, a(y) belongs to the interval between ¢ and sy, and thus
€ = amn| < 1€ —snl.

2. AN+1 > Q(N)- As Otg/Oq = Mo/mo < 2 and AN+1 < g, it follows
Ans1/2 < any from oy < a(yy. If in Lemma 3.2 we pose m = py, n = qn,
P =DPN-1, ¢ = qN-1, k = An41, we have A = sy, B = § = T(An41),
C = Z(k/2). From already known facts about Z(¢) and the inequality
AN11/2 < a(ny, it follows that oy lies between B and C; therefore we
have |£ — a(n)| < [ — C|. Since from Lemma 3.2 follows [{ — C| < |§ — sy
and H(a(ny) < H(sn), because the minimal polynomial of oy is

ane? + (qn-1 — pN)T — PN-1 ,

the proof is complete in the case ag > 1.

If ag = 0, put oy = [0,a@1,...,an| and a(y) = [a1,...,an); proceed like
before considering the two cases Ay 1 > @) and Ay 41 < @) and taking
into account the fact that now & (&(N)) = a(n). O

In [3, p.39] it is observed that the Thue-Morse word on {1,2} (see [11])
“is too well approximable by quadratic numbers to be algebraic, but we do
not know precisely how well it is approximable”. As a matter of fact, it fol-
lows directly from Proposition 3.3 that this number is quasi quadratic. There-
fore the above question about the Thue-Morse word con be considered in the
more general framework of quasi quadratic numbers. The following proposition
quantifies the goodness of the approximation of a quasi quadratic number by
quadratics.

PROPOSITION 3.4. Let & be a quasi quadratic transcendental number. There
is a uniquely determined sequence of quadratics of best approximation {an},
n € N, converging to & and such that |€ — an| = O (H(an)) >

Proof. We are going to define inductively an integer r,, and a quadratic «,.
Let 71 be the least integer such that the defining condition C of quasi algebraic
numbers holds (for m = 2) for every convergent p;/q; of &, with i > ry. Let
h1 = h(pr,/qr,). Among all quadratics of height equal or less hq, let o be the
nearest to &; it is unique for the transcendence of £. Suppose we have defined
r, and ay,; let 7,1 be the least integer ¢ such that |¢ — p;/q;| < |£€ — a,| and
let hpyr1 =h (prn /e, +1). Among all quadratics whose height is less or equal
hnt1, let appq be the nearest to . As hy, < (€] + 1) ¢, from the hypotheses
on £ it follows:

2 2
1_ g+’ _ €+

< .

|£_an|<‘§_pr"
q

Tn
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It is easily checked that au, are of best approximation. Besides, the construction
determines them univocally. O

REMARK 3.5. Observe that the convergents s, of a real number £ are rationals
of best approzimation such that |€ — s,| = O (H(sn))fz, namely the same prop-
erties which characterize the quadratics o, with respect to the quasi quadratic
&. Roughly speaking, a quasi quadratic number admits a sequence of quadratic
convergents; they approximate & better than the rational convergents s, for
less or equal height.

Furthermore, if £ satisfies the hypotheses of Proposition 3.3, the integer r;
in Proposition 3.4 can be taken equal zero. Consequently, for every ration r
there is a quadratic of best approximation «, with H(«,.) < H(r) and |a,.—&| <
Ir—gl.

Now we are going to prove a diophantine property of quasi algebraic num-
bers. It will enable us to demonstrate the existence of uncountably many real
numbers which are not quasi algebraic. Moreover it ensures the existence of a
solution for the Schroder functional equation with quasi algebraic parameter.

THEOREM 3.6. Let & be a transcendental quasi algebraic number in the unit
interval, 0(§) = s. Then the following hold:

i. there is a real positive constant K depending only on & such that, for any
Pa€l, q=1,
lg§ —pl > Kq™*%;
1. for any e > 0 the series
Z hf(s+s) <h§>71
h>1

converges and its sum S(g) is O (¢'(1+¢)) for e — 0T, where ' is the
derivative of the Riemann ( function.

Proof. i. For n > ngy, to every convergent s,, of £ can be associated an alge-
braic irrational a(s,) = o, with d(ay,) =7, <5, H(ay,) < H(sy) (follow-
ing our definition of quasi algebraic number which excludes possibly a finite
number of rationals for Condition C) and |ay, —§| < |s, —&|. We are going
to apply Giiting’s Theorem to «,, and the polynomial P,(x) = g, — pp.
From [5] follows, for n > ny:

1
L(an) (gn + lpal)™
As L(ay,) < H(ap) (r, + 1) we get, dividing by g¢y,:
1
H(aw) (ras1) (L4 [sa)™ " g

‘Qnan 7pn‘ >

|04n - 8n| Z
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Since H(ayp) < H(sp) < qn (€] +1) and r,, < s we obtain:

1
‘an_5n| s s—
g (s + 1) (1€l + 1) (¢ +2)*
1
If we put C' = —, we get:
(s+1) (&l +1) (€] +2)
C
lay, — sn| > T Vn>no.
dn

As |€ —sp] < 5 and |§ — ay| < |§ — s, ], this yields:
a

n+14n

2
|an_5n|§|an_£‘+|£_3n|<

From (2) and (3) we have

2
an+1<6qz L WYn>ng.

Determine now constants Ci, ..., C,, such that:
a1 < Crgy~ v, Ay < Cnoqf;oll
If D =sup (Cl7 ooy Chgs %) we get:
U1 < qul_l, n > 0.

From the equation:

1
An —Pn| = 57—
| " 71| AnJrIQn +Qn71

as Apt1 < aps1 + 1, we get eventually from (4):

lagn — pn| > (D +2)~ Lgs.

As £ € [0,1], for any p,q € Z q > 1, there is a convergent p,/gn, n
0, such that ‘f— = > |&- ‘, qn < q. We get eventually |¢g§ — p|

n

> g€ —pn| > Kq,° > Kq°, K =

Tl

etk

an-‘rlqu

Y
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ii. From (4) and Theorem 2 of [7], it follows that

N
S (he) ™ = O(log N) . N > 2.
h

Define v, = h=*(h&)™Y, up = h™°, h > 1. Then, as {v,} and {u,} are
both positive and {up} is decreasing, summation by parts can be applied,
namely (see [7, p.231]):

N N-1 h N
E UV, = E (up, — upy1) E vj +upy E (e
h=1 j=1 j=1

h=1

Consequently, there is M > 0 such that

N
Z h—(s+5) <h§>_l <

N—
N (1) —he )
< (e (1-279) MZ +h26 logh+ MN~<log N <
2
<O -279)+M Z h=(+) logh + MNSlog N .
2

Thus >, 5, A~ (h€)~! converges for any e > 0; moreover, for & suffi-
ciently small,

S(e) < (M+1) IC'(1+e)| - O

COROLLARY 3.7. The set of quasi algebraic numbers has dense and uncountable
complement in R.

Proof. Set a = [ag, ..., ay,...] any real number such that a,41 > ¢7, n > no.
Clearly the set of such « is dense because ng and the first ng + 1 partial
quotients are quite arbitrary; moreover, for every n > ng, there are countably
many ways to choose a,y1; then the a are uncountably many. Let s be a
positive real number. For any convergent p,, /¢, of a we have, from (5):

1 1

< .
Gn+1qn qﬁ“

<Q7la> = |Qn0é _pn| <

Thus g, *(gna) ™! > ¢+ For n > s the terms tend to infinity; consequently
the series diverges for any s > 0 and « cannot be quasi algebraic for 1. O
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4. The Schroder functional equation

Let f(2) = Az+a22?+- - -+anz"+...,a; € C, A = e*™ « € [0, 1] be analytical
in a neighborhood of zero. The problem of the existence of an analytic solution
d(2) = 2+baz? + - +b,2" + ... (called Konigs function of f) of the Schréder
functional equation

P(A2) = f(6(2)) (6)

is closely related with the diophantine properties of «. Let
I'={a€0,1] : 3, x> 0 such that [gow — p| > eq™* for any p,q € Z,q > 1}.

Siegel [14, 15] proved that the analytical solution of (6) exists if & € I'. In
the paper [16] the author tackled the problem of approximating a given Konigs
function with a sequence of “quadratic Koénigs functions” (namely deriving
from an « quadratic). Now we want to give an improved version of the result
in [16] and apply it to the case in which « is a quasi algebraic.

PROPERTY 1. Let f(2) = Az+ag2?®+- - -+a,2"+. .. analytical in a neighborhood
of zero, A = e*™ a €T, a € [0,1] and {A\n}nen, An = ¥, € T any
sequence such that lim,, . a,, = a and «a,, o have the same constants €,
as elements of T'. Let f,(z) = f(2) + (A — A)z and denote by ¢(2), ¢n(z) the
Konigs functions of f(z), fn(z). Then ¢(z) = limy, 00 ¢n(2) uniformly in a
neighborhood of zero.

Proof. If ¢p(2) = 24+ 3,59 bn k2", ¢(2) = 2+ >,,50bn2", write Sy, 1(2) =
© 4 Y b2, Sua(2) = 2+ P a2y Rui() = 64(2) — Supn(2),
Ry, (2) = ¢(2) — Sny(2). In [16, p.54] we observe that the functions ¢, ¢ are
analytic in an open disc whose radius r depends only on € and p. Let v’ < r.
Obviously the maps ¢, ¢ converge absolutely in the closed disc of radius
r'. From [14] follows the existence of a series of constants Y., b; (b; > 0)
whose coefficients depend on 7/, &, 4 (majoring series) such that |b,2"| < by,

|bp k2" < bp, n > 1,k > 1,]z] < r’. (See also [15, p.124] for the series

Y = 1;2 %z” which is the first step of the iteration process). Remark
that the coefficients b, of ¢, which are deduced inductively from the Schroder
functional equation (6), have the form

o Pn()\anv"'aan)
- An—l()\ _ 1)7“1 ()\2 _ 1)7"2 . (/\n—l — 1)7"n,—1 ’

bn

where the Py are polynomial with integer coefficients in A, as, ..., a, and the r;
are positive integers. Therefore the b,, are continuous functions of a, for « € T’
and A\ = e?™® as the denominators never vanish. Given now 7 > 0, determine
ng such that > by, < m/2; then |Ry, x(2)| < 1/2, |Rn,(2)| < n/2, for any

n>ng



QUASI ALGEBRAIC OBJECTS 193

k € N, |r| < /. For the continuity of b, on the set ', there is an integer

. n .
ko such that |b, — by x| < ng + ()0 k > ko and 2 < n < ng. Thus

|p(2) — dn(2)| < m, k > ko and |z| < 7’ and the sequence {¢,(z)} converges to
(2). O

REMARK 4.1. The quoted result in [16] relied on the existence of a converging
subsequence of {¢n} (i.-e. on the existence of a subsequence of the sequence of
quadratics previously constructed in the lemma). Our property shows that any
sequence {ay} converging to « yields the convergence of {¢,}, provided that
the oy, and « have the same constants € and p as elements of T.

PROPERTY 2. Let f(z) = Az+agz?®+- - -+a,2"+. .. analytical in a neighborhood
of zero, A = *™ o quasi algebraic. Then the Schréder functional equation (6)
has an analytic solution; moreover there is a sequence of quadratics {cun}, oy
such that the Konigs functions ¢, (z)of the maps f(2) defined as in Property 1
converge uniformly to ¢(z) in a neighborhood of zero.

Proof. From i. of Theorem 3.6, it follows that o € " with constants ¢ = K,
1= s = O(«). Therefore the analytical ¢ exists for the quoted Siegel theorem.
If @« = [ag,a1,...,0Gn,...] and ag = 0, define a, = [aok, @1 ks, Ank,-- -]
where ay, = ay, if n <k, while a,,,, =1 if n >k, k> 1. In [16, Lemma, p.52]
it is shown that the a; have the same constants ¢, u of «, if o € I'. Therefore
the statement follows from Property 1. O

5. Formal Laurent series on a finite field

Let K be a finite field. Denote by K[X] the ring of polynomials, by K (X)
the field of rational functions and by K ((X *1)) the field of formal Laurent
series with coefficients in K. If f € K((X*I)), f= Zn<n0 X" ng € Z,
fno # 0, ng = deg(f), an absolute value is defined by setting [0] = 0, |f| = €™
for f # 0. The resulting structure of complete metric space on K ((X _1)) is
the completion of the non Archimedean valuation on K (X) defined by |f/g| =
edes(f)=deg(9) (see [4]). Every f € K((X~1)) can be uniquely developed in
continued fraction (see [12]): f = [ao(x),a1(x),...,an(z),...] where the partial
quotients a;(z) € K[X], ¢ > 0 and |a;(z)] > 1 for ¢ > 0. We indicate by
sn(2) = pn(z)/qn(2), pi(x), ¢;i(x) € K[X], i > 0, the convergents of f and by
A;(z) the complete quotients. If P(y) = pn(2)y™ + pn_1(x)y" L + - + po(2)
is a polynomial with coefficients p;(x) € K[X], the height H(P) is defined
as the maximum of the absolute values of the p;(z), 0 < i < n. An « €
K ((X~1)) is algebraic if it is a root of a polynomial P(y) € K[X][Y]; the
degree d(«)is the degree of its minimal polynomial, while the height H(«) is
the above defined height of the same minimal polynomial. If we replace rational
numbers with rational functions and the absolute value of a real number with
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the absolute value of a formal Laurent series in the definition of quasi algebraic
irrationals, we obtain the corresponding definition for f € K ((X _1)), and the
same has been done (see [8, p.208]) in the literature for the notion of badly
approximable element of K ((X~')); also the concept of algebraic irrational of
best approximation can be extended this way to K ((X~1)).

We are going to prove the

THEOREM 5.1. Let £ € K((X*I)), ¢ € K(X) and badly approzimable. Then
it 1s quasi algebraic.

Proof. Let £ = Zn<k§ En X", ke € Z, & € K. Consider its development in
continued fraction, £ = [ag(x),a1(x),...,an(z),...], a;(xz) € K[X]. Suppose
first |£] > 1; obviously we can assume without loss of generality that it is
transcendental. As it is badly approximable, there is a constant C' > 0 such
that, for every n > 0:

B pn(x) C
e T
As (see [4, p.71]): @ .
(@] _ 7 .
‘5 W@ Jani1(@)] lgn(@))? "

then |an11(x)] < 1/C, ¥n > 0.
Since|¢| > 1 we have |ag(x)| > 1. Therefore, if p = char (K), there is h = p™o,
mg nonnegative integer such that, for every n >0

jao(@)|" = |an ()| - (8)

Set m = h + 1. Given any non-constant rational function r € K(X), r € K,
ro= anw rn X", k. € Z, 1, € K, we are going to prove the existence of
Qe € K_((X_l)), a(ry algebraic irrational, d(oy) < m, H(oy) < H(r) and
|a(r) —¢£ ’ < |r—¢&|. We distinguish various cases according to the development
of r in continued fraction:

1) r is a convergent of &, namely there is a N > 0 such that
r= [a0($)7a1($)7 cee ,CLN(LE)] = SN(:E)
Let’s pose
2 2
Ay = |:CLO(1’), cee 7(11\/(1’)7(16{(,1), s aa?\f(x)aag (I), cee aaiji/' (.I), .. :| .

Obviously «, is irrational; since h is a power of the characteristic p of the
field K, we get:

oz?T) = [ag(x),...,aN(x),ao (),...,a% (:17),] .
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Besides, from the formula which connects the elements of K ((X *1)) with
h

their complete quotients (see [4, p.71]) we obtain, as o,y is a complete
quotient of ;)
pr()al, + oy (@)

an(z)af,y +an—1(z) |

(9)

®(r) =
Therefore o, is a root of the equation:

gn(2)y™ — pn (2)y" !+ gn-1(2)y — py_1(z) = 0.

Unlike what happens for polynomial with coefficients in Z (cfr. Theo-
rem 3.1), the height of the product of two polynomials with coefficients
in K[X] equals the product of the two heights; the verification is routine.
Then:

H(ory) <max {lgn ()], [pn(2)], lgn—1(z)], [pn—1(2)[}
= |pn(z)| = H(sn(x))

and 2 < d(a()) < m. It remains to be checked that |a(r) — £| < |r=¢|.
Consider the Laurent development of «(,), namely () = Zn<ka ap X",
ko € Z, a, € K. From (7) we obtain -

N
|E—r|=et, ty= ZZdeg [a;(z)] + deg [an+1(2)] ,
=t (10)

N
‘a(r) - r’ =e 1, 1= ZZdeg [a;(x)] + deg [ag(x)] .
i=1

From (8) it follows ¢ < t;. From the Laurent development of &, r, o),
and (10) we have:

gn =Tpn fOI‘ n > —t() s g—to 3& ’I“_tU s (11)
ap =1, for n>—t1, a_y Fr_y, .

Then, for n > —to > —t; we have &, = o, and consequently [¢ — | <

|¢€ — r|, namely what we wanted to prove. Observe that, if ¢y # ¢1, from (11)

it follows that:

€ — (| = max {|¢ = 7|, |aw) — [} -

More generally, arguing as above, the following fact can be stated, apply-
ing (10) and (11):
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REMARK 5.2. If €, & are elements of K ((Xfl)) having the same convergent
s, then:

€ —s| #|& —s| implies |§ —¢&'| = max{|¢ —s|,[¢' —s|} ,
€ —s| =& —s| implies |€—¢&'[<|6—s]=]"—3] .

2) r = [bo(x),b1(x),...,bk(x)], £ > N > 0 with a;(z) = b;(z) for 0 < i < N
and ayy1(x) # byy1(x). In other words, r is not a convergent of £, but r
and ¢ have in common the convergent sy (z).

2A)

2B)

lan11(2)] 7 (b1 (z)].
Define a(r) as in point 1). As sy(x) is at the same time a convergent
of r, £ and «a(r), a repeated application of the above Remark 5.2 yields:

€ = r| = max{|¢ —sn(@)],[r —sn(2)]} ,

as lan+1(2)| # |by+1(x)| by the hypothesis and € — a )| < |€ — sy ()]
from (8). Thus ’f — a(r)‘ < |€ —r|. Of course degree and height of o
are like in 1).

lan41(z)| = [bn 41 (2)].

Consider the following rational functions, together with their Laurent
developments:

_ N _
7= lao(x),...,an(x),ans1(x)] = PN+1 _ Z Fpx™
dN+1 b

7= [ap(@), .. an (@), by (@) = 2L = 3 Fan
dN+1 n< ks

Tn,Tn €K, ks, ki € Z.
Let’s prove the following two inequalities (12) and (13):
F=&l<lr=¢l . (12)

As the hypothesis |an11(2)] = [by41(2)], then |gni1(2)] = [Gn+1 ().
Consequently
1 1

<
lant2(@)| lav+1 (@) ava (@)

€=

If it were, by contradiction, |7 — &| > |7 — |, this would imply |7 — £] <

—————. But (see [12, p.140]) from this inequality it follows that 7
|1 ()]

is a convergent of £. This is a contradiction, as ay+1(z) # by+1(x).
In exactly the same way one proves the inequality:

|7 —r| <|F—r]. (13)
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Now we prove:

[P =&l <|r—¢f . (14)
Taking into account the coefficients of the Laurent development for &,
r, 7, ¥ (see above), from (12) we have:

P =&, for n > —t1,

3 ~ . (15)
T =&, for n > —tyg > —t1,

with ¢o, ¢, positive integers. This yields 7_z, # &_z,, T—i, = {—i,- Now
if we had r_g, = £_g,, this would imply r_;, = 7_g, and r_z, # 7_g,
from (15) contradicting what we have shown in (13). Thus r_z, # £_g,
proving (14).

If we pose:

gy = [ag(x), .. .,aNH(:c),ag(x), o

as r is both a convergent of a(,) and of £, from (8) and Remark 5.2
at the end of point 1), it follows that |a(r) - §| < |7 —¢], and finally
o) —5{ < |r—¢| from (14). The conditions H(«a()) < H(r) and
d(a(ry) < m are fulfilled while o, is a root of the equation:

an+1(2)y" = o1 ()Y + gy (2)y — pa(z) =0,

following the analogous (with respect to syi1(x) and sy(x)) of for-
mula (9).

3) r=[bo(x),...,bk(x)], K >0 and by(z) # ap(x).
In this case the quadratics suffice to outdo the rationals.

3A) lao(z)| < [bo(2)].

We set ) = [ao(x)} and then [€ — r| = edeslao(@)=bo(@)] > 1 while
|a(r) — §| < 1. Moreover, as the minimal polynomial of o, is:

v —ap(x)y—1=0,
we have:

H(a(r)) _ edeg[ao(w)] S edeg[bo(w)+'--+bk(w)] — H(T)

Y

and d(a(,)) =2 < m.

3B) |ao(z)| > |bo(z)| > 1.

We pose o,y = {bo(x)} and proceed as in 3A).



198 M. CITTERIO AND R. TALAMO

3C) |bo(z)| < 1.
As we have supposed r € K, we have by(z) = b € K and |b1(z)| > 1.

Pose o) = [b, bl(x)}. In this case (as in 3B)) |aq) —&| = |r —¢]; it

can be checked that o, is a root of the equation:
y* — (20— bi(z))y —bby(x) +b* —1=0.
Therefore H (o) < |bi(z)| < H(r) and d(oy) =2 < m.

As we have considered all the possible cases for r € K(z), leaving out only
the constant functions which are finitely many, our proof is complete, under
the initial hypothesis |£| > 1. Before to tackle the conclusive part of the
demonstration, we need to point out the following two facts:

(A) Let f=fu X"+ fo 1 X" 1+, . and g =g, X"+ g, 1 X" 1 +... be two
non null elements of K ((X_l)) with the same leading coeflicient f,, = gn;

f=1/f=f,X"+...,3=1/g =g ,X "+ ... their inverses, and

k > 0 an integer. Then:
Jn=Gnsfn1=0n-1,- s Jn—k = Gn—ks fn—(kt1) # In—(k+1)
imply
Sen =Gns fona1 = G=n—1s > fon—k = Gt fon— (k1) 7 Ton—(kt1)
By induction on k; the property is trivially true for k£ = 0; suppose it holds

for all integers A with 0 < h < k — 1; then, as —n+¢—k > —n — k for
i=1,...,k, by the inductive hypothesis we get:

k k
anfi f*n%»ifk Zgnfz gfnqLifk
i=1 i=1

7__k:— :—7 :___k'
fn fn In I

Reversing the roles of the coefficients f; and fj in the preceding formula
yields f—n—(k+l) 7é g—n—(k-l—l)‘

(B) If e € K ((X™!)) is algebraic and a € K, then 1/a and (a-+a) are algebraic
of the same degree and height as «.

If o is a root of the equation:
Pu(@)y" + o1 (2)y" "+ -+ po(x) =0,
then 1/« satisfies:

po(@)y™ + pr(x)y" " 4+ palx) =0,
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and (a + «) satisfies:

pu(x)(a—y)" —pun1(@)(a—y)" "+ 4+ (=1)"po(z) = 0.

This prove our assertion. (Note incidentally that, if F is a number field,
«a € F is algebraic over Q and a is an integer, then the height of (a + «)
depends on a).

Suppose now || < 1. Then ag(z) = a € K. Consider the complete quo-
tient ¢’ = Aj(x). Clearly it is badly approximable and |¢'| > 1; thus it is
quasi algebraic for the first part of this theorem. Let 9(¢) = m/. Given
r = [bo(z),...,be(x)], r € K(z), r € K, k > 0 we are going to define o, as
follows: if bo( ) # a put oy = [bo(m)} for |bo(z)| > 1, ay = [a’ bl(x)}
for bo(z) = 75 a. Trivially |ogy —&| = |r =&, H(a(r)) < H(r) and
d(a(y) = 2 < m'. Suppose then r = [a,bi(z),...,be(x)], K > 1 as r # K.
Define '—Bl( ):

e If 7/ pertains to cases 1) or 2) (with respect to £’) of the first part of the
theorem, define o,y accordingly and set o) = [a oy ] As &', 1!, ag
have the same leading term (the leading term of by (x ) = ay(x)), applylng

1 1

1
(A) we have that |ag.) — &'| < [/ — ¢'| implies ‘Oé(r/) T < Tl

1 1
= |r —¢|. From (B) it follows

Q(pry B ?

1 1
< P—?

Thus |04(T) — §| =
H(O{(T)) = H(’I“)

e 7’ is in the cases 3A) or 3B) (the case 3C) cannot occur as |by(x)| > 1).
Then define oy = {a,al(x)} if |ai(z)] < [b1(x)| or agy = [a,bl(x)}

if |a1(z)| > |bi(z)| and everything runs as before. This completes the
proof. O

The following corollary and the successive example confirm that the results
for K ((X ’1)) are slightly stronger than the corresponding ones for number
fields (cfr. Theorem 3.1).

COROLLARY 5.3. In the hypotheses of Theorem 5.1, let E=lap(x), ..., an(x),...]
such that |a;(x)| < lao(x)| for any i > 0. Then & is quasi quadratic.

Proof. In formula (8) of the theorem, h can be taken equal 1, then 9(§) = 2. O

In [1] it is shown the example of a badly approximable cubic « € Zs ((X *1) ) .
Let a;(x) be any partial quotient of maximal degree of . Then A;(z) is obvi-
ously cubic; moreover it is quasi quadratic from the preceding corollary. Then
the quasi algebraic degree of « is strictly smaller than its algebraic degree.
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6. Concluding remarks

Apart from metrical properties, the only effective examples of transcendental
quasi quadratic numbers that we know at the present time are those which
satisfy the hypotheses of Proposition 3.3. Among other possible examples, it
would be nice to know whether some of the classical numbers (like e, 7, etc.)
enjoy this property; however, our main question remains the following:

1]

is every badly approximable real number quasi algebraic?
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