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Abstract. Inspired by the fact that a compact topological group is
hereditarily normal if and only if it is metrizable, we prove that various
levels of compactness-like properties imposed on a topological group G
allow one to establish that G is hereditarily normal if and only if G is
metrizable (among these properties are locally compactness, local mini-
mality and ω-boundedness). This extends recent results from [4] in the
case of countable compactness.
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1. Introduction

In this paper all topological spaces and topological groups are assumed to be
Tychonov. The stronger separation axiom T5, hereditary normality, will be the
main point of the paper (recall that a topological space X is hereditary normal
if every subspace of X is normal). Metrizable spaces are obviously hereditarily
normal, while all countable spaces are T5, but not necessarily metrizable.

Since compact topological spaces are always normal, one may expect that
compact topological groups are often (sometimes) hereditarily normal. As the
following example shows, this occurs precisely when the groups are metrizable.

Example 1.1. The hereditarily normal compact groups can be described mak-
ing use of several classical theorems about compact groups and dyadic spaces
(i.e., continuous images of the Cantor cubes {0, 1}κ).

(a) According to Hagler-Gerlits-Efimov’s theorem, every compact group K
of weight κ contains a Cantor cube {0, 1}κ (see [12, 23]). Since {0, 1}κ

is T5 precisely when κ ≤ ω, we deduce that K is T5 if and only if K is
metrizable.

1The content of this paper was presented at ItEs2012 (Italia - España 2012).
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(b) Efimov [11] proved that T5 dyadic spaces are metrizable (see also [14,
3.12.12(k)]). Since the compact groups are dyadic by the celebrated
Kuz′minov theorem [18], we deduce again that the T5 compact groups
are metrizable.

In other words, one can resume the above observations in the following
metrization criterion for compact groups:

Fact 1.2. A compact group is T5 if and only if it is metrizable.

This fact does not remain true when compactness is replaced by the weaker
property of countable compactness. Indeed, Hajnal and Juhasz [15] built,
under the assumption of the Continuum Hypothesis (briefly, CH), a non-
metrizable, countably compact, hereditarily normal subgroup of {0, 1}c with
some additional properties. Another example to this effect was produced by
Tkachenko [25]. Under the assumption of CH, he proved that the free abelian
group of size c admits a non-metrizable, countably compact, hereditarily nor-
mal group topology, which is additionally connected, locally connected and
hereditarily separable.

As item (a) of the next example shows, the validity of Fact 1.2 for countably
compact groups is independent of ZFC.

Example 1.3. (a) Eisworth [13, Corollary 10] proved that under the Proper
Forcing Axiom (briefly, PFA) all countably compact hereditary normal
groups are metrizable.

(b) Further progress in this direction was achieved by Buzyakova [4], who
reinforced (a) by showing that under PFA every countably compact sub-
space of a hereditarily normal topological group is metrizable [4, Corollary
2.6].

(c) A significant reinforcement of Fact 1.2 is available in the same paper [4,
Theorem 2.9]: every compact subspace of a hereditarily normal topologi-
cal group is metrizable.

(d) A variant of (c) for countable compactness is proposed in [4, Corollary
2.4] as well: every countably compact subspace of a hereditarily normal
topological group containing non-trivial convergent sequences is metriz-
able.

The aim of this paper is to extend the “metrization criterion” 1.2 to other
classes of compact like groups, among them locally compact groups, ω-bounded
groups, locally minimal abelian groups, etc. (see §2.2 for the relevant defini-
tions). To this end we essentially use the following theorem proved in [4]:

Theorem 1.4. [4, Theorem 2.3] If G is a T5 topological group with a non-trivial
convergent sequence, then G has a Gδ-diagonal.
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From this theorem one can deduce the fact that every countably com-
pact hereditarily normal group containing non-trivial convergent sequences is
metrizable (this is [4, Corollary 2.5]), as well as item (d) of Example 1.3 (using
Chaber’s theorem about the metrizabilty of the countably compact spaces with
a Gδ-diagonal).

The result for item (a) can be deduced also from the above result and the
fact, established by Nyikos, L. Soukup, B. Veličković [21], that under PFA
every countably compact hereditarily normal space is sequentially compact (so
has non-trivial convergent sequences). For a further information on the impact
of T5 on compactness-like properties we recommend the nicely written outline
of Nyikos [20].

This paper is organized as follows. In §2 we collect some properties of
pseudo-character in topological groups, with particular emphasis on compact-
like groups. In §3 come the main results. In order to keep our paper self-
contained we include a proof of Theorem 1.4 in §3.1 (see Theorem 3.6) and
give some immediate applications concerning ω-bounded groups and locally
compact groups. Section 3.2 contains the main result of the paper, namely
all hereditarily normal locally minimal abelian groups are metrizable (Theo-
rem 3.11). We conclude with §4, containing some final comments and open
questions.

2. Preliminaries

2.1. Properties of the pseudo-character of a topological
group

We recall here the definitions of character and pseudo-character and some of
their properties used in the paper.

Definition 2.1. Let X be a topological space and x ∈ X.
A local base at x is a filter-base of the filter of neighborhoods of x. Let

χ(x,X) denote the character of X at x, that is the maximum between ω and
the minimal cardinality of a local base for x. Let χ(X) = sup{χ(x,X) : x ∈ X}
be the character of X.

A local pseudo-base at x is a family F of open neighborhoods such that⋂
F = {x}. Let ψ(x,X) denote the pseudo-character of X at x, that is the

maximum between ω and the minimal cardinality of a local pseudo-base for x.
Let ψ(X) = sup{ψ(x,X) : x ∈ X} be the pseudo-character of X.

Remark 2.2. Note that if G is a topological group, then for all g ∈ G

χ(g,G) = χ(e,G) = χ(G),
ψ(g,G) = ψ(e,G) = ψ(G).
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Fact 2.3. A group topology is metrizable if and only if it has a countable local
base.

Remark 2.4. Let X be a topological space and x ∈ X. Then ψ(x,X) = ω if
and only if {x} is a Gδ-subset of X.

Moreover if X is regular, then there exists a family {Un : n ∈ N} that is a
local pseudo-base at x such that

⋂
n Un =

⋂
n Un = {x}.

If Y ⊆ X is a Gδ-subset and x ∈ Y , then ψ(x,X) = ω if and only if
ψ(x, Y ) = ω. Indeed, the necessity of this condition is obvious. Assume that
ψ(x, Y ) = ω and let this be witnessed by a countable family Un of open neigh-
borhoods of x in X such that Y ∩ (

⋂
n Un) = {x}. If Y =

⋂
nWn for some

countable family of open sets in X, then the equality (
⋂

nWn)∩ (
⋂

n Un) = {x}
witnesses ψ(x, Y ) = ω.

If G is a set, let ∆G denote the diagonal in G ×G, i.e. ∆G = {(g, g) : g ∈
G} ⊆ G×G.

The next lemma is folklore (e.g., the implication (i) ⇐(ii) was stated and
proved in [4]), we give its proof for the sake of completeness.

Lemma 2.5. Let G be a topological group. Then the following are equivalent:

(i) ∆G is a Gδ-subset of G×G;

(ii) ψ(G) = ω.

Proof. (i)⇐(ii). Let {e} =
⋂

n Vn with every Vn open neighborhood of e, so that
for every x ∈ G we have {x} =

⋂
n∈N xVn. Hence {(x, x)} =

⋂
n∈N(xVn×xVn),

and letting Un =
⋃

x∈G xVn × xVn we obtain ∆G =
⋂

n∈N Un.
(i)⇒(ii). Let ∆G =

⋂
n Un where every Un is an open subset of G × G.

Then (e, e) ∈ Un for every n ∈ N, so there exists an open subset Vn ⊆ G such
that (e, e) ∈ Vn × Vn ⊆ Un.

Now we verify that
⋂

n∈N Vn = {e}. If g ∈
⋂

n∈N Vn, then (g, e) ∈
⋂

n∈N(Vn×
Vn) ⊆

⋂
n∈N Un = ∆G, so g = e.

2.2. Various levels of compactness

Let us recall several compactness-like properties of the topological spaces and
topological groups. A space X is

(a) pseudocompact, if every real-valued function of X is bounded;

(b) ω-bounded, if every countable subset of X has a compact closure.

Obviously, ω-bounded spaces are countably compact, while countably com-
pact spaces are pseudocompact.
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A topological group G is precompact, if for every non-empty open set U
of G there exists a finite set F ⊆ G such that FU = G (equivalently, if the
completion of G is compact; in this case the two-sided completion coincides
with Weil completion of G). Pseudocompact groups are precompact.

A topological group (G, τ) is minimal if for every Hausdorff group topology
σ ⊆ τ on G one has σ = τ [8, 6].

The next notion in (b), proposed by Pestov and Morris [19] (see also T.
Banakh [3]), is a common generalization of minimal groups, locally compact
groups and normed spaces:

Definition 2.6. A topological group (G, τ) is locally minimal if there exists a
neighborhood V of e such that whenever σ ⊆ τ is a Hausdorff group topology
on G such that V is a σ-neighborhood of e, then σ = τ .

Definition 2.7. Let H be a subgroup of a topological group G. We say that
H is locally essential in G if there exists a neighborhood V of e in G such that
H∩N = {e} implies N = {e} for all closed normal subgroups N of G contained
in V .

When necessary, we shall say H is locally essential with respect to V to
indicate also V . Note that if V witnesses local essentiality, then any smaller
neighborhood of the neutral element does, too.

We now recall a criterion for local minimality of dense subgroups.

Theorem 2.8. [1, Theorem 3.5] Let H be a dense subgroup of a topological
group G. Then H is locally minimal if and only if G is locally minimal and H
is locally essential in G.

We will make use of the following fact from [1] connecting locally minimal
groups and minimal groups in the abelian case.

Proposition 2.9. [1, Proposition 5.13] Every locally minimal abelian group
contains a minimal Gδ-subgroup.

2.3. Compact-like topological groups of countable
pseudo-character

The next fact can be easily deduced from the proof of [1, Theorem 2.8]:

Fact 2.10. [1, Theorem 2.8] If G is a locally minimal group with ψ(G) = ω,
then G is metrizable.

Lemma 2.11. Let (G, τ) be an abelian topological group. If ψ(G) = ω, then
there exists a metrizable topology τ∗ on G with τ∗ ⊆ τ .
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Proof. Let
⋂

n Un = {0} with Un open neighborhood at 0 for every n ∈ N.
Without loss of generality we can assume Un+1 ⊆ Un and Un = −Un for every
n ∈ N.

Let V0 = U0, and for n ≥ 1 let Vn = −Vn ∈ τ be such that Vn + Vn ⊆
Un ∩ Vn−1. If τ∗ is the group topology on G having the family {Vn | n ∈ N} as
a local base, then τ∗ ⊆ τ and τ∗ is metrizable.

One can apply this lemma to obtain the following folklore fact about mini-
mal abelian groups (see for example [8]).

Corollary 2.12. Minimal abelian groups of countable pseudocharacter are
metrizable.

Remark 2.13. Minimal non-abelian groups of countable pseudocharacter need
not be metrizable. Actually, their character may be arbitrarily large [22].

Lemma 2.14. If G is a countably compact topological group and ψ(G) = ω, then
G is metrizable.

Proof. Let {e} =
⋂

n∈N Un with every Un open neighborhood of e with Un+1 ⊆
Un for every n ∈ N.

Assume for a contradiction that {Un : n ∈ N} is not a local base. Then
there exists an open neighborhood W of e such that Un * W for every n ∈ N.
Let Fn = Un \W , and note that Fn+1 ⊆ Fn 6= ∅. Moreover,⋂

n∈N
Fn =

( ⋂
n∈N

Un

)
\W = {e} \W = ∅.

As G is countably compact, Fn = ∅ for some n ∈ N, a contradiction.

3. Hereditarily Normal Topological Groups

Let (G, ·, e) be a monoid, equipped with a topology τ such that the pair (G, τ)
is a topological monoid, i.e., the monoid operation µ : G×G→ G is continuous
with respect to the product topology.

Given a subset X ⊆ G, we let

X−1 = {y ∈ G : yx = e for some x ∈ X}

(note that if G is a group, then the set X−1 consists of the inverses of the
elements of X).

Definition 3.1. Let X be a topological space. A pair A,B of subsets of X
is called unseparable in X if for every pair of open sets U, V of X such that
A ⊆ U and B ⊆ V , one has U ∩ V 6= ∅.



HEREDITARILY NORMAL COMPACT LIKE GROUPS 129

Clearly, the sets A and B in an unseparable pair are non-empty. A a
topological space X with an unseparable pair of closed disjoint subsets is not
normal.

The following lemma can be attributed to Katětov [17]. It relevance to
questions related to hereditary normality in topological groups was discovered
and exploited by Buzyakova [4].

Lemma 3.2 (Katětov). Let S,R be two topological spaces, r ∈ R and s ∈ S. If
ψ(r,R) > ω, s is a limit point of S and S is separable, then Z = R×S \{(r, s)}
is not normal. In particular, the pair formed by the closed, disjoint subsets
({r} × S) \ {(r, s)} and (R× {s}) \ {(r, s)} of Z is unseparable.

Fact 3.3. Let X,Y be topological spaces, and let ϕ : X → Y be a continuous
map. If F1 and F2 is a pair of unseparable sets in X, then ϕ(F1), ϕ(F2) is a
pair of unseparable sets in ϕ(X).

3.1. Hereditary normality versus countable
pseudocharacter in topological groups

The proof of the next lemma (in the case of a topological group), as well as
the proof of Theorem 3.6, are inspired by and follow the line of the proof of [4,
Theorem 2.3]. In particular, we preferred to isolate the lemma from that proof
in order to better enhance the idea triggered by Katětov’s lemma.

Lemma 3.4. Let G be a topological monoid. Assume that there exist two closed
subset S,R ⊆ G such that

(i) S is separable and e ∈ S \ {e}
S
,

(ii) ψ(R, e) > ω,

(iii) R ∩ S = {e},

(iv) R ∩ S−1 = {e}.

Then G is not T5.

Proof. Consider Z = (R× S) \ {(e, e)} ⊆ G×G \ {(e, e)}, and let

R1 = (R× {e}) \ {(e, e)} = (R \ {e})× {e} ⊆ Z,

S1 = ({e} × S) \ {(e, e)} = {e} × (S \ {e}) ⊆ Z.

Note that µZ = (R · S) \ {e} ⊆ G \ {e} by (iv), and we are going to prove
that µZ ⊆ G is not normal, showing that the pair µR1, µS1 of closed subsets
of µZ is unseparable.
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Obviously, µR1 = R \ {e} ⊆ G \ {e} is closed in G \ {e}, and contained in
µZ, so that µR1 is a closed subset of µZ. Similarly, µS1 = S \ {e} is a closed
subset of µZ. Moreover, µR1 and µS1 are disjoint by (iii).

Being µZ ⊆ G \ {e}, the restriction µ̄ = µ �Z : Z → G \ {e} is well defined
and continuous. Then (i) and (ii) yield that the pair R1, S1 is unseparable
in Z by Katětov’s lemma, so that the pair µR1, µS1 is unseparable in µZ by
Fact 3.3.

So µZ is not a normal space, and G is not T5.

From the above lemma, we immediately obtain the following result for topo-
logical groups.

Corollary 3.5. Let be a topological group with two closed subset S,R ⊆ G
such that

(i) S = S−1 is separable and e ∈ S \ {e}
S
,

(ii) ψ(R, e) > ω,

(iii) R ∩ S = {e},

Then G is not T5.

Theorem 3.6. Let G be a T5 topological group. If there exists a non-trivial
convergent sequence in G, then ψ(G) = ω.

Proof. Let xn → e be a non trivial convergent sequence, and assume for a
contradiction that ψ(G) > ω. There exists an open neighborhood U0 of e such
that {x0, x

−1
0 } ∩ U0 = ∅. Thence for all n ∈ ω with n > 0 there exists an open

neighborhood Un of e such that Un ⊆ Un−1 and {xn, x
−1
n }∩Un = ∅. Note that

R :=
⋂
n

Un =
⋂
n

Un (1)

by the choice of Un. Moreover, R is a closed Gδ-subset of G by (1). Hence,
ψ(R, e) > ω, in view of Remark 2.4.

Let S = {e} ∪ {xn : n ∈ ω} ∪ {x−1
n : n ∈ ω}. Obviously, S is a closed

countable subset of G (as e ∈ S is the only limit point of S), so S is separable.
As S = S−1 and R∩S = {e}, G is not T5 by Corollary 3.5, a contradiction.

From this theorem and Lemma 2.5, one can deduce Theorem 1.4.
Note that if G is a countably compact group with a non-trivial convergent

sequence, then G is T5 if and only if it is metrizable (this is [4, Corollary 2.5]) in
view of Theorem 3.6 (that yields ψ(G) = ω) and Lemma 2.14. In other words,
the “metrization criterion” 1.2 extends to countably compact group with a non-
trivial convergent sequences. Moreover, since normal pseudocompact spaces are
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countably compact, 1.2 extends to pseudocompact groups with a non-trivial
convergent sequence.

In the smaller class of ω-bounded groups one does not need to impose the
blanket condition of existence of non-trivial convergent sequence.

Corollary 3.7. Let G be an ω-bounded group. Then G is T5 if and only if it
is metrizable (hence compact).

Proof. If G is finite, then there is nothing to prove, so assume from now on
that G is an infinite ω-bounded group. Since ω-bounded groups are countably
compact, it suffices to show that G has a non-trivial convergent sequence and
then apply, as above, [4, Corollary 2.5].

Take a countably infinite subgroup of G. Then its closure K is an infinite
compact group. Hence K contains an infinite Cantor cube, so K has non-trivial
convergent sequences.

Theorem 3.8. A locally compact group G is T5 if and only if it is metrizable.

Proof. By a theorem of Davis [5], G is homeomorphic to a product K×Rn×D,
where K is a compact subgroup of G, n ∈ N and D is a discrete space. As K is
a T5 compact group, we deduce from Example 1.1 that K is metrizable. This
immediately implies that G is metrizable as well.

Let us point out a second alternative proof that makes no recourse to Davis
theorem. Let us recall first that the character and the pseudocharacter of a
locally compact group coincide [16]. Since every locally compact group has non-
trivial convergent sequences, Theorem 3.6 yields that ψ(G) = χ(G) = ω.

3.2. Metrizability of the hereditarily normal locally
minimal abelian groups

For the proof of our main theorem 3.11, we need the following result which is
of independent interest.

Theorem 3.9. Every locally minimal abelian group has an infinite metrizable
subgroup.

Proof. Let us consider first the case when G is precompact.
Let K denote the compact completion of G. By Theorem 2.8, G is locally

essential in K. so there exists an open neighborhood V of 0 in K, such that
every non-zero closed subgroup of V non-trivially meets G.

Suppose that for some prime p there exists a closed subgroup N of K iso-
morphic to the group Zp of p-adic integers. SinceN∩V is an open neighborhood
of 0 in N , there exists n ∈ N such that pnN ⊆ N ∩V . As pnN ∼= N is a closed
non-trivial subgroup of K contained in V , we deduce that it must non-trivially
intersect G. Then G ∩ pnN is an infinite metrizable subgroup of N .
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Assume now that K contains subgroups isomorphic to the group Zp of p-
adic integers for no prime p. Then K is an exotic torus in terms of [7], i.e.,
n = dimK is finite and K contains a closed subgroup L such that K/L ∼= Tn

and L =
∏

pBp, where each Bp is a compact p-group.
If Bp is infinite for some p, then its socle Sp = {x ∈ Bp : px = 0} is an

infinite closed subgroup of K (as Bp is a bounded p-group). Then Sp
∼= Z(p)κ,

where κ = w(Sp). Hence, the topology of Sp has a local base at 0 formed by
open subgroups. Therefore, the neighborhood Sp ∩ V of 0 in Sp contains an
open subgroup H of Sp. Moreover, H 6= 0 as H is open and Sp is precompact.
As H ⊆ V is a non-trivial subgroup of K of exponent p, we deduce that H ≤ G.
Since H ∼= Z(p)κ, we deduce that H contains an infinite metrizable subgroup.

Now assume that Bp is finite for all primes p, but the group L is infinite.
Then L is a compact metrizable group having a local base at 0 formed by open
subgroups. Let π = {p : Bp 6= {0}}. Then π is infinite, For each p ∈ π fix an
element xp ∈ Bp of order p and let Hp be the cyclic subgroup of Bp generated
by xp. The subgroup L′ =

∏
p∈π Hp is still an infinite compact metrizable

group having a local base at 0 formed by open subgroups. Therefore, the
neighborhood L′ ∩ V of 0 in L′ contains an open subgroup H of L′. Moreover,
H 6= 0 asH is open and L′ is compact and infinite. Using the Chinese remainder
theorem one can easily prove that H =

∏
p∈π′ Hp, where π′ is an infinite subset

of π. Pick p ∈ π′. Then Hp 6= 0 is closed subgroup of K of exponent p, with
Hp ⊆ V . So Hp ∩G 6= {0}. Since Hp has no proper subgroups, we deduce that
Hp ≤ G. Therefore, S =

⊕
p∈π′ Hp is an infinite subgroup of G contained in

L′, hence S is metrizable.
Finally, assume that L is finite. Then the quotient map K → K/L ∼= Tn is

a local homeomorphism. Since Tn is metrizable, we deduce that K and G are
metrizable as well.

In the general case, the locally minimal abelian group G contains a minimal,
Gδ-subgroup H of G. By a well-known theorem of Prodanov and Stoyanov
[8, 6], every minimal abelian group is precompact. If H is infinite, then the
above case allows us to claim that H contains an infinite metrizable subgroup.
In case H is finite, obviously ψ(H) ≤ ω, so we can conclude that ψ(G) = ω, by
Remark 2.4. By Fact 2.10, G is metrizable.

Corollary 3.10. Every locally minimal abelian group has a non-trivial con-
vergent sequence.

Theorem 3.11. Let G be a locally minimal abelian group. Then G is T5 if and
only if it is metrizable.

Proof. By Corollary 3.10, G contains a non-trivial convergent sequence. By
Theorem 3.6, ψ(G) = ω. At this point we can deduce that G is metrizable
from Fact 2.10.
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Corollary 3.12. Let G be a minimal abelian group. Then G is T5 if and only
if it is metrizable.

Proof. Since minimal groups are locally minimal, Theorem 3.11 applies.
For a direct alternative proof of this fact making no recourse to Theo-

rem 3.11, we recall that every minimal abelian group contains a non-trivial
convergent sequence (see for example [24]). By Theorem 3.6, ψ(G) = ω. Now
use the fact that minimal abelian groups of countable pseudocharacter are
metrizable by Corollary 2.12.

4. Final comments and open questions

A topological group G is called sequentially complete, if G is sequentially closed
in its two-sided completion [10]. Countably compact groups, as well as all
complete groups, are sequentially complete. So sequential completeness can
be considered as a simultaneous generalization of these two compactness-like
properties. This explains the interest in the following example.

Example 4.1. Every countable abelian group G carries a precompact, sequen-
tially complete group topology. Indeed, take the Bohr topology PG of G (i.e.,
the maximum precompact topology on G). Following van Douwen, we denote
the topological group (G,PG) by G#. It is known that G# has no convergent
sequences, hence G# is sequentially complete and non-metrizable. Since G#

is T5 as every countable topological group, we deduce that a hereditarily normal
precompact, sequentially complete group need not be metrizable.

It is worth noting that the group G# is not normal whenever the group G
is uncountable [26].

Our results leave open several questions.

Question 4.2. Is every locally minimal T5 group necessarily metrizable? What
about countably compact locally minimal T5 groups?

In the non-abelian case, a minimal group need not contain any non-trivial
convergent sequence ([24]) and minimal non-abelian groups of countable pseu-
docharacter need not be metrizable (Remark 2.13). Therefore, Corollary 3.12
leaves open the following question.

Question 4.3. Is every minimal T5 group necessarily metrizable? What about
countably compact minimal T5 groups?

Note, that if the answer to the second question is positive, then every count-
ably compact minimal T5 group is compact metrizable. The answer depends
on the answer of the following question from [9, Problem 23 (910)] which still
remains open:
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Question 4.4. Must an infinite, countably compact, minimal group contain a
non-trivial convergent sequence ?

Clearly, a positive answer to Question 4.4 yields a answer to the second
part of Question 4.3.

We thank the referee for the careful reading of the manuscript and the useful
comments.
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