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RH-regular transformation
of unbounded double sequences

RICHARD F. PATTERSON

ABSTRACT. At the Ithaca meeting in 1946 it was conjectured that it
is possible to construct a two-dimensional reqular summability matrix
A = {an} with the property that, for every real sequence {sy}, the

transformed sequence
o0
ty = § Qn, Sk
k=0

possesses at least one limit point in the finite plane. It was also counter-
conjectured that, for every reqular summability matriz A, there exists
a single sequence {sy} such that the transformed sequence t, tends
to infinity monotonically. In 1947 Erdos and Piranian presented an-
swers to these conjectures. The goal of this paper is to present a mul-
tidimensional version of the above conjectures. The first conjecture
is the following: A four-dimensional RH-regular summability matriz
A =A{amnk1} can be constructed with the property that every double
sequence {si,} transformed into the double sequence

00,00
tm,n = § Am,n,k,1Sk,l

k,1=0,0

possesses at least one Pringsheim limit point in the finite plane. The
multidimensional counter-conjecture is the following. For every RH-
regular summability matriz A there exists a double sequence {si 1} such
that the four-dimensional transformed double sequence {t,, ,} tends to
infinity monotonically Pringsheim sense. This paper established that
both multidimensional conjectures are false.
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1. Definitions, Notations, and Preliminary Results

DEFINITION 1.1. [Pringsheim, [{]] A double sequence x = [z) ] has a Pring-
sheim limit L (denoted by P-limx = L) provided that, given an € > 0 there
exists an N € N such that |z, — L| < € whenever k,l > N. Such an x is
described more briefly as “P-convergent”.

DEFINITION 1.2. [Patterson, [3]] A double sequence y is a double subse-
quence of x provided that there exist increasing index sequences {n;} and
{k;} such that, if x; = xp, 1, then y is formed by

r1 T2 Tz T10
T4 T3 Te - —
Tg Xg X7 @ —

In [5] Robison presented the following notion of conservative four-dimen-
sional matrix transformation and a Silverman-Toeplitz type characterization of
such notion.

DEFINITION 1.3. A four-dimensional matriz A is said to be RH-regular if it
maps every bounded P-convergent sequence into a P-convergent sequence with
the same P-limit.

This assumption of boundedness is made because a double sequence which
is P-convergent is not necessarily bounded. Along these same lines, Robison
and Hamilton presented a Silverman-Toeplitz type multidimensional charac-
terization of regularity in [2] and [5].

THEOREM 1.4. (Hamilton [2], Robison [5]) The four dimensional matriz A is
RH-regular if and only if

RH;y: P-limy, 5, Gk = 0 for each k and [;

RH5: P—limmm ZZ?li((}),O Am,n,k,l = 1;

RHs: P-limy, > peo |@m.nki| = 0 for each l;

RHy: P-limy, 5, Z?io |@m . ki| =0 for each k;

RHs5: 305700 |am.n k1] is P-convergent;

RHg: there ewist finite positive integers A and I' such that

Zk,l>1‘ |@m,n k1] < A

DEFINITION 1.5. Let A be a four dimensional matriz with pairwise column
(m,n). Then the (i,j)-reverse L-string , denoted by, Lj";" is

{am,n,l,ja Amn,2,55 Am,n,3,iy " s Amn,i,js Amn,i,j—15 Amn,i,j—25 " >, Amn,i, 1, } .

Given a double sequence x the (7, j)-reverse L-string , denoted by, L; ; is

{xl,jan,jax?),i, e 7xi7j7mi,j—1; xi7j—2a e 7xi,1a } .
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2. Main Results

THEOREM 2.1. If A is a pairwise-row finite RH-reqular summability matriz then
there exists a double sequence {si} such that the corresponding transformed
double sequence |ty, | tends to infinity, in the Pringsheim with arbitrary rapid-
ty.

Proof. Let A be a pairwise-row finite RH-regular summability matrix. If mg
and ng are sufficiently large, then each pairwise index whose indices exceed my
and ng, respectively, contains a non-zero element. For fixed pairwise column
index (m,n) let C-string denote the last column of the pairwise row whose sum
is non-zero, and R-string denote the last row of the pairwise row whose sum is
non-zero. Using the terms from C-string and R-string along with Definition 1.5
we can now construct a last reverse L-string whose sum is non-zero. Therefore

a terminal reverse L-string exists. Let oy, as, a3, -+ and (1, B2, 03, -+ be the
indices of the pairwise-columns that contain terminal reverse L-string. Without
of loss of generality we may assume that a; < as < ag < -+ and 1 < [y <

B3 < ---. Define the terms of {sy,} such that
k 7£ aq,0Q2,03,

and
I # B1, 82,83,

be arbitrary. Since A is pairwise row finite, each pairwise-column contains at
most a finite number of pairwise-terminal reverse L-string of elements, that is,
for each pairwise column the pairwise-terminal reverse L-string of element are
bounded away from zero. If f(m,n) is any arbitrary real function the terms

Skili Skl
Skali Ska,ly

can be chosen large enough so that |t,, | > f(m,n); m > mg and n > ng.
O

THEOREM 2.2. If A is an RH-reqular summability matriz then there exists a
double sequence {smn} such that the transformed double sequence {tm, .} has
no P-limit points in the finite plane.

Proof. Let ¢ be a constant such that szl’:m |@m,n,ki| < € for all (m,n). Such
a constant exists by RH5 of the RH-regularity conditions of A. We can choose
mg = ng sufficiently large such that, regularity conditions RH3, RHy, and RHj
of A assure us, that there exists a pair (aq, 1) such that

1
Z |amo7no,kyl| < 2

{(k,0):k>a; OT I>p1}
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Now choose m; and ni with mq > mg and n; > ng such that

‘am,n,k,l < 1
5

{(k,D):0<k<a1;0<I<p1 }

for m > my and n > nq; by RH;. Let us construct the second stage. Conditions
RH3, RHy, and RH5 assure us that we can choose (g, 32) with as > a; and

(B2 > (31 such that
1
< P
Z |am,n,k,l| A

{(k,l):k>as OT I>f2}

whenever m,n < mq,ny, respectively. Using RH;, we can now choose my and
no with ms > my and ny > n; such that

Z ‘am,n,k,l

{(k,1):0<k<a2;0<I<B2 }

<1
)

for m > my and n > ny. Using the RH-regularity conditions of A the general
stage is constructed as follows. Let («., 3s)be such that a;,. > «,_1 and (s >

5.@—1 with
Z |am,n,k,l

{(k,):k>c. OF 1>0s}

<

CT-&-S

where m,n < m,_1,ns_1, respectively. Now we choose m, and ns with m, >
m,_1 and ng > ng_1 such that

1
Z ‘am,n,k,l| < 5
{(k,1):0<k<a,;0<I<Bs }

for m > m, and n > ns, where r,s = 1,2,3,.... Let us now consider following
double sequence

(1 + %)HS if a1 <k<a, and/or Bs_1 <1< fs
Skl = 0 if otherwise
rs=1,23,...

Let us now partition the A transformation of {sj;} into three parts with
my—1 <m <m, and/or ng_1 < n < n.
The first partition satisfy the following inequality

ar—1,8s-1

1 r+s—2
Z |a'm,7l7k7l| < 5 (1 + ) with s = 27374a s (1)
k,1=0,0 ¢
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and the second satisfies the inequality

00,00

>

kil=arp1+1,8:11+1

|am,n,k,l|

1
c

)+

1 1 r+s+4 1 1 r+s+6
< oo (1+C> + e (1+c) T
B Lo N YL
- e Ute fallte) Tallte
1 1 r+s+4 oo 1 1 21
- crtst2 (1 + c) ; 20 <1 + c>
1 ( 1\t 1
= 1S 1 + )
S A Sy
1 ( IRV |
S r+s 1 + ) ( 4 )
crtst2 - L
) 1 - 1\ "5 o5
- crtst2 c 21
1 1 r4+s+4
< 1+ -
- 21crts ( + c)
with 7,s=0,1,2,

The final partition satisfies the equality

ar,Bs

§ A n,k,1Sk,l

kil=or_14+1,8s—1+1

Qrt1,0s41

§ Ay n,k,1Sk,l

kil=ar_1+1,8s-1+1

Qrt1,0s+1

E Am,n,k,1Sk,l

kl=a,+1,8,+1

+

ar,Bs

§ Qm,n,k,l

kil=or_14+1,8:-1+1

1
14 =
c

Qrt1,0s+1

E Am,n,k,l

kl=a,+1,6:+1

+

>r+s

(1 N i) r+s+2 (3)
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In addition,the final partition also satisfies the following inequality

Qri1,0s+1 1 r+s ar,Bs
E Umon,k, 1Skl = (1+C> E Amn kel

kil=or_1+1,8,_1+1 kil=o,_1+1,8,_1+1

1 2 a7‘+la53+1
+ (1 + C) Z Qm,n,k,l

kl=ar+1,8:+1

1 r+s ar,fBs
(1 + C) Z Am,n,k,l

kil=ar_14+1,85-1+1

V

Q1,841

+ E Am,n,k,l

kl=a,+1,8s+1

Ar41,8s+1

+ 1 Z Ay n,k,l

c
kil=ar+1,8:+1

Observe that, if m and n are sufficiently large the following is true by the
RH-regularity of A:

Qrg1,8s41 1

1 Z Ay k1 <= (4)

c 5
kl=a,+1,8:+1

and

ar,Bs aT+1735+1

Z Ay n,k,l + Z Am,n,k,l > % (5)

El=oy_1+1,8s_1+1 kl=a,+1,08,+1

Therefore, for m and n sufficiently large, inequalities (1) through (5) imply the
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following

ar—1,8s-1

00,00
E Qm,n,k,1Sk,l| = E Am,n,k,1Sk,l

k,1=0,0 k,1=0,0

Qrt1,0s4+1 00,00

+ E QAm,n,k,I1Sk,l + E QAm,n,k, ISk,

kil=ar_14+1,8:-1+1 k7l=a7‘+1+17ﬂs+1+1

Qprt1 )ﬂ3+1

E Am,n,k,1Sk,l

kvl=ar71 +1755—1+1

Y

ar—1,8s-1

- Z | @, 1,1 Skt

k,1=0,0

00,00

- Z |am7n,k:,l|3k,l

kil=or414+1,8541+1

N 1+1 r+s g 1 1 11 4
c 5 5(1—1—%) 21crts c

O

THEOREM 2.3. If A is a four-dimensional RH-reqular summability matrix then
there exists a double sequence {sy 1} such that tp, , = pm’nelemv“, with
P —lim p,, , = 00 and P—lim#6,,,, =0.
m,n m,n

If the matriz A is also real then the double sequence sy, ,, can be chosen so that
the double sequence t,, , is real and positive.

In the proof of Theorem 2.2, replace % with a Pringsheim null double se-

quence and replace {sg,} with the following sequence, or a sequence similar to

the following, with respect to order.

, (1 + %) [ if a1 <k<aq and/or Bs_1 <1<

Sk = 0 if otherwise
r,s=1,2,3,...

The result then follows from RH;, RH3, RH4, and RH5 of the RH-regularity
conditions of A.
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THEOREM 2.4. If the double real valued function f(m,n) is such that
P —lim f(m,n) = o0
m,n

then there exists an RH-reqular summability matriz A such that, for every
double sequence {sm n} to which transformation A is applicable, the inequality

< f(m,n) (6)

is satisfied for infinitely many ordered pairs (m,n).

|tm,n

Proof. This asserts that there exists an RH-regular transformation that trans-
forms every double sequence to which it is summable either into a double
sequence with at least one finite Pringsheim limit point or else into a double
sequence whose terms tend to infinity at an arbitrary slow rate, independent
of the double sequence. The following four-dimensional summability matrix
satisfies the conditions of the theorem.

1 if both m and n are even with k = 3 and [ =
if both m and n are even with k # 3 and [ #
if both m and n are odd with k = % and [ = ”;1
if both m and n are odd with k < % and [ < 21
if both m and n are odd with k& > mT_l and [ > 5=
except when k = ki, ko, k3,... and [ = 4,1s,13, ...

2=(r+s) if both m and n are odd with k& < %ﬁl and [ < "771

k:kl,kg,k:g,... andlzlhlg,lg,...
rs=123,....

[SIRINT

oo = O

Am,n.kl =

Suppose that the double sequence {s,, »} is such that inequality (6) does not
hold infinitely often in the Pringsheim sense. Choose index sequences {k; }, {ls}
such that f(kr,ls) > 2"7; and if each element of (m,n) is odd and k, > 251
and [, > ”T*I, Cmom ko ls = T%

Since A is such that its pairwise row contains only one nonzero element,
then |sp.n| > f(m,n) for all sufficiently large m and n. Therefore, for odd m

and n, the series
00,00
§ Am,n,k,1Sk,l

ki=1,1

contains infinity many terms whose absolute value is 1. Therefore the four-
dimensional A transformation is not applicable to the double sequence {sy,. }

O

Acknowledgment

The author wishes to thank the referee for the constructive comments and
suggestions.



UNBOUNDED DOUBLE SEQUENCES 9

REFERENCES

[1] P. ERDOS AND G. PIRANIAN, A note on Transforms of Unbounded sequences,
Bull. Amer. Math. Soc. 53 (1947), 787-790.

[2] H. J. HAMILTON, Transformations of Multiple Sequences, Duke Math. J. 2 (1936),
29-60.

[3] R. F. PATTERSON, Analogues of some Fundamental Theorems of Summability
Theory, Int. J. Math. Math. Sci. 23(1) (2000), 1-9.

[4] A. PRINGSHEIM, Zur theorie der zweifach unendlichen zahlenfolgen, Math. Ann.
53 (1900), 289-32.

[5] G. M. ROBISON, Divergent Double Sequences and Series, Trans. Amer. Math.
Soc. 28 (1926), 50-73.

Author’s address:

Richard F. Patterson

Department of Mathematics and Statistics,
University of North Florida

Jacksonville, Florida, 32224

E-mail: rpatters@unf.edu

Received November 12, 2012
Revised January 17, 2013



