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ABSTRACT. We derive LP — L9 - decay estimates for the solutions
of the Cauchy problem for the Klein-Gordon equation in the anti-de
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1. Introduction.

In this article we prove decay estimates for the solutions of the Cauchy problem
for the Klein-Gordon equation O,¢ —m?¢ = f in the anti-de Sitter spacetime.

In the model of the universe proposed by de Sitter the line element has the
form

Ar? Ar2\ 7!
ds* = — <1 — ;) Adt* + (1 - ;) dr® 4 r2(d6* + sin” 0 dp?).

The constant A > 0 is the cosmological constant. The corresponding metric
with this line element is called the de Sitter metric. If A < 0, it is called the
anti-de Sitter metric. In the de Sitter and anti-de Sitter spacetimes the equation
for the scalar field with mass m is the covariant Klein-Gordon equation

1 0 0 0
Tl 02 (\/aglka;;) -m*¢=f,
0 1

with the usual summation convention, where z = (2%, z',...,2") and ¢** is a
metric tensor. Written explicitly after Lamaitre-Robertson transformation [7],
in coordinates in the de Sitter spacetime this equation has the form

0,0 —m?¢=f or

bre +ndy —e FAp+mPp=f. (1)
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Here t is 2°, while A is the Laplace operator on the flat metric in R™. If we
introduce the new unknown function u = e3*¢, then the equation (1) takes
the form of the linear Klein-Gordon equation for u on de Sitter spacetime

g — e 2 Au+ M= f, (2)

where the “curved mass” M is defined as follows: M? := m? —n?/4. In [13]
the fundamental solutions for the Klein-Gordon operator in de Sitter spacetime
are given. The fundamental solution with the support in the forward light cone
has been used in [13] to represent solutions of the Cauchy problem and to prove
LP — L7 estimates for the solutions of the equation with and without a source
term.

The time inversion transformation ¢ — —t reduces the equation (2) to the
equation

Ru—e* Nu+ Mu=f (3)

that can be regarded as an equation in the anti-de Sitter spacetime. The anti-
de Sitter spacetime certainly deserves mathematical attention in its own right,
moreover, there is a considerable interest from high energy physics. Recently,
in [10] the forward Dirichlet problem is studied and it is proved in [10] that
the problem is globally well-posed under a global condition on the generalized
broken bicharacteristic.

In the present paper we consider the Klein-Gordon operator in anti-de Sitter
spacetime, that is S := 07 — e* A +M?, where M is the curved mass, and
z € R" t € R. In this article we restrict ourselves to nonnegative curved
mass M > 0. The Cauchy problem for the strictly hyperbolic equation (3)
is well-posed in some different functional spaces. Consequently, the solution
operator is well-defined in those functional spaces. The equation (3) possesses
two fundamental solutions resolving the Cauchy problem without source term
f. They can be written in terms of Fourier integral operators. Unlike to (2)
the equation (3) does not possesses the so-called horizon (cf. [13]).

The wave equation without source, that is (3) with M =0 and f = 0, was
investigated in [5]. More precisely, in [5] the resolving operator for the Cauchy
problem

D2 — e Au=0, u(z,0) = po(x), u(z,0) =¢1(x), (4)

is written as a sum of Fourier integral operators with amplitudes given in terms
of the Bessel functions and in terms of confluent hypergeometric functions. One
important tool to prove global existence for nonlinear equations is a LP—L?
decay estimate (see, e.g. [9]). The typical L? — L? decay estimates obtained in
[5] by dyadic decomposition of the phase space, contain some loss of regularity.
More precisely, it is proved that for the solution v = u(z,t) to the Cauchy



LP — L4 ESTIMATES FOR KLEIN-GORDON EQUATION 29

problem (4) with n > 2, ¢o(z) € C§°(R™) and ¢1(z) = 0, for all large
t > T > 0, the following estimate is satisfied:

u(-, )| Lagny < C(1+ €)™ 3= 77)||‘P0||WN(]R")7 (5)

where 1 <p <2, 4+ c=1and 3(n+1)(5 —2) <N < 3(n+1)(5 — ) +1
and szv (R™) is the Sobolev space. In particular, the loss of regularity, N, is
positive, unless p = ¢ = 2. This loss of regularity phenomenon exists for the
wave equation in Minkowski spacetime as well.

According to Theorem 1 [5], for the solution u = u(x,t) to the Cauchy
problem (4) with n > 2, po(z) = 0 and ¢;(z) € C§°(R™), for all larget > T > 0
and for any small € > 0, the following estimate is satisfied:

ro—n(t-1
luC )| zagny < Ce(L+ 1)1+ )57 o |l zny.

where 1 <p <2, 5+ ¢ =1, 79 = max{e; (n+1)(p7%) Ly mpl_dy 1
N < "TH(p - %) + % See also [11] , [6] for decay estimates with some loss of
regularity.

For the Klein-Gordon equation in the Minkowski spacetime the following
LP — L9 estimate is well-known. Let A denote —A+m?2, m # 0. Then according
to Theorem 2.2 [8] for any ¢ € CP(R™), 1 < p < 2 < g < 00, the following
estimate holds:

Ao (43) e
At sin (ade) | oy SEOI g gse

where

In [2] a family of Strichartz estimates is demonstrated for a particular Klein-
Gordon equation on a class of asymptotically de Sitter spaces with C? metrics.

We use representations of the solutions obtained in [14] to derive L? — L-
decay estimates for the Klein-Gordon equation in anti-de Sitter space-time. In
particular, we obtain in Sections 4-5 for n > 2 and for the curved mass M > 0,
the following estimate:

[(=2)"u(- 1) || pa(rn) (6)

t
< Cet(sni-1) / 17 b) | oy (1 + £ — )= M g
0

1

—n(i-1 - —sgn
+Carle’ = 1= G0 ooy + (1= (14D o1 Loy}
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provided that 1 <p <2, 241 =1, %(nJrl)(%—%) §25§n<%f%) <
2s + 1. Moreover, according to Theorem 2.2 the estimate (6) with 9 = 0 and
w1 = 0is valid for n = 1 and s = 0 as well. The case of n =1, f(x,t) =0, and
non-vanishing ¢ and ¢; is discussed in Section 3. It is essentially different
from the decay estimate obtained in [12] for the wave equation in the de Sitter
spacetime. This difference is caused by the striking difference between the
global geometries of the forward and backward light cones of the equation (3).

The paper is organized as follows. In Section 2 we obtain LP — L% and
L% — L9 estimates for the solutions of the one-dimensional equation. In Sec-
tion 3 we derive LP — L9 estimates for the solutions of the one-dimensional
equation without source term and we prove some estimates for the kernels Ky
and K;. In Section 4 we establish the LP — L7 decay estimates for the equation
with source in higher dimensional space n > 2. Using the estimates for the
kernels Ky and K; obtained in Section 3 we derive LP — LY decay estimates
for the equation without source, n > 2. Applications of all these results to the
nonlinear equations will be done in a forthcoming paper.

2. [P - [7and L? — L9 estimates in 1D

We define the “forward light cone” Dy (xq,t), zo € R™, to € R, and the
“backward light cone” D_(zo,to), zo € R", tp € R, as follows:

Dai(xo,to) = {(x,t)ER”“;|xfx0\§:|:(etfet0)}. (7)

For ¢y € R in the domain D (zg,t0) U D_(xo,to) let the function

1.
—5—iM

E(z,t;z0,t0) = (4et°+t)iM<(et +el)? — (- xo)Q) (8)

(eto —e!)? — (z — xo)z),

1 1
F(5 +iM, 5 +iM; 1
+1 2 +1 (eto + et)2 — (z — )2

2
where F(a, b; c; Q) is the hypergeometric function. Note that E(z,t;zg,t0) =

E(x — x0,t;0,t9). Here and in what follows we use the notation 22 = |z|? for
x € R™. Let E(x,t;0,t) be the function (8), and set

E(z,1:0,t0) in D4 (0,%),
8i(x,t;0,t0) = (:E 0) o i( O)

0 elsewhere .
Since the function E = E(x,t;0,t0) is smooth in D1 (0,%y) and is locally inte-
grable, it follows that &, (z,t;0, tg) and E_(x,t;0, tg) are distributions whose
supports are in D, (0,t9) and D_(0,ty), respectively.
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THEOREM 2.1. [13] Suppose that M € C. The distributions E4(x,;0,t0) and
E_(x,t;0,t0) are the fundamental solutions for the operator S = 07 —e?* 9%+ M?>
relative to the point (0,tg), that is SE4 (x,;0,t0) = 6(x,t — to).

Assume that f € C* and that for every fixed ¢ it has compact support,
suppf(-,t) C R, 0,91 € C§°(R) . Then, according to Theorems 3, 4 [14], the
solution u = u(x,t) of the Cauchy problem

U — gy + M2u= f, u(z,0) = po(z), ue(z,0) = 1(x), (9)

is given by
b

et) = [ [ e (1 - =)

—i-iM

1 ' 1 ) (eb—et)2—($—y)2
F{=-+iM,-+1iM;1;
X <2+Z R 7(eb—i-et)Q—(a:—y)?)

+%e*§ [900(55 +et — 1)+ po(x — e + 1)}
1 ef—1
+Z/O [goi(x—z)+cpi(:c+z)]Ki(z7t)dz, (10)
i=0

where the kernels Ky(z,t) and Ki(z,t) are defined by (See [14, Proposition 1,
(26)] for details.)

0
K Z,0) = — | ar &5, 0 7b
oz, 1) {abE( £0 )} - (11)
—  _(4et)iM o2 _ ,2) M 1

=~ 4 ) [(1—et)? —22]\/(1+et)? — 22

, 1,1 (L—eh)? =22
: 2t 2 .-
xl(e —1—iM(e* —1—z ))F(§+1M’5+1M717m)

1. 11 (1—eh)?—22
1— e 2(7—M>F(—f M, - M‘1'7>
+(1—e* +2%) 51 5 HiM, 5+ ez 2|

with 0 < z < e — 1 and

Ki(z,t) = B(z,£0,0) = (4e")™M (et +1)2 — 22) 72~ (12)
1 (el —1)% — 22 .
XF(2+ZM72+ZM’17(67§—|—1)2—22 70§Z§6_1

The kernels Ky(z,t) and K(z,t) play leading roles in the derivation of L? — L¢
estimates.
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From now we restrict ourselves to nonnegative curved mass M > 0. First
we consider the Cauchy problem (9) with the source term and with vanishing
initial data.

THEOREM 2.2. For every function f € C%*(R x [0,00)) such that f(-,t) €
C§°(R), the solution v = u(xz,t) of the Cauchy problem (9) with ¢y = 0,
w1 = 0, satisfies the inequality

t
- _l — Sgn
lu(-,t)||Lary < Ce t f’)/ (L4t —0)" % M| £ (-, 0)|| Lo (r) db
0

for all t > 0, wherel<p<p’,%:%—%,p<2,%—F%:l.

Proof. Using the fundamental solution from Theorem 2.1 one can write the
convolution

t [e'e]
uet)= [ [ e —uts0n) b dy.

Due to Young’s inequality, we have

¢ $(t)—6(b) e
()l oy < ¢ / db / B, 1:0,6)Pdz | (178l oieys
0 —(p(t)—(b))

1_

where 1 < p < p/, 1 = pi ;Jr =1, ¢(t) = e* — 1. The integral in
parentheses can be transformed as follows

#(t)—o(b) emr-1 -4
/ B0, ar =2 [0 (@17 )
—(o(t)—(b)) 0

1 1 (et—b _ 1)2 _ y2 14
F<f M, = +iM;1; —) dy.
X 2—|—z 2+z CEFS Y
Denote z := €'~ where t > b and z € [1,0), and consider the integral
z—1 _p 2 2 14
D" -y
s+ 1)? - 2) ZF( M, > +ZM,1,(7) dy.
/0 (( -y 2 2 (z+1)2 Y

First, we consider the case of M > 0. There is a formula (See formula 15.3.6
of Ch.15[1] and [3].) that ties together points z =0 and z = 1:

T(c)T(c—a—10)
T(c—a)l'(c—0b)
c—a—p LT (a+b—¢)
[(a)I'(b)

F(a,b;c;z) = F(a,b;a+b—c+1;1—2) (13)

+(1-2) F(c—a,c—bjc—a—-b+1;1-2),
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where |arg(l — z)| < w. Each term of the last formula has a pole when ¢ =
a+btm, (m=0,1,2,...); this case is covered by formula 15.3.10 of Ch.15 [1]:

F(a,bja+bz) = W;(l_z)nw (14)

X [20(n+ 1) — (0 +n) — (b +n) —In(1 — )],
where |arg(l —z)| <7, |1 —2] <1. If R(c—a—>) >0, then F(a,b;c;1) =
()T (c—a—10)
T(c—a)l'(c—0b)
‘F(% + M, % +iM;1; z) ’ < Cpu,e for all z € [g,1) and, consequently, together

. For every given € € (0, 1) the right hand side of (13) implies

with the formula (14 ), means

‘F(l—kiMé—H'M;l;z)

5 <Oy (1—In(1—2)'7 %M for all z € [0,1).

(15)

Thus,

o(0)-6(t) oy By
/ Bl 0.0 de < Cue ¥ [ (@04 12 =) Fay.
—(6(H)—(5) 0

For all z > 1 the following equality holds:

p. 3 (z-1)
22 ) o)

z—1 ) 2_5 - Y 1
|G =y tar = -G )R (355

— L 14 L — 1 In particular, if p < 2, then

provided that 1 < p < p/, % = % AR

/Oz_l((z—&—l)Q—rQ)_gdr < Colz—1)(24+1)7".

The last estimate completes the proof of the theorem in the case of M > 0.
Next we consider the case of M = 0. Thus,

(t)—¢(b)
/ |E(x,t;0,b)| dx
—(o(t)— (b))

t—b_q B
e — 11 (et - 1)2 — 92

_ 9 bfbp/ b 4 )2 _ o2 F<f 2.9, )
e o ((6 + ) Yy ) 2a 27 ’ (et_b + 1)2 — yz

LEMMA 2.3. [12] For all z > 1 the following estimate is fulfilled:

= o (11 (z—1)2 =72\’
12 =) 8F (2, s 2 T
/() ((Z+ ) 7‘) <2727 ’(Z—’—]_)Q_r?) dr

P
dy.

[Shs

<O +In2)P(z—1)(z+ 1)pr<%7g; %; (z—1) )
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provided that 1 <p < p/, % =

2-1 2 _,2\P
_e 11 (2=1)*—r
D2 —r?)5F (2,551 d
/0 (FHD7=r)72F 550 ’(z+1)2—r2>
<CA+lnz)(z—1)(z+1)""
Thus for p < 2 and z = e/ ~? we have

IN

t
Ju( D)l o 0/6%_”(1 +t=0)(e ™" =17 (" + )T FCB) oy db
0

t
b t_b
< C/ep P14t —b)er e e TP (- 0) | Loy db-
0

The last inequality implies the estimate of the statement of the theorem if
M = 0. This concludes the proof of Theorem 2.2. O

PROPOSITION 2.4. The solution u = u(z,t) of the Cauchy problem

gy — € ugy + M2u =0, u(z,0) = po(z), ut(x,0) = p1(x),
with o, ©1 € C§°(R) satisfies the following estimate:

)y < © (ool oy + L+ 00 = i law)  (17)

for all t € (0, 00).

Proof. First we consider the problem with the second datum, that is, the case
of vg = 0. We apply the representation (10) for the solution u = u(x,t) of the
problem, and we obtain

e’ —1
u(z,t) = / {wl(x—z) +o1(z+2)|Ki(z,t)dz,
0
where the kernel K;(z,t) is defined by (12). Hence, we arrive at the inequality
e’ —1
[u(, )l Law) < 2H<P1||L<1(R)/ (K (r, 8)]dr = 2[| @1 ]| o)
0

o1 t 2 _ .2
1 1 —1)2-
F<2+iM,+iM;1;(e ) y)’dy.

* 2 (el + 1) — 2

o (el + 1)2 — 2
To estimate the last integral we introduce z = ¢! > 1 and denote the integral

by Ila

r 1 (2 —1)2 —y?
Fl-+iM,—-+iM;1;, ————— | |dy.
<2—|—z ,2—|—z LT Y

z—1 1
R e
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First we consider the case of M > 0. Then, according to (16) (with p = 1) we
have for that integral the following estimate:

Ii(e") < Op(ef —1)(ef +1)7 1.

The last inequality implies the L? — L? estimate (17) for the case of M > 0.
Then we consider the case of M = 0. According to Lemma 2.3 (with p = 1)
we have for I;(z) the following estimate:

Li(e") <CA+t)(ef —1)(e" +1)71. (18)

Finally, (18) implies the L? — L? estimate (17) for the case of M = 0 and
Yo = 0.

Next we consider the equation without source but with the first datum.

We apply the representation (10) for the solution u = u(x,t) of the Cauchy
problem with ¢; = 0, and we obtain

1
u(z,t) = 56’5 [<p0(x +et — 1)+ po(x — e + 1)}

+/e : [900@ —z) +<po(w+z)]K0(z,t) dz,
0

where the kernel Ky (r,t) is defined by (11). Then we easily obtain the following
two estimates:

e —1
[|u(z, 1) —/ [eo(z — 1) + po(x 4+ 1) Ko(r,t) dr| La) < € 2[l¢oll Lar)
0
and
. et—1
[u( ) lLawy < 675||900HL«(R)+2||800\|LQ(R)/0 |Ko(2,t)|dz.

Finally, the following lemma completes the proof of the proposition.

LEMMA 2.5. The kernel Ko(r,t) has an integrable singularity at r = e* — 1,
more precisely, one has

ef—1
/ |Ko(r,t)|dr < Cpr(1—e™")  forall te[0,00).
0

Proof. For the integral we obtain

ef—1 z—1 1
A |K0(7", t)| dr S _/0 [(1 o 2)2 _ 7,2} (1 + 2)2 —r2

. 1 .1 . (1—2)%—r?
2 2 ..
(s—1—iM(z2—1—r ))F<§+ZM,§+ZMJ’W)

X

1 . r 1 (1-2)
1—2%+7? (—— M)F(—f M, = M~1'7)
+(1 =22 +7?%) 5 i 5 TiM, 5 i L e
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for all z := e’ > 1. We fix € € (0,1) and we divide the domain of integration
into two zones,

(z—1)2 —r?
(z+1)2 —r2
(2 —1)%2 —r?
(z+1)2—r%’

a@azz{@n gaogmg—%, (19)

Zy(e,z) = {(z,r) ‘E <

and we split the integral into two parts:

e"—1
/ |mmmwzzf |mmmw+/ Ko(r, )] dr .
0 (z,7)EZ1(g,2) (z,r)EZ2(g,2)

In the first zone we have

1 (z—1)? -

"(z+1
H(;HM) qo((g;)) o

+
(z—-1)%—r?
F(—f M, = M,1,7>
2+l +Z (z+1)2—1r2

We use the last formulas to estimate the terms containing the hypergeometric
functions:

(z—l—iM(zQ—l—rz))F(1

1 1-—
2+Z'M,§+iM;1;<

1 1.1 (1—2)%—r?
1= 22492 (5 =M ) F (= 5 +iM, 5 + M1y o)
+( z +r) 5 ¢ 2+z 72+z e

(=12 —r?] + é(z2 +22—3—7r?) — zM%((z —1)2 —7?)

N |

(z —1)%2 —r?

—|—(|z— 1—iM((2*> = 1—7r?)|+ 127 —|—7‘2|)O<((2+32_:2>2> .(23)

1
+§M2(322 —3r?—22-1)

—



LP — L4 ESTIMATES FOR KLEIN-GORDON EQUATION 37

Hence, we have to consider the following three integrals, which can be easily
evaluated and estimated,

1 . (z—1 mz—1
————————dr < Arcsin < = )
(zr)eZi(ez) /(2 +1)2 — 12 z+1 2z+1

A / (z2+2z—3—r2)+M((z—1)2—7°2)
LT Jemenen (G+12 =) /17—

M2(32% — 3% — 2z — 1) }
G+ =T

Ay

3 o 2—1
< 2= i
< 2(1+M+M)z+1 for all z € [1,00),
and
(4+z—2-r)+M?*(22—1-1%) (2—1)%—1?
As = 533"
Zi(e:2) (z41)% —r? ((z+1)2 =72

z—1

14 M?
< / ——i———w<fa+M% for all 2z € [1,00).
Z1(g,z) ( 2

z+1)2—r2 z+
Finally, for the integral over the first zone we have obtained

z—1
Ko(r,t)| dr < Cuy for all z € [1,00).
/ZW)| (1) — 1,0)

In the second zone we have

(z—1)% —r? 1 < 1
(z4+1)2—r2 =7’ (z—=1)2—7r2 ~ gl(z+1)2—-7r2]°

e < (24)

First consider the case of M > 0. According to (13) the hypergeometric func-
tions obey the estimates

1 1
F(7+JNL§+%AﬁLx)

<
<C, 5

<Cwm (25)

T .1
’F(—2+2M,2+2M,1,x)

for all « € [e,1). This allows us to estimate the integral over the second zone:

— 1+ A +M)z2-1—-72
/ ‘Ko(?“,t”d?“ S C]V[/ ‘Z |+( + )‘Z 4 ‘ dr
Za(e,2) Zo(e) [(1 = 2)2 = 2]/ (1 + 2)2 — 12

z—1
1 z—1
OM,E 5 dr < CM,E
0 z

IN
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for all z € [1,00). In the case of M = 0 we apply formula 15.3.10 of [3, Ch.15].
According to that formula the hypergeometric functions obey the estimates

11
F(_,’,;l;)
’ 279"

for all x € [¢,1). This allows to prove the estimate for the integral over the
second zone

<C(1—1In(1-=z)) (26)

11
< F(35:19)
< C and ‘ ) T

-1
/ |Ko(r,t)|dr < CL for all z € [1,00). (27)
Za(e,2) z+1

Indeed, for the argument of the hypergeometric functions we have

(z —1)%2 — 2 4z 4z
< =1 - _
6_(z+1)2—r2 1 (z—|—1)2—r2<1’ (z—|—1)2—r2<1 e (28)

for all (z,7) € Z3(e, z). Hence,

‘F(l 1y (z—1)2—r2)

22 G- = Clrins (29)

4z
< 1-n—m———
—C< “<z+1>2r2)

for all (z,7) € Za(e,z). To prove (27) we have to estimate the following two
integrals:

1 ) ,
e /zm) RSN e A
1
Ao = z—1) (1 +1nz)|dr.
/Zg(s,z) (z—1)2—12)\/(z+ 1)2 —12 I( )(1+ )|

We apply (24) to A4 and obtain

z—1

z—1 1
A4§Ca/ ———dr<C.——,
0 Vi(z+1)2 =72 z+1

while
z—1 1
As < Colz—1)(1+1 d
5 S (2 ) (1+ DZ)/O ((z+1)2—7“2)3/2 r
) 1 1 z—1
< C(z—-1) (1+1HZ)WSCE(1+1HZ)\/EZ+1'

Thus, (27) is proven. This concludes the proof of lemma.
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3. [P — L7 estimates in 1D without source term. Some
estimates of the kernels K; and K;

THEOREM 3.1. Let u = u(x,t) be a solution of the Cauchy problem
gy — € gy + M2u =0, u(z,0) = po(x), ue(z,0) = p1(x),
with o, w1 € C§(R). If p € (1,2), then

_t E
Ju(, )@ < e 2[ollLam) + Carple’ — 1)7e™ @0l Lr®)
(e —1

i _
+ (14878 M (e — 17 e™ o]l Lo r)

for allt € (0,00). Here 1 <p < p, %z

101 1,1 _ _
» ;,;—!—;—1. If p=1, then

lu(- )| L) < C(HSOOHL‘Z(R) + (14 t)t e Mt — 1)€_tH<pl||Lq(R))

for all t € (0,00).

Proof. For p = 1 we just apply Proposition 2.4. To prove this theorem for
p > 1 we need some auxiliary estimates for the kernels Ky and K;. We start
with the case of g = 0, where the kernel Ky appears. The representation (10)
and Young’s inequality lead to

et—1 l/p
luC llaw < 2(/0 |K1(T,t)pd7”> o1l w),

11 L — 1. Now we have to estimate the last

where 1 < p < p/, %7;) ;

integral.

1_1
qg p

PRrROPOSITION 3.2. We have

et—1 »
</ | K4 (7, t)|pd7“> < C’(1—|—t)175g“]\/[(et—1)%(et—i-1)71 for all t € (0,00).
0

Proof. For M = 0 one can write

1
1

1 et _1)2_p2 P
/ K1 (r, )| dr g/ dr ] .
0

0 (1+et)2 —r2

Denote z := e’ > 1 and consider the integral

z—1
/0

p

! F(111M) dr

Trap-—r \22  Gr1p—r
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on the right hand side. According to Lemma 2.3 we obtain that for all z > 1
the following estimate is fulfilled:

2—1 2.2 ?
/ 1 (171;1; (z—1) r) dr
0 I+2)2—7r2 \2°2" " (2412 —r?

_ 1 p3 (z—1)72
< Py — 4 i
<C+2)(z—1)(z+1) F(2,2,2,(z+1)2)

provided that 1 < p < p/, % =

z—1 5 —1)2 — 2\ p 1/p
R = =
<C(l+2)(z—D)YP(z+1)7L.

=
b\
s
b\

This concludes the proof of the proposition in the case of M = 0. For M > 0
we apply (15):
1 AV
dr)

ef—1 ] ef—1
Ky(r,t)|dr < C / - -
(/ K (r,) ) M<0 (R i
This completes the proof of proposition. O

< Oplet —1)YP(et + 1)L
Thus, the theorem in the case of ¢y = 0 is proven.
Now we turn to the case of ; = 0, where the kernel K, appears. From the
representation (10) of the solution we have

A

[w(z, t)[| La(r)

et—1
< e ol o) + / o — 1) + gol@ + )] Ko(r,t) dr
0

La(R)
Similarly to the case of the second datum we apply the Young’s inequality and
arrive at
ef—1 /e
lu(t)lLa) < e 2l@ollLam) + 2[wollLr(r) </ | Ko (r, t)pdT>
0

The next proposition gives an estimate for the integral in the last inequality.

1 l+i—]_} andpE[]_,Q), We

/1
PROPOSITION 3.3. Let 1 < p < p/, i o=

have
1/p

et—1
(/0 | Ko(r, t)|pdr> < Cy(er - 1)%(et +1)7Y forall te(0,00).
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Proof. The case of p = 1 is just Lemma 2.5 therefore we bring up details,
which in the case of p > 1 are different from those ones used in the proof of
that lemma. We turn to the integral (z := e’ > 1)

et 1 , % z—1 1
(/0 |Ko(r,t)| dT) < </0 [(1_2)2 _Tg]p( (1+z)2—T2)p

1 1 1—2)2—1r2
(z—l—z’M(z2—l—rz))F<§+iM,f+iM;l;u>
b\
dr) .

2 (14 2)%2 —r2
The formulas (21) and (22) describe the behavior of the hypergeometric func-
tions in the neighbourhood of zero. Consider therefore two zones, Zi(¢, z) and
Zs(g,z), defined in (19) and (20), respectively. We split the integral into two
parts:

X

2, on(1l . P Tl € k) Mt
+1—2 4 )(ﬁ—zM)F(—gﬂM,g“M’l’m)

t

e'—1
/ Ko(r £)]° dr :/ Ko (r, )7 dr—i—/ Ko (r, 8)[° dr.
0 (z,m)EZ1(,2)

(z:1)€22(¢,2)

In the proof of Lemma 2.5 the relation (23) was checked in the first zone.
If 1 <z < N with some constant IV, then the argument of the hypergeometric
functions is bounded,

(z—1)2 —r? < (z—1)2 < (N —1)2

(z+1)2—72 7 (2412~ (N+1)

<1 forall re(0,z2—1), (30)

and we obtain with z = e,

et—1 z—1 1 1 ) )
Ko(r,t pdrﬁC’/ 14+ |2(z2+22—-3—7r
| i) RN e IR )
—iMl((z —1)2—r?) + 1M2(3z2 —3r? -2z 1) _
2 2 (z+1)2 — 12

2 2 2, .2 z—1)? - ’
—|—<|z—1—iM(z —1-r )|—|—|1—z +r ’)M]} dr,
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then

(/()Z1|Ko(r,t)|pdr>i < Cun (/01

< Cunw ((Z -1z + 1)_pF(

< Oun(z=DYP(z+1)71,

o=

S
(z+1)2 — 12

A

p
dr)

z—1)
z+1)2

—~

i

) )

[N

[N
~—
N———
D=

3 .
2

DN | =
—

Thus, we can restrict ourselves to the case of large z > N in both zones.
Consider therefore for p € (1,2) the following integrals over the first zone:

w- |

Z1(g,2)

p

1
dr < C’M,Nys(z — 1)(2 + 1)—p7

(z+1)2—1r2

A 22422 -3 —-r2+M((z—1)2 —r?)+ M?(32% — 3r? — 22 — 1) 2
= r
"Ll (s + 12 =12/ + 12— 17
1 42
< Cune(z—1)(z+1)"" for all z € [1,00),
and
Ao (24+2-2—-1)+M2(22-1-12) (z2—1)2—1? dr
8 - i (Z+1)2 —r2 ((Z+1)277‘2)2
1(&,%
1+ M? z—1
< —| dr <C ——— forall z €[1,00).
_Z(/) (z4+1)?=r? =G e [1;00)
1(&,2

In the second zone for the argument of the hypergeometric functions we have the

, 0<r<z-—1.Hence,

. - 1
inequalities (28) and GoiE—2 < 1= 7]

11 (2 —1)%2 —r2 4z 1o sen M
F<f M, ~ M;l;i) <cflt—m—>2
‘ p Py TR ¢ ECREEET

< C(l4nz)' =M

for all (z,7) € Zy(e, z). First consider the case of M = 0. We have to estimate
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the following two integrals:

1 . o r
v le) l((2_1)2—T2) e )] dr,
1 p
" z—1)(1+1Inz)| dr.
ZQ(ZZ) [((21)27&) (Z+1)2—r2( )(1+ )

We apply (24) and obtain

Ay < C/ NCESEETE —r2] dr
< Ce-G+ ) F(3 55 ETE) < OG- D6+
Ap < Cg(z—l)p(l—klnz)”/ ((z+1)% = r2) 73024y
Z3(g,z)
p o p(l 303 (z —1)2
< Colz—1)(1+2)’ (z=1)(z+1)" 3p(2 252 W)
< Clz—D(E+1)7"

This concludes the proof of the proposition in the case of M = 0. Now consider
the case of M > 0. Inequalities (25) allow us to estimate the integral over the

second zone:
(M2 =122\
/ |K0(7"7t)|p dT‘ CM / ‘Z |+( + )‘Z T ‘ dT
[(z—=1)2=r2]y/(z+1)2—1r2
Z2(57Z) (zvr)GZQ(Evz)

z—1
C’M,E/ (2 +1)% = r2)=*/2 dr

0
< Cue(z—1)(z+1)"" for all z € [1,00).

IN

IN

The proposition is proven. O
4. [P — L9 estimates in the higher-dimensional case with
source

According to Theorems 5, 6 [14] for higher-dimensional equation with n > 2
the solution u = u(z,t) to the Cauchy problem

g — X Au+ M*u=f, u(z,0) =y, uz,0) =1, (31)
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with f € C®(R"1), g, p1 € C5°(R™), n > 2, is given by

t et—eb ) 1
u(z,t) = 2/0 db/o drv(z,r;b)(4e"TH) ™M ((e + €%)? — %) 2 M

(eb t)2 _ T2

T 1 —c -4
xF <2+2M,2+1M;1;(€bt)2_7,2>+6 2y, (2, B(1))

+e
1 1
+ 22/0 g, (z, (1)) Ki(o(t)s, )p(t) ds, =€ R™, t>0, (32)
=0

where the function v(x,t;b) is a solution to the Cauchy problem for the wave
equation

v — ADv =0, v(z,0;0) = f(z,b), v(x,0;6)=0.
The function v,(z,t) is the solution of the Cauchy problem
vee — Av =0, v(z,0)=¢(x), v(z,0)=0.

For the wave equation, Duhamel’s principle allows us to reduce the case
with a source term to the case of the Cauchy problem without source term
and consequently to derive the LP — L-decay estimates for their solutions. For
(3) the Duhamel’s principle is not applicable straight-forwardly and we have
to appeal to the representation formula (32). In this section we consider the
Cauchy problem (31) for the equation with the source term and with zero initial
data.

THEOREM 4.1. Let u = u(x,t) be the solution of the Cauchy problem (31) with
o =¢1 =0. Then for n > 2 one has the following estimate:

1(=2) " ul, )l Lo

)22

t t_ b (F(l 1. ot ))1fsgnM
I o 32 i agenr—
SO/db||f('7b)HLP(]Rn)/ 255 =) 272777 (ef4eh) i
0 0 (et+€b)2—7“2

. 1,1 _q 1 11 11
promdedthat1<p§2,5+a—l,§(n+1)(5—5)§25§n(5—5)<25+1.

Proof. From the representation of the solution (32) and due to the results of
[4, 8] for the wave equation, we have

t b

1

t e
—S s—n l—
(=), 8)| gy < C / b |-+ B)]| o eny / p2smn(d—1

" 1 7 11 1 (et —eb)? — 12 1isgnMd
=l r.
AN VP CET e
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The theorem is proven. O

We are going to write the estimate of the last theorem in a more comfortable
form. To this aim we estimate the last integral of the right hand side. If we
replace e! /e’ > 1 with z > 1, then the integral will be simplified.

LEMMA 4.2. Assume that 0 > 2s — n(% - %) > —1. Then

2—1 2 2 1—sgn M
/ r2s_"(%_%)—1 (F <1’1;1;(z— 1)2 —7’2>) dr
0 (Z+1)277”’2 2°2 (Z+1) -r
<Cz Mz — 1)l+257”(%7% (1+Inz)t=2 M forall 2> 1.

Proof. If 1 < z < N with some constant N, then the argument of the hyper-

geometric functions is less than one, see (30), and the inequality above follows.
Hence, we can restrict ourselves to the case of large z, that is z > N. In

particular, we choose N > 6 and we split the integral into two parts:

2—1 2 2 1—sgn M
1 11 — 1) —
/ b L (p(L Lo o dr
0 (z+1)2 — 72 27277 (z4+1)2 =12

\/ (241)2—-8z z—1
/ * dr—i—/
0 \/(z+1)2-82

For the second part Jo(z) we have 7 > /(2 + 1)2 — 8z, then

* dr = Ji(2) + J2(2).

4z 1 4z 1
— 2> - —=0<1l - — 5 < = 33
(z+1)2—1r2 72 (z+1)2—7r2 — 2 (33)
for such r and z implies
11 4z
Fl=,o;L1—-——— )| <C. 34
P = o
Then (33) and (34) imply
1

z—1
Ja(z) < C'/ r25=n(5=5) dr < C(1+ z)%*”(%fé)
0 2 _ 2

Vi(z+1)

for all z > N > 6. For the first integral, r < /(2 +1)2 -8z and 2> N >6

imply 8z < (z+ 1) — r2. It follows
! 4z
af —=
(z41)2 —r2

11 4z
Flz=1-— 2 <o
(2’2” (z+1)2—r2>

<C(l+Inz).
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Then we obtain

z—1
1
J1(z S C 1—|—1nz 1—sgnM/ TZS_H(%_%)—dT
1( ) ( ) 0 (Z T 1)2 — T2
< C(l+41Inz)t—senMq 4 Z)QS—n(%_%) ’
Lemma is proven. -

COROLLARY 4.3. Let u = u(z,t) be the solution of the Cauchy problem (31).
Then, for n > 2, one has the following decay estimate:

1

27"t Ol < O C D) Ao (14 ¢ = 0=
0 (39

provided that s > 0,1 < p < 2, %+% =1, i(n+1) (% — %) <2s<n (% — 5)7

~14n(i-1)<2s

Proof. Indeed, from Theorem 4.1 we derive

‘ s—n(f-1 T
(=) u, Ollpa@ny < C / 1FC0) @G =0 / dl

le—n(%—% P 1 1 L (etfb _ 1)2 _2 1-sgn M
(et=0 4+ 1)2 — y2 27977 (et—b +1)2 -2 :

Next we apply Lemma 4.2 with z = et~

1(=2)"ul, )| Lo(rrn)

t
< Cet(2s—n<;—%>)/ 1F (- B) | oy (1 — €2 71) (1 4+ £ — b) =580 M gp,
0

and we arrive at (35). This completes the proof of the corollary. O

5. LP — L7 estimates in the higher-dimensional case
without source

The LP — Li-decay estimates for the energy of the solution of the Cauchy prob-
lem for the wave equation without source can be proved by the representation
formula, L' — L™ and L? — L? estimates, and interpolation argument. (See,
e.g., [9, Theorem 2.1].) One can prove L? — L9-decay estimates for the solutions
applying the method used in [4, 8]. This approach is based on the microlocal
consideration and dyadic decomposition of the phase space. As it was men-
tioned in the introduction the L? — L? estimate obtained using this approach
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in [5] contains the additional derivative loss 79 > 0. To avoid such additional
derivative loss and obtain more sharp estimates we appeal to the representation
formula (32) and then apply the results of [4, 8].

THEOREM 5.1. The solution u = u(z,t) of the Cauchy problem (31) with f =0
satisfies the following LP — LY estimate:

[(=2) " ul )| Lagn)
s—n(f—1 — — sgn
SCM(et—1)2 5 q){||<PO||Lp(]Rn)+(1—e B +t)tse MHQPIHLp(Rn)}

for all t € (0,00), provided that 1 < p < 2, = + % =1, +(n+1) (l — 1) <

1
p P q

11
25§n(5—5)<25+1.

Proof. We start with the case of ¢y = 0. Due to the representation (32) for
the solution u = u(x,t) of the Cauchy problem (31) with f =0, ¢o = 0 and to
the results of [4, 8] we have:

1

et—1
(=) u(@, )| Lagn) < CII%IIm(w;/ r# G K (1) dr
0

To continue we need the next lemma.

LEMMA 5.2. The following inequality holds:
z—1
/ 2y —g) |K1(r, )] dr < C(1+1Inz)tmsenM=1y 1)1+25_"(%_%)
0

for all z > 1.

Proof. In fact, we have to estimate the integral:

z—1 2 _ .2
1 1 1 —1)° -
/ 7‘257”(%7%)—F(7—|—iM,f—|—z'M;1;7(Z )2 T2>dr
0 (z+1)2—r2 2 2 (Z+1) -r
2—1 - - 2 .2 1—sgn M
< / p2s—nls—y) 1 (F(l7 1; 1; (-1 r )) dr,
0 (z+1)2—1r2 272777 (24 1)2 — 12
where z = e!. The estimate for that integral is given by Lemma 4.2. O

Thus, for the case of ¢y = 0 the theorem is proven. Next we turn to the
case of ¢1 = 0. From representation (32) with f = 0, 1 = 0, and the results
of [8] we have:

& sem(l_1
[(=2)*u(, )|l La@ny < Ce 2(e! —1)* "0 ")||<P0HLP(R")

etfl
4 Cligoll oz / P21 =) Ko (1, 1)) dr-
0
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The following proposition gives the estimate for the last integral and completes
the proof of the theorem.

PROPOSITION 5.3. If 25 —n(1 — &) > —1, then

z—1
/ 7a2s—n(5—§)|K0(7ﬂ, t)| dr < szl(z — 1)“‘23_"(%_%) forall z>1.
0

Proof. We follow the arguments used in the proof of Proposition 3.3. If
1 € z < N with some constant N, then due to (30) the argument of the
hypergeometric functions is less than one, and we have

2s—n(%—%)dr

z—1
/ PG | Ko(r )| dr - <
0

z—1 1
C/ ——
0o V(z+1)2—1r2
< Cn(z— 1)1+2S_"(%_%), 1<z<N.
Thus, we can restrict ourselves to the case of large z > N in both zones Z (¢, z)

and Zy(e,z). In the first zone we have (21) and (22). Consider therefore the
following inequalities:

A = / G ) N S < 02 G
Z1(g,2) (Z =+ ]_)2 — 7’2
s—m(l_1 1 3—22 22412
A12 = / T2 (p q) = = | : 5 5 |d7’
Z1(e,z) (z+1)2—r (Z+ ) -r
z—1
A S N
B 0 (z+1)2—-r2
s—m(i_1 1 322 —3r2 —22-1
A13 = / ’l“2 (IJ q) 5 5 | 1 5 5 dT
Z1(e,z) (Z+1) —-r (Z+ ) T
z—1
A S N
B 0 (z+1)2—-r2
Ay = / T I S
Z1(g,2) (z+1)2—1r2
2
(2+2z-2-r)+ M (2> —1—71?) (2 —1)2 =12
X dr
((z—1)2 —1r2) (z4+1)2 —r2
< [ G Lar < o
Z1(e,2) (z4+1)2—r24z

for all z € [1,00). Finally,

/ TZS_TL(%_%”KO(Ta t)|dr < Cr 2> =30 for all z € [1,00).
Zl(E,Z)
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In the second zone we use (24), (26), and (29). Thus, we have to estimate the
next two integrals:

1

S 1= 2% 42| dr,
Za(e,2) (z—=1)2—72)/(z+1)2 —r2
s—n(t-1 z—1 1+1HZ
PO IR e e (LS RLL
Za(e,2) (z=1)2=72)\/(z+1)2—r
We apply (24) to A14 and we obtain
2 2
A < C p2s—n(3-1) e Y
> Zs(g,z) ((Z + ]_)2 _ 7,.2) (Z i 1)2 — 2
z—1
<o [Tt oL < camiod
0 (z+1)2 =12
for all z € [1,00), while
A < C 1) (1+1 = 2s—n(L—1) 1 p
16 < Ce(z—1)(1+1nz) ; r » 4 (CESEEEE r.

For 0 > a > —1 and z > N, the following integral can be easily estimated:

z—1
a 1 —34a+1 a—3/2 a—3/2
/0 r ((z+1)2—r2)3/2dr < Cz + O3/ < Cz /2.

Then A5 < C.(2—1) (1 +1n2) 22732 < C.2% The proposition is proven. [
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