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Stratonovich-Weyl correspondence
via Berezin quantization
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ABSTRACT. Let G be a quasi-Hermitian Lie group and let K be a
maximal compactly embedded subgroup of G. Let m be a unitary repre-
sentation of G which is holomorphically induced from a unitary repre-
sentation p of K. We introduce and study a notion of complez-valued
Berezin symbol for an operator acting on the space of w and the corre-
sponding notion of Stratonovich- Weyl correspondence. This generalizes
some results already obtained in the case when p is a unitary character,
see [19]. As an example, we treat in detail the case of the Heisenberg
motion groups.
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1. Introduction

There are different ways to extend the usual Weyl correspondence between
functions on R?" and operators on L?(R™) to the general setting of a Lie
group acting on a homogeneous space [1, 13, 29]. In this paper, we focuse
on Stratonovich-Weyl correspondences. The notion of Stratonovich-Weyl cor-
respondence was introduced in [42] and its systematic study began with the
work of J.M. Gracia-Bondia, J.C. Varilly and their co-workers (see [11, 23, 25,
27, 28]). The following definition is taken from [27], see also [28].

DEFINITION 1.1. Let G be a Lie group and w a unitary representation of G on
a Hilbert space H. Let M be a homogeneous G-space and let p be a (suitably
normalized) G-invariant measure on M. Then a Stratonovich-Weyl correspon-
dence for the triple (G, 7, M) is an isomorphism W from a vector space of
operators on H to a space of (generalized) functions on M satisfying the fol-
lowing properties:

1. W maps the identity operator of H to the constant function 1;
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2. the function W (A*) is the complez-conjugate of W(A);
3. Covariance: we have W (w(g) An(g)~1)(z) = W(A) (g~ - x);

4. Traciality: we have

y W(A) ()W (B)(x) du(x) = Tr(AB).

A basic example is the case when G is the (2n + 1)-dimensional Heisenberg
group H,, acting on R?" by translations and 7 is a Schrodinger representation of
H,, on L?(R™). In this case, the usual Weyl correspondence (see [26]) provides
a Stratonovich-Weyl correspondence for the triple (H,,, 7, R?") [6, 40, 44].

Stratonovich-Weyl correspondences were constructed for various Lie group
representations, in particular for the massive representations of the Poincaré
group [23, 27].

In [19], we constructed and studied a Stratonovich-Weyl correspondence for
a quasi-Hermitian Lie group G and a unitary representation m of G which is
holomorphically induced from a unitary character of a compactly embedded
subgroup K of G (see also [15] and [16]). In this case, M is taken to be a
coadjoint orbit of G which is associated with 7 by the Kirillov-Kostant method
of orbits [33, 34] and we can consider the Berezin calculus on M [9, 10]. Recall
that the Berezin map S is an isomorphism from the Hilbert space of all Hilbert-
Schmidt operators on H (endowed with the Hilbert-Schmidt norm) onto a space
of square-integrable functions on a homogeneous complex domain [43]. In this
situation, we can apply an idea of [25] (see also [3] and [4]) and construct a
Stratonovich-Weyl correspondence for (G,m, M) by taking the isometric part
W in the polar decomposition of S, that is, W := (§5*)~1/2S. Note that
B := 55" is the so-called Berezin transform which have been intensively studied
by many authors, see in particular [24, 38, 39, 43, 46].

In [19], we also showed that if the Lie algebra g of G is reductive then W
can be extended to a class of functions which contains S(dr (X)) for each X € g
and that, for each simple ideal s in g, there exists a constant ¢ > 0 such that
W(dn(X)) = ¢S(dm(X)) for each X € s. Similar results have been obtained
for different examples of non-reductive Lie groups, see in particular [21].

On the other hand, in [17] and [18] we also obtained a Stratonovich-Weyl
correspondence for a non-scalar holomorphic discrete series representation of a
semi-simple Lie group by introducing a generalized Berezin map.

In the present paper, we adapt the method and the arguments of [17]
and [18] in order to generalize the results of [19] to the case when 7 is holomor-
phically induced from a unitary representation p of K (in a finite-dimensional
vector space V') which is not necessarily a character. More precisely, we prove
that the coadjoint orbit O of G associated with 7 is diffeomorphic to the product
D x o where D is a complex domain and o is the coadjoint orbit of K associated
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with p. Then, following [17], we introduce a Berezin calculus for End(V)-valued
functions on D. By combining this calculus with the usual Berezin calculus s
on o, we obtain a Berezin calculus S on O which is G-equivariant with respect
to m. Thus, we get a Stratonovich-Weyl correspondence for the triple (G, m, O)
by taking the isometric part of S.

As an illustration, we consider the case when G is a Heisenberg motion
group, that is, the semi-direct product of the (2n + 1)-Heisenberg group H,
with a compact subgroup of the unitary group U(n). Note that Heisenberg
motion groups play an important role in the theory of Gelfand pairs, since the
study of a Gelfand pair of the form (Ky, N) where K is a compact Lie group
acting by automorphisms on a nilpotent Lie group NV can be reduced to that
of the form (Ko, H,) [7, 8].

In this case, the space H of m can be decomposed as Ho ® V where H, is
the Fock space and we show that for each operator A on H of the form A ® A,
we have the decomposition formula S(A)(Z,¢) = So(A1)(Z)s(A2)(p) where
So denotes the Berezin calculus on Hy. Moreover, we verify that the Berezin
transform takes a simple form and then can be extended to the functions of the
form S(dn(X1Xs---X,)) for X1,Xo,...,X, € g and we compute explicitely
W(dr(X)) for X € g.

2. Preliminaries

All the material of this section is taken from the excellent book of K.-H.
Neeb, [37, Chapters VIII and XII], (see also [41, Chapter II] and, for the Her-
mitian case, [30, Chapter VIII] and [31, Chapter 6]).

Let g be a real quasi-Hermitian Lie algebra, that is, a real Lie algebra for
which the centralizer in g of the center Z(¢) of a maximal compactly embedded
subalgebra £ coincides with € [37, p. 241]. We assume that g is not compact.
Let g¢ be the complexification of g and Z = X +4iY — Z* = —X +4Y the
corresponding involution. We fix a compactly embedded Cartan subalgebra
h C ¢ [37, p. 241], and we denote by h¢ the corresponding Cartan subalgebra
of g¢. We write A := A(g® h°) for the set of roots of g° relative to h¢ and
g° =Dh°®) cn ba for the root space decomposition of g°. Note that a(h) € iR
for each o € A [37, p. 233]. Recall that a root a € A is called compact if
a([Z,Z*]) > 0 holds for some element Z € g,. All other roots are called non-
compact [37, p. 235]. We write Ay, respectively A, for the set of compact,
respectively non-compact, roots. Note that €¢ = h¢ P ZaeAk go [37, p. 235].
Recall also that a subset AT C A is called a positive system if there exists an
element Xy € ih such that AT = {a € A : a(Xp) > 0} and a(Xy) # 0 for
all @ € A. A positive system is then said to be adapted if for « € Ay and
B e At N A, we have 8(Xy) > a(Xyp), [37, p. 236]. Here we fix a positive
adapted system A" and we set Af := AT N A, and A = AT N Ay, see [37,
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p. 241].

Let G¢ be a simply connected complex Lie group with Lie algebra g and
G C G°, respectively, K C G€, the analytic subgroup corresponding to g,
respectively, £. We also set K¢ = exp(£°) C G° as in [37, p. 506].

Let pt = ZQGA; 0o and p~ = ZQGA; g_o- We denote by PT and P~
the analytic subgroups of G¢ with Lie algebras p™ and p~. Then G is a group
of the Harish-Chandra type [37, p. 507], that is, the following properties are
satisfied:

1. g¢ = pT @t @ p~ is a direct sum of vector spaces, (p™)* = p~ and
(et pF] Cps

2. The multiplication map PTYK¢P~ — G¢, (2,k,y) — zky is a biholomor-
phic diffeomorphism onto its open image;

3. GC PTK‘P™ and GNK‘P~™ = K.

Moreover, there exists an open connected K-invariant subset D C p*
such that one has GK°P~ = exp(D)K°P~, [37, p. 497]. We denote by
¢(: PTK¢P~ — P*, k: PtKP™ — K¢ and  : PTK°P~ — P~ the
projections onto P*-, K¢- and P~-component. For Z € p* and g € G¢ with
gexp Z € PTK¢P~ we define the element g- Z of p* by g- Z :=log ((gexp Z).
Note that we have D = G - 0.

We also denote by g — ¢* the involutive anti-automorphism of G¢ which
is obtained by exponentiating X — X*. We denote by p,+, pec and p,- the
projections of g¢ onto pT, €€ and p~ associated with the direct decomposition
ge=pratap.

The G-invariant measure on D is du(Z) := xo(k(exp Z*exp Z)) dur(2)
where xq is the character on K¢ defined by xo(k) = Det,+(Ad k) and dur(Z)
is a Lebesgue measure on D [37, p. 538].

Now, we construct a section of the action of G on D, that is, a map Z — gz
from D to G such that gz -0 = Z for each Z € D. Such a section will be needed
later. In [20], we proved the following proposition.

PRrOPOSITION 2.1. Let Z € D. There exists a unique element kz in K¢ such
that k3 = kz and k% = r(exp Z*exp Z)~'. Each g € G such that g-0 = Z
is then of the form g = exp(—Z*) ((exp Z* exp Z)k,'h where h € K. Conse-
quently, the map Z — gz := exp(—Z*) ((exp Z* exp Z)kgl is a section for the
action of G on D.

Note that we have
9z = exp(—=Z") {(exp Z* exp Z)ky'
exp Zn(exp Z* exp Z) " k(exp Z* exp Z)*lkrg1

= exp Zn(exp Z* exp Z) " 'ky
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and then k(gz) = kz.

3. Representations

Let (p, V) be a (finite-dimensional) unitary irreducible representation of K
with highest weight A (relative to AT). We also denote by p the extension of
p to K¢ and by p the extension of p to K°P~ which is trivial on P~. First,
we verify that the representation 7 of G which is associated with p as in [37,
Proposition XII.2.1], can be obtained by holomorphic induction from p.

Let us introduce the Hilbert G-bundle L := G x, V over G/K. Recall that
an element of L is an equivalence class

[g9.v] = {(gk, p(k) ") : k € K}

where g € G, v € V and that G acts on L by left translations: g [¢,v] := [g¢’, v].
The projection map [g,v] = gK is then G-equivariant. The G-invariant
Hermitian structure on L is given by

([g,v], [g,0"]) = (v, v)v
where g € G and v, v' € V.
The space G/K being endowed with the complex structure defined in Sec-
tion 2, let H® be the space of all holomorphic sections s of L which are square-
integrable with respect to the invariant measure po on G/K, that is,

lsli3 = /G (500 5 do(p) < +oc.

We can consider the action my of G on H° defined by

(mo(g) ) (p) = gs(g™'p).

Recall also that the map gK — log((g) is a diffeomorphism from G/K
onto D (see Section 2) whose inverse is the diffeomorphism o from D onto
G/K defined by o(Z) = gzK. We can verify that o intertwines the natural
action of G on G/K and the action of G on D introduced in Section 2, that
is, we have o(g - Z) = go(Z) for each Z € D and each g € G. Then we have
po = (71" ().

Now, we will introduce a realization of 7y on a space of functions on D. To
this aim, we associate with any s € H° the function f, : D — V defined by
s(0(2)) = 9z, p(g," exp Z) fs(Z)]. Then, for each s and s’ in H°, we have

(s(0(2)),s'(0(2))) = (plg; " exp Z) [+(Z) . plgz "' exp Z) fo (Z))v
= (plg5"' exp Z)*plgy exp Z) f(Z), fo (Z))v
= (p(k(exp Z" exp 2)) fs(Z), fs(Z))v
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since g5 gz = e (the unit element of G).
This implies that

(5, )0 = /D (p((exp Z* exp 2)) f+(2) , fo(2))v dul(Z).

This leads us to introduce the Hilbert space H of all holomorphic functions
f:D — V such that

112 = /D (p(r(exp Z* exp 2))f(2) . £(Z)}v du(Z) < +oo.

On the other hand, for each s € H°, g € G and Z € D, we have

(mo(g) $)(0(2)) = gs(g~'0(2))
=9gl9g-1.2,0(9,"s g explg™" - ))fs(g Z)]
=[92.p(97 gexp(g™" - 2)) fs(g~" - 2)].

Then we get

Frot)s(Z) = plgz" exp Z)* plgz gexplg™" - 2)) (97" - 2)
= plexp(—=Z)gexp(g™" - 2)) fs(g™" - 2).

Now, noting that
g texpZ = exp(g_1 . Z)Ii(g_l exp Z)n(g_1 exp Z),

we obtain
Frot)s(Z2) = p(r(g™ exp 2)) " (g™t - 2).

Let J(g,Z) := p(k(gexp Z)) for g € G and Z € D. Hence we can conclude
that the equality

(m())(Z) =g 2)" flg™" - 2Z)
defines a unitary representation 7 of G on H which is unitarily equivalent to .
This is precisely the representation of G introduced in [37, Proposition XI1.2.1].
Note also that 7 is irreducible since p is irreducible, [37, p. 515].

We denote K(Z,W) := p(k(expW*exp Z))~! for Z, W € D. The evalu-
ation maps Kz : H — V, f — f(Z) are continuous [37, p. 539]. The gen-
eralized coherent states of H are the maps Ez = K} : V — H defined by
(f(Z),v)y =(f,Ezv) for fe Hand v e V.

We have the following result, see [37, p. 540].
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PROPOSITION 3.1. (1) There exists a constant ¢, > 0 such that ELEw =
o K(Z, W) for each Z, W € D.
(2) For g € G and Z € D, we have Ey.z = w(g9)EzJ(g,Z)*.

In the rest of this section, we give an explicit expression for the derived
representation dw. We use the following notation. If L is a Lie group and X is
an element of the Lie algebra of L then we denote by X the right invariant
vector field on L generated by X, that is, X+ (h) = %(exp tX)h|i=o for h € L.
Then, by differentiating the multiplication map from Pt x K¢ x P~ onto
P*TK¢P~, we can easily prove the following result.

LEMMA 3.2. Let X € g° and g = zky where z € PT, k€ K¢ andy € P~. We
have

1. dGe(XH(9)) = (Ad(2) py+ (Ad(271) X)) * ().

2. drg(X(9)) = (pee(Ad(27) X)) F (k).

3. dng(X*(g9)) = (Ad(k™") pp- (Ad(271) X)) * (y).

From this lemma, we deduce the following proposition (see also [37, p. 515]).
PROPOSITION 3.3. For X € g° and f € H, we have

(@ (X)1)(2) = dplpeele™# X)) 12) = @)z (= rzee (4 ).

4. Berezin calculus

Here, we first introduce the Berezin calculus associated with p, see [5, 14, 45].
Let A € (h°)* denote the highest weight of p relative to AF. Let ¢g := —i) €
(h°)*. We also denote by ¢q the restriction to ¢ of the trivial extension of ¢g
to £¢. Then the orbit o(pg) of ¢y under the coadjoint action of K is said to be
associated with p [13, 45].

Note that a complex structure on o(yg) is then defined by the diffeomor-
phism o(pg) ~ K/H ~ K¢/H°N~ where N~ is the analytic subgroup of K°
with Lie algebra > A+ g-a-

Without loss of generality, we can assume that V is a space of holomorphic
functions on o(pg) as in [14]. For each ¢ € o(pg) there exists a unique function
e, € V (called a coherent state) such that a(y) = (a,e,)v for each a € V. The
Berezin calculus on o(yg) associates with each operator B on V the complex-
valued function s(B) on o(pg) defined by

_ (Beg,ep)v
S(B)((‘D) - <egoaecp>\/

which is called the symbol of B. In the following proposition, we recall some
basic properties of the Berezin calculus, see for instance [5, 14, 22].
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PROPOSITION 4.1. 1. The map B — s(B) is injective.
2. For each operator B on V', we have s(B*) = s(B).
3. For each ¢ € o(¢g), k € K and B € End(V), we have

s(B)(Ad(k)g) = s(p(k) ™" Bp(k))(e).

4. For each U € t and ¢ € o(pp), we have s(dp(U))(¢) = iB(p,U).

In order to define the Berezin symbol S(A) of an operator A on H, we
first define the pre-symbol Sp(A4) of A as a End(V)-valued function on D,
following [2, 17, 32].

Let H?® be the subspace of H generated by the functions Ezv for Z € D and
v € V. Clearly, H?® is a dense subspace of H. Let C be the space consisting of
all operators A on H such that the domain of A contains H*® and the domain
of A* also contains H*. We define the pre-symbol Sp(A4) of A € C by

So(A)(Z) = c; " plky ) EZ AEzp(kz")*

and then the Berezin symbol S(A) of A is defined as the complex-valued func-
tion on D X o(pg) given by

S(A)(Z,¢) = s(50(A)(2))(¢)-

In order to establish that Sy hence S are G-equivariant with respect to ,
we need the following lemma.

LEMMA 4.2. For g € G and Z € D, let k(g,Z) := k}ln(g expZ) tky.z. Then
we have k(g,Z) = 92197199_2' In particular, k(g, Z) is an element of K.

Proof. Let g € G and Z € D. We can write gz = exp Zkzy where y € P~.
Then, on the one hand, we have

99z = gexp Zkzy = exp(g - Z)r(gexp Z)n(gexp Z)kzy.

On the other hand, we can also write g4.z = exp(g-Z)kg.zy’ where y’ € P~.
Since (9gz)-0=g-Z = g4.7z - 0, we see that k := (ggz) g4z is an element of
K. Then, by replacing ggz and g4.z by the above expressions we get

k=y k7 n(gexp Z)" (g exp Z) " kg.zy'.
Thus, applying , we obtain k = k(g, Z) hence the result. O
PROPOSITION 4.3. 1. Each A € C is determined by So(A).
2. For each A € C and each Z € D, we have So(A*)(Z) = So(A)(Z)*.
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3. For each Z € D, we have So(I)(Z) = Iy. Here I denotes the identity
operator of H and Iy the identity operator of V.

4. For each A€C, g€ G and Z € D, we have

So(A)(g - Z2) = p(k(g, 2)) ™" So(n(9) ™" An(9))(2)p(k(g, Z)).

Proof. The proof is similar to that of [17, Proposition 4.1]. Following [37, p. 15],
we associate with any operator A € C the function K4(Z, W) := E;AEw.
1. Let A € C. Since we have

(AF)(Z),vhy = (Af, Ezv) = (f, A" Ezv)
- /D (K (W, W) (W), (A" Ez0)(W))y du(W)

- /D (KW, W) (W), K 4 (Z, W) oy du(W)

we see that A is determined by K. Moreover, since K4(Z, W) is clearly
holomorphic in the variable Z and anti-holomorphic in the variable W, we also
see that K 4 hence A is determined by K4(Z, Z) or, equivalently, by So(A)(Z).
2. Clearly, for each A € C, Z, W € D, we have K«(Z, W) = Ka(W, Z)*.
The result follows.
3. Let Z € D. We have

EyEy =c,K(Z,Z) = cop(k(exp Z* exp Z)) = cpp(kzk).

The result therefore follows.
4. Let A€C, g€ Gand Z € D. We have

1 _ « 1k
So(A)g - Z) = — plleyy) By 2 AEy 7 ol )
7

= — kg z) plr(gexp 2)Egm(g) " An(9) Ezp(r(g exp Z2))" plk, )"

= Ci p(k(g, 2)) " plkz ") Egm(9) ™ An(g)Ezp(kz" ) pk(g, Z))

= p(k(g,2)) " So(n(9)~ An(9))(Z)p(k(g, 2)).
0

From this proposition and Proposition 4.1 we immediately deduce the fol-
lowing proposition.

PROPOSITION 4.4. 1. Each A € C is determined by S(A).

2. For each A € C, we have S(A*) = S(A).
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3. We have S(I) = 1.

4. For each A€C, g€ G, Z €D and ¢ € o(pg), we have

S(A)(g- Z,¢) = S(n(g)" An(9))(Z, Ad(k(g, Z)))-

5. Berezin symbols of representation operators

In this section, we give some simple formulas for the Berezin pre-symbol of
m(g) for g € G and for the Berezin symbol of dr(X) for X € g°.

PROPOSITION 5.1. For g € G and Z € D, we have
So(m(9))(Z) = p (k' K(exp Z* g~ exp Z) ' (k51)") .
Proof. For each g € G, we have

So(m(9))(0) = ¢, ' Egm(g9)Eo = ¢, ' EgEg.0J (g,0)* !
= K(0,9-0)J(g,0)* " = p(r(g))* " = p(r(g™") "

by Proposition 3.1.
Now, by using G-equivariance of Sy (see Proposition 4.3), we get

So(n(9))(Z) = So(m(97"992))(0) = p(klgz 9™ 92)) "
But writing gz = exp Zkzy with y € P~ we see that
9797192 =939 "9z = y"kzexp Z g exp Zkzy
hence (g, g7 gz) = kjr(exp Z*g~' exp Z)kz. This gives the result. O
Now, we aim to compute Sp(dn (X)) and S(dn(X)) for X € g°. For ¢ € ¢*,
we also denote by ¢ the restriction to g of the extension of ¢ to g¢ which

vanishes on p*. Then we have the following result.

PROPOSITION 5.2. 1. For each g € G and Z € D, we have
So(dn(X))(Z) = (dp o pec)(Ad(g5") X).

2. For each g € G, Z € D and ¢ € o(ypop), we have

S(dr(X))(Z, ) = i(Ad"(92)p, X).
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Proof. We can deduce the first statement from the preceding proposition. In-
deed, by using Lemma 3.2 we get

d
7 Pla(exp Z7 exp(=tX) exp Z) 7 )li=o
= p(r(exp Z* exp Z) ") (dp o pee) (Ad(C(exp Z* exp Z)~ exp Z7) X).

Recall that we have gz = exp(—Z*) ((exp Z* exp Z)k,'. Then we obtain

So(dn(X))(Z) =(dp o pee) (Ad(kz((exp Z* exp Z) ™" exp Z*) X)
=(dp o pec)(Ad(g;")X).

The second statement follows from the first and 4 of Proposition 4.1. [

We are then lead to consider the map ¥ : D x o(pp) — g* defined by
U(Z,p) = Ad"(g9z)p. Note that by 4 of Proposition 4.4 and 2 of Proposition 5.2
we have

U(g-Z,p) = Ad"(9) ¥(Z,Ad"(k(g, Z))p) (1)

for each g € G, Z € D and ¢ € o(yp).

We say that & € g* is regular if the stabilizer G(&g) of & for the coadjoint
action is connected and if the Hermitian form (Z, W) — (&, [Z, W*]) is not
isotropic. Recall that we have denoted by g € g* the restriction to g of the
trivial extension to g¢ of —i\ € h* where A is the highest weight of p. Let
O(po) be the orbit of ¢y € g* for the coadjoint action of G and let K(¢p) be
the stabilizer of ¢( for the coadjoint action of K. We assume that g is regular.
Then we have the following result.

LEMMA 5.3. We have G(po) = K(po).

Proof. Let us denote by g(¢o) and £(pg) the Lie algebras of G(pp) and K (o).
We first show that g(wg) = £(¢0).

Let X € g(po). Then we have (po, [X, X']) = 0 for each X’ € g°. Now, we
can write X = Z + H +Y where Z € p™, H € ¢ and Y € p~. Take X' = 7
in the preceding equation and recall that we have ¢o|,+ = 0 and [£°, p*] C p*.
Thus we get (o, [Z, Z*]) = 0 hence Z = 0. Similarly, we obtain Y = 0. This
gives X = H € €(¢g). This shows that g(vo) = €(v0)-

Now, G(yp) is connected by hypothesis and K (y¢p) is also connected by [35,
Lemma 5]. Since K(¢o) C G(po), we can conclude that G(¢g) = K(¢o). O

We are now in position to establish the following proposition.

PROPOSITION 5.4. The map ¥ is a diffeomorphism form D x o(po) onto O(py).
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Proof. For each g € G, one has

Ad*(g)po = Ad"(9)¥(0, o) = ¥(g - 0, Ad"(k(g,0))¢0)-

This implies that ¥ takes values in O(ypg) and that ¥ is surjective.

Now, let (Z,¢) and (Z’,¢') in D x o(pg) such that ¥(Z,¢) = ¥(Z',¢').
Then we have Ad*(gz)e = Ad"(g9z)¢’. Write ¢ = Ad*(k)po and ¢’ =
Ad*(kK')po where k, k' € K. Thus we get Ad*(gzk)po = Ad*(gz/k' )¢ and, by
Lemma 5.3, there exists kg € K(pg) such that gz k' = gzkko. Consequently,
we have Z' = (gz/k') -0 = (9zkko) - 0 = Z hence k' = kko and, finally, we
obtain ¢’ = Ad*(k')pq = Ad* (kko)po = Ad*(k)po = . This shows that ¥ is
injective.

Now we have to show that ¥ is regular. By using Equation 1, it is sufficient
to prove that U is regular at (0, ¢) for ¢ € o(¢p). Recall that we have

U(Z,) = Ad*(exp(—Z*) {(exp Z* exp Z)k ;") .
Then, differentiating ¥ by using Lemma 3.2, we easily get
(d)(0,0)(W, U () = ad™(W — W + U)p
for each W € p* and U € €¢. Thus, for each X € g¢, we have
(o, W —-W*+U,X]) =0.

Taking in particular X = W*, we get (o, [W,W*]) = 0. Since ¢ hence ¢ is
regular, we obtain W = 0 and, consequently, ad*(U)p = Ut (p) = 0. This
finishes the proof. O

Note that we have also the following result.

PROPOSITION 5.5. Assume that we have [pT,p~] C € (this is the case, in
particular, when g is reductive). Let ©° € h*. As usual, we denote also by ¢°
the restriction to g of the trivial extension of ©° to g*. Then ¢ is reqular if
and only if the Hermitian form (Z,W) — (¢°,[Z, W*]) is not isotropic. In
that case, we also have G(pg) = K (o).

Proof. Assume that the Hermitian form (Z, W) — (¢°,[Z, W*]) is not isotropic.
Let g € G(¢%). Write g = (exp Z)ky where Z € p*, k€ K¢and Y € p~. Then
we have Ad*(kexpY)p? = Ad*(exp Z)¢" and, for each X € g¢,

(% Ad(exp Z2) 1 X) = (¢°, Ad(kexpY) 1 X).
Taking X = Z*, we find (¢°,[Z, Z*]) = 0 hence Z = 0. Similarly, we verify

that Y = 0. This gives g = k € K° N G(¢") = K(°). Consequently, G(¢°) is
connected and ¢° is regular. O
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Moreover, by adapting the arguments of the proof of [19, Lemma 3.1], we
also obtain the following proposition.

PROPOSITION 5.6. Assume that H # (0). Then the Hermitian form (Z, W) —
(oY, [Z,W*]) is not isotropic.

6. Berezin transform and Stratonovich-Weyl
correspondence

In this section, we introduce the Berezin transform and we review some of its
properties. As an application, we construct a Stratonovich-Weyl correspon-
dence for (G, m, O(¢o)).

Let us fix a K-invariant measure v on o(pg) normalized as in [14, Section 2].
Then the measure i := p® v on D X o(ypp) is invariant under the action of G
on D x o(pg) given by g-(Z,¢) := (9 Z,Ad(k(g,Z)) 1) and the measure
1o (pe) = (T1)*() is a G-invariant measure on O (o).

We denote by Lo(H) (respectively Lo(V)) the space of Hilbert-Schmidt
operators on H (respectively V') endowed with the Hilbert-Schmidt norm. Since
V is finite-dimensional, we have £5(V) = End(V'). We denote by L?(D x o(g))
(respectively L%(D), L?(o(¢o))) the space of functions on D x o(pg) (resp. D,
o(po)) which are square-integrable with respect to the measure [i (respectively
i, v). The following result is well-known, see for instance [15].

PROPOSITION 6.1. For each ¢ € o(py), let p, denote the orthogonal projection
of V on the line generated by e,. Then the adjoint s* of the operator s :
Lo(V) — L?(0(p)) is given by

5*(a) = / ()

and the Berezin transform b := ss* is given by

" _ a |<e¢,e@>v|2 v
ba)(@) /0(900) (®) (ep,ep)v ey, ep)v W)
for each a € L*(o(p0))

Following [18], we can easily obtain the following analogous results for S,
see also [43].

PROPOSITION 6.2. The map S is a bounded operator from Lo(H) to L?(D x
o(v0)). Moreover, S* is given by

5°(f) = /D a2 Q2
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where Pz , 1= cfleZp(hgl)*ppp(hgl)E} is the orthogonal projection of H on
the line generated by Ezp(h,')*e,.

From this result we easily deduce that the following proposition.

PROPOSITION 6.3. The Berezin transform B := SS* is a bounded operator of
L?(D x o(ypo)) and, for each f € L*(D x o(pg)), we have the following integral
formula

B(f)(Z.4) = / R(Z, Wb, ) F(W, o) du (W) ()

Dxo(po)
where .
[(p(r(gz gW))_lewa€w>V|2.

k(Z,W, 9, ) = (e, ep)v(€y, ey)v

Let us introduce the left-regular representation 7 of G on L?(D x o(pg))
defined by (7(9)(f))(Z,) = f(g7 ' (Z,¢)). Clearly, 7 is unitary. Moreover,
since S is G-equivariant, we immediately verify that for each f € L?(D x o(yg))
and each g € G, we have B(7(g)f) = 7(9)(B(f)).

Now, we consider the polar decomposition of S : Lo(H) — L?(D x o(ipo)).
We can write S = (SS*)Y/2W = BY?W where W := B~1/2S is a unitary
operator from Lo(H) to L2(Dx0(pg)). Then we have the following proposition.

PROPOSITION 6.4. 1. The map W : Lao(H) — L*(D x o(¢o)) is a
Stratonovich-Weyl correspondence for the triple (G, 7, D x o(pg)).

2. The map W from Lo(H) to LQ(O(QQO),M@(W)) defined by W(f) = W(fo
V) is a Stratonovich-Weyl correspondence for the triple (G, m, O(po)).

7. Generalies on Heisenberg motion groups

We first introduce the Heisenberg group. For z, w € C", we denote zw :=
> r_; zkwy. Consider the symplectic form w on C** defined by

w((z,w), (z",w')) = %(zw' —2'w).

for z,w, 2z, w’ € C™. The (2n + 1)-dimensional real Heisenberg group is H,, :=
{((#,2),¢) : z€ C",c € R} endowed with the multiplication

((z,2),0)- (2, 2), )= ((z+ 2, 2+ Z),c+ ¢ + 3w((z,2), (2. 7)). (2

Then the complexification HE of H,, is HS := {((z,w),c) : z,w € C", ¢ € C}
and the multiplication of HY is obtained by replacing (z, Z) by (2, w) and (2/, Z’)
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by (2’,w’) in Equation 2. We denote by bh,, and hS the Lie algebras of H,, and
HE.

Let K be a closed subgroup of U(n). Then Kj acts on H,, by k-((z,2),¢) =
((kz,kz),c) and we can form the semi-direct product G := H, x Ky which
is called a Heisenberg motion group. The elements of G can be written as
((2,2),¢,h) where z € C™, ¢ € R and h € K. The multiplication of G is then
given by

((2,2),¢,h) - ((/,2), ¢, )
= ((z,2) + (h?, hz) c+c + 1w((z,2), (ha',h2')), hh').

We denote by K§ the complexification of Ky. In order to describe the com-
plexification G¢ of G, it is convenient to introduce the action of K§ on C™ x C™
given by k- (z,w) = (kz, (k') !w) (here, the subscript ¢ denotes transposition).
The group G is then the semi-direct product G° = H;;, x K§. The elements of
G° can be written as ((z,w),c, h) where z, w € C", c € C and h € K§ and the
multiplication law of G¢ is given by

((z,w),c,h) - ((',w'), ¢, B)
= ((z,w) +h- (', 0),c+c + %w((z, w),h- (2, W), hh').

We denote by £, £j, g and g° the Lie algebras of Ky, K§, G and G°. The
derived action € on C" x C" is A - (z,w) := (Az, —A'w) and the Lie brackets
of g¢ are given by

[((z,w), ¢, A), (2, w'), !, A)]
=(4- () = A" (z,w),w((z,w), (2, w"), [4, AT]).

Recall that, for each X € g°, we have X* = —0(X) where 6 denotes con-
jugation over g. We can easily verify that 1f X = ((z,w),c,A) € g° then
X* = ((—w,—2),c, A?).

Here we take K = {((0,0),¢,h) : ¢ € R, h € Ky} for the maximal com-
pactly embedded subgroup of G. Also, let hy be a Cartan subalgebra of &.
Then we take b := {((0,0),c,A) : ¢ € R, A € ho} for the compactly em-
bedded Cartan subalgebra of g, see Section 2. Moreover, we can choose the
positive non-compact roots in such a way that P™ = {((2,0),0,1,) : z € C"}
and P~ = {((0,w),0,1,) : w € C"}. The P*K¢P~-decomposition of g =
((z0,w0), co, h) € G° is given by

g = ((20,0),0,1,) - ((0,0), ¢, h) - ((0,w0),0, I,)

where ¢ = ¢g — izowo. From this, we deduce that the action of the element g =
((z0,w0), o, h) of Gon Z = ((2,0),0,0) € p* is given by g-Z = log((gexp Z) =
((20 + hz,0),0,0). Then we have D = pT ~ C".
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We can also easily compute the section Z — gz. We find that if Z =
((2,0),0,0) € D then gz = ((2,2),0,1,) and kz = r(gz) = ((0,0), —%[z[%, I,,).

Now we compute the adjoint action of G°. Let g = (v, co, ho) € G where
vg €C?, ¢y € C, hg € K§ and X = (w, ¢, A) € g° where w € C*", ¢ € C and
A € €. We set exp(tX) = (w(t),c(t),exp(tA)). Then, since the derivatives of
w(t) and ¢(t) at t = 0 are w and ¢, we find that

Ad(g)X = %(g exp(tX)g~)i=o

= (how — (Ad(ho)A) - vo, ¢ + w(vo, how) — Fw(vg, (Ad(ho)A) - v9), Ad(hg)A).

From this, we deduce the coadjoint action of G¢. Let us denote by & =
(u,d, @), where u € C*", d € C and ¢ € (£5)”, the element of (g°)* defined by

(&, (w,c, A)) = w(u,w) + de+ (¢, A).

Also, for u,v € (CQ”, we denote by v x u the element of (£5)* defined by
(v X u, Ay :=w(u, A-v) for A € €.

Now, let £ = ( u,d, @) € (g°)* and g = (v, cg, ho) € G°. Recall that we have
(Ad* (g )5 X) = (£,Ad(g7!)X) for each X € g°. Then we obtain

Ad*(g)¢ = (hou — dvg, d, Ad* (ho)¢ + vy x (hou — %vo))

By restriction, we also get the analogous formula for the coadjoint action of G.
From this, we deduce that if a coadjoint orbit of G contains a point (u,d, ¢)
with d # 0 then it also contains a point of the form (0, d, ¢g). Such an orbit is
called generic.

8. Representations of Heisenberg motion groups

We retain the notation of the previous section and introduce some additional
notation. Let po be a unitary irreducible representation of Ky on a (finite-
dimensional) Hilbert space V and let v € R. Then we take p to be the repre-
sentation of K on V defined by p((0, 0) c,h) = e7¢pg(h) for each ¢ € R and
h € Ky. Thus, for each Z = (( 0),0,0), W = ((w,0),0,0) € we have
K(Z,W) = p(k (exp W*exp Z))~t = e'Y“”/QIV Hence the Hilbert product on
‘H is given by

(fq) = /D (2), 9(Z))y e 72 dpu(2)

where 1 is the G-invariant measure on D ~ C" defined by du(Z) := (5£)™ dx dy.
Here Z = ((2,0),0,0) and z = x + 4y with z and y in R™. Note that we have
¢, = 1. Moreover, for each v € V, Z = ((2,0),0,0), W = ((w,0),0,0) € D, we
have (Ewv)(Z) = K(Z,W)v = e2*%y,
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On the other hand, we easily verify that, for each g = ((z0,20), o, h) € G
and Z = ((2,0),0,0), € D, we have

J(9,2) = p(r(gexp Z)) = exp (ivco + 320(h2) + F|20/%) po(h)

and consequently, we get the following formula for 7:
(m(9).))(Z) = exp (ireo + 3702 — F]20*) po(h) f(h™ (2 = 20),0,0)

where g = ((20, 20),co,h) € G and Z = ((2,0),0,0), € D.

Let ¢g € €. Assume that the orbit o(¢g) of ¢ for the coadjoint action of
K is associated with py as in Section 4. Then, in the notation of Section 4,
the coadjoint orbit of ¢g := ((0,0),~, @) for the coadjoint action of G is then
associated with 7. Note that the orbit o(yg) of ¢ := ((0,0),, ¢o) for the
coadjoint action of K can be identify to o(¢o) via ¢ — ((0,0),~, @).

In the present situation, Proposition 3.3 can be reformulated as follows.

PROPOSITION 8.1. Let X = ((a,b),c, A) € g°. Then, for each f € H and each
Z =((2,0),0,0),€ D, we have

(dr(X)f)(Z) = dpo(A) f(Z) + (ic = 5b2) f(Z) — df z((a + Az,0),0,0).

Now consider the Hilbert space H of all holomorphic functions fo: D — C
such that

172 = /D F(2)2 e 2 du(Z) < +oc.

Then for each Z € D there exists a coherent state €}, € Ho such that f(Z) =
(f,e%)o for each f € Hg. More precisely, for each Z = ((2,0),0,0), W =
((w,0),0,0) € D, we have %, (W) = e7?w/2,

Clearly, one has H = Ho ® V. For fy € Ho and v € V, we denote by
fo ® v the function Z — fo(Z)v. Moreover, if Ay is an operator of Ho and A;
is an operator of V' then we denote by Ag ® A; the operator of H defined by
(Ao ® A1)(fo ®v) = Aofo ® Arv.

Let mg be the unitary irreducible representation of H, on Hg defined by

(m0((20, 20),¢0) f0)(Z) = exp (i'yco + 3202 — %|zo|2) fo((z — 20,0),0,0)

for each Z = ((2,0),0,0) € D and let oy be the left-regular representation of
Ko on Ho, that is, (0o(h)fo)(Z) = fo(h™! - Z). Then we have

7((20, 20), co, ) = m0((20, Z0), co) © do(h) ® po(h)

for each zp € C™, ¢gp € R and h € K. This is precisely Formula (3.18) in [7].
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9. Berezin and Stratonovich-Weyl symbols for Heisenberg
motion groups

In this section, we first establish a decomposition formula for the Berezin sym-
bol of an operator on H of the form Ay ® A; where Ag is an operator of Hy and
A; is an operator of V. As an application, we compute explicitely the Berezin
and the Stratonovich-Weyl symbols of the representation operators.

We also need here the Berezin calculus for operators on Hg. Recall that the
Berezin symbol S°(4g) of an operator Ag on Hj is the function on D defined
by

$°(40)(2) = D02 2)
(5. )

see, for instance, [12]. In particular, S° is H,-equivariant with respect to 7.
Let B% := S9(S%)* be the corresponding Berezin transform.

On the other hand, recall that ¢ = ((0,0), 7, ¢o) and that we have identified
the coadjoint orbit o(pg) of K with the coadjoint orbit o(¢g) of Ky. Then, for
¢ = ((0,0),7,¢), we can identify the coherent state e, on o(yg) with the
coherent state es on o(¢g). Hence, the corresponding Berezin calculus can be
also identified.

Let fo be a complex-valued function on D and f; be a complex-valued
function on o(¢p). Then we denote by fo ® fi the function on D x o(¢g)

defined by fo ® f1(Z, ¢) = fo(Z) f1(9).

PROPOSITION 9.1. Let Ag be an operator on Hy and let Ay be an operator on
V. Let A := AO ® Al- Then

1. For each Z € D, we have Sy(A)(Z) = S°(Ag)(Z)A;.

2. For each Z € D and each ¢ € o(¢yp), we have
S(A)(Z,¢) = SY(Ao)(Z)s(A1)(¢), that is, S(A) = S°(Ag) @ s(A1).

Proof. Let Z = ((#,0),0,0) € D and v € V. We have

=2 (40e%)(2),

So(A)(Z)v = e 2By AEz0 = e 2 A(E40)(2).

Now, recall that Ezv = €% @ v. Then we get A(Ezv) = Apel @ Ajv and,
consequently,

So(A)(Z)v = €72 (Age})(2) Ay = S°(4)(Z) As.
This proves 1. Assertion 2 immediately follows from 1. O

The preceding proposition is useful to compute the Berezin symbol of an
operator on ‘H which is a sum of operators of the form Ag® A;. This is precisely
the case of the representation operators 7(g), g € G and dn(X), X € g° and
then we have the following propositions.
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PROPOSITION 9.2. Let g = ((20, Z0), o, h) € G. For each Z = ((2,0),0,0) € D
and each ¢ € o(¢o), we have

S(m(9))(Z, ¢)
=expy (ico + %Zoz — f|zo|2 5 \Z|2 + %Ehfl(z - zo)) s(po(h))(9).
Proof. Recall that, for each g = ((z0, Z0), co, h) € G, we have

m(g9) = m0((20, 20), co) © a(h) ® po(h).
Then the result follows from Proposition 9.1. O
PROPOSITION 9.3. 1. For each X = ((a,b),c, A) € g, Z = ((#,0),0,0) € D
and ¢ € o(¢o), we have

S(dm(X))(Z,¢) = ire — 7 (aZ + bz + 5(42)) + s(dpo(4))(9).

2. For each X = ((a,b),c,A) € g° and Z = ((2,0),0,0) € D and ¢ € o(do),
we have S(dn(X))(Z,¢) = i(V(Z, ), X) where the diffeomorphism ¥ :
D x o(do) = O(po) is defined by

U(Z,¢) = (—7(2.2),7. 6 — 3(2,2) x(22)).

Proof. Assertion 1 follows from Proposition 3.3 and Proposition 9.1 and Asser-
tion 2 follows from the equality ¥(Z, ¢) = Ad*(gz)vo- O

By adapting Proposition 6.3 to the present situation, we get the following
decomposition of the Berezin transform B = SS5*.

PROPOSITION 9.4. For each f € L*(D x o(¢o)), we have

B(f)(Z.9) = /D o FZLIW.0.0) FOV,0) (W ()

where K¢ ) |2
k(Z, W, 1, ¢) = e I=—wl/2 o CoIV
( v, 9)=e (eprep)v ey, ey)v
In particular, for each fo € L*(D) and fi € L%*(0(¢o)), we have B(fo®f1) =
Bo(fo) ®b(f1)

Proof. We can compute k(Z, W,1, ) (see Proposition 6.3) as follows. Let
Z =((#,0),0,0) and W = ((w,0),0,0) € D. Then we have

)
gglgw = ((—z—i—w, —Z+w), —Z(zu? — zw),[n> .
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Thus .
K97 gw) = ((07 0), —i(zz + wi — 2zw), 1n> .

Consequently, we get
p(K/(gElgW))fl _ 677(‘Z|2+|w‘2722w)/4 Iy.

Since we have
|(;V(IZI2+|w|272570)/4|2 — o lzwl?/2
)

the first assertion follows from Proposition 6.3. The second assertion is an
immediate consequence of the first one. O

In the following proposition, we study the form of the function
Sdm(X1Xs--- X))
for X1, Xs,..., X, € g%
PROPOSITION 9.5. Let X1, Xo,..., X, € g°. Then
1. The function S(dn(X1Xa--- Xy))(Z, ¢) is a sum of terms of the form
P(Z2)Q(Z)s(dpo(YiYs - Y:))(9)
where P, Q are polynomials of degree < q, r < q and Y1,Ya,...,Y, € €.
2. We have S(dn(X1 X2+ X,)) € L*(D x o(¢p)).

Proof. 1. By using Proposition 3.3, we can verify by induction on ¢ that, for
each X1, Xo,..., X, € g% dn(X1X5--- X,) is a sum of terms of the form

P(Z)dpo(Y1Y2 - Y;)0;,0;, - -+ O,

where P is a polynomial of degree < ¢, r, s < ¢ and Y7,Y5,...,Y, € £§. Here
we write as usual Z = ((z,0),0,0) with z € C™ and 0; stands for the derivative
with respect to z;.

Taking Proposition 9.1 into account, this implies that S(dr(X1X2--- X))
is a sum of terms of the form

P(Z)S°(03,0i, -+ 0,)(Z) s(dpo(Y1Y2 - Y2)) ().
But recall that e (W) = 7**/2. Then we have
(03, 0iy - i, %) (W) = Wy, i, -y, € (W),
Thus we see that

5%(03,05, -+ 0; )(Z) = €5(Z) M3, 03, - - 0i, €5)(Z) = Wy, Wy, -+ - -
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The result follows.

2. This assertion is a consequence of 1. Indeed, the function P(Z)Q(Z)
with P, @ polynomials is clearly square-integrable with respect to ug. On the
other hand, recall that V is finite-dimensional, that o(¢g) is compact and that
we have the property |s(Ag)| < ||Aollop for each operator Ay on V. Then we
see that s(dpo(Y1Ys - --Y;)) is bounded hence square-integrable on o(¢g). O

In the general case, by contrast to the preceding proposition, the function
S(dm(X1Xs---X,)) is not usually square-integrable. However, when g is re-
ductive, we have proved that B can be extended to a class of fonctions which
contains S(dm(X1Xs--- X)) for X1, Xo,..., X, € g° and ¢ < ¢, where ¢, only
depends on m, see [18, 19].

Finally, we compute W(dn (X)), X € g° which is well-defined thanks to
the preceding proposition. Consider the Stratonovich-Weyl correspondences
W = B~1/28 W, := Bo_l/250 and w := b=/2s5 on D x o(¢y), D and o(¢y),
respectively. Clearly, for any Ag operator on Hg and any A; operator on V', we
have W (A4p ® A1) = Wy(Ap) @ w(Ay) by Proposition 9.1 and Proposition 9.4.

PROPOSITION 9.6. For each X = ((a,b),¢c,A) € g°, Z = ((2,0),0,0) € D and
@ € o(¢g), we have

W (dn(X))(Z, ) = icy + w(dpo(A))(6) + % TH(A) — (a7 + b + 5(42)).

Proof. Let A := 4>"}_,(0,,05,) be the Laplace operator. Then it is well-
known that we have By = exp(A/27v), see [36]. Thus we get

Wo = exp(—A/47)S°
and, by applying Proposition 9.3 and Proposition 9.4, we find that

W(dr(X))(Z,¢) = icy + w(dpo(A))(¢) — %exp(—A/M) (az + bz + 2(A2))

— iy + w(dpo(A)) () + % TH(A) — T (a2 + b2 + 2(42)).
O
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