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ABSTRACT. In this paper we obtain an energy estimate for a complete
strictly hyperbolic operator with second order coefficients satisfying a
log-Zygmund-continuity condition with respect to t, uniformly with re-
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1. Introduction

Let us consider the second order operator

P =0; - i: 0z, (i (1)0s;) (1)

i,j=1

and suppose that P is strictly hyperbolic, i.e. there exist two positive constants
Ao < Ag such that

M€l < Y ai(t) &gy < Aolléf? (2)

1,j=1

for all t € R and all £ € R™.

It is well-known (see e.g. [5] and [8]) that, if the coefficients a;; are Lipschitz-
continuous, then the following energy estimate holds for the operator P: for
all s € R, there exists C's > 0 such that

sup ([[u(t, )| zs+1 + [[Opult, )||m:) < (3)
te[0,T)

T
< Cs <||u(07')|HS+1 + 110w (0, )+ + / [Put, )| ae dt)
0
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for every function u € C2([0, T]; H>*(R")).
In particular, the previous energy estimate implies that the Cauchy problem
for (1) is well-posed in the space H>, with no loss of derivatives.

On the contrary, if the coefficients a,; are not Lipschitz-continuous, then (3)
is no more true in general, as it is shown by an example given by Colombini, De
Giorgi and Spagnolo in the paper [2]. Nevertheless, under suitable weaker reg-
ularity assumptions on the coefficients, one can recover the H*°-well-posedness
again, but this time from an energy estimate with loss of derivatives.

A first result of this type was obtained in the quoted paper [2]. The authors
supposed that there was a constant C' > 0 such that, for all £ €]0, T7,

/OT_E gy ( + ) — ag; ()] dt < Ce log (1 + i) . (@)

The Fourier trasform with respect to x of the equation, togheter with the new
“approximate energy technique” (i.e. the approximation of the coefficients is
different in different zones of the phase space), enabled them to obtain the fol-
lowing energy estimate: there exist strictly positive constants K (indipendent
of s) and Cy such that

sup ([lu(t, )| men1-x + [[Opult, )| ge-x) < (5)
t€[0,T)

T
< Cs <||u(0,-)|H5+1 + 190w (0, )l + / [ Put, )| e dt)
0

for all u € C2([0,T]; H>(R™)).

Considering again the case that the coefficients of P depend only on the
time variable, in the recent paper [7] (see also [9]) Tarama has weakened the
regularity hypotesis further, supposing a log-Zygmund type integral condition,
i.e. that there exists a constant C' > 0 such that, for all € €]0,7/2],

T—e
/ lai;(t+¢€) + a;j(t —e) — 2a,;(¢)|dt < Ce log (1+ i) . (6)

Nevertheless, he has been able to prove the well-posedness to the Cauchy prob-
lem for (1) in the space H*°: the improvement with respect to [2] was obtained
introducing a new type of approximate energy, which involves the second deriva-
tives of the approximating coefficients.

Much more difficulties arise if the operator P has coefficients depending both
on the time variable ¢ and on the space variables z. This case was considered
by Colombini and Lerner in the paper [4]. They supposed a pointwise log-
Lipschitz regularity condition, i.e. that there exists C' > 0 such that, for all
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€ €]0,T7,

1
sup lai;(y + 2) —a;j(y)| < Celog (1 + ) . (7)
y,2€[0,T]xR™ <

|z|=¢

Because the coefficients of the operator P depend also on the space variables,
here the Littlewood-Paley dyadic decomposition with respect to = takes the
place of the Fourier trasform, and it is, togheter with the approximate energy
technique, the key tool to obtain the energy estimate: for all fixed 6 €]0,1/4],
there exist 8, C' > 0 and T* €]0,T] such that

sup  ([Ju(t, )| g-o+1-s¢ + [10u(t, )| g-o-5:) < (8)
t€[0,T%]

T
<C <||U(O")||H9+1 + 1105u(0, ) -0 +/ [Pt )| oo dt)
0

for all u € C2([0,T*]; H>®(R™)).
In this case, the loss of derivatives gets worse with the increasing of time.

In a recent paper ([3]), Colombini and Del Santo considered the case of
one space variable (i.e. n = 1) and studied again the case of the coefficient
a depending both on ¢ and z, but under a special regularity condition: they
mixed condition (6) togheter with (7). In particular, they supposed a to be
log-Zygmund-continuous with respect to ¢, uniformly with respect to z, and
log-Lipschitz-continuous with respect to x, uniformly with respect to ¢t. The
dyadic decomposition technique and the Tarama’s approximate energy enabled
them to obtain an estimate similar to (8).

The reason why they focused on the case n = 1 is that the case of several
space variables needs some different and new ideas in the definition of the
microlocal energy: this point still remains as an open problem.

In the present note, we will consider the case of the non-homogeneous op-
erator

Lu = 9*u — Oy(a(t,x)0,u) + bo(t,2)0pu + by(t,x)0pu + c(t,x)u,  (9)

where the coefficient o satisfy the same regularity assumptions as in [3]. We
will also suppose that by, by € L®(Ry;C¥(R;)), w > 0, and ¢ bounded on
R; x R,. We will apply the Littlewood-Paley decomposition and the Tarama’s
approximate energy again to obtain an energy estimate with a loss of derivatives
that depends on ¢, as in (8).

One can find the estimate of the second order coefficient a in the paper [3],
however, for reader’s convenience, we will give here all the details.
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2. Main result

Let a : R2 = R be a function such that, for positive constants A\g < Ay and Cy,
one has, for all (t,2) € R? and all 7 > 0, y > 0,

Ao < alt,x) < Ag (10)
SUp(y 4 la(t + 7,2) +a(t — 7,2) — 2a(t,z)| < Co7log (+1) (11)
Sup ) la(t, @ + y) = a(t,z)] < Coylog (4 +1) (12)
Moreover, let
by, b1 € L™ (Ry;C¥(Ry)), (13)
where w > 0, and
c € LRy xR,) . (14)

THEOREM 2.1. Let us consider, on the whole space R2, the operator
Lu = 0%u — Oy(a(t,z)0,u) + bo(t,x)0u + bi(t,z)dpu + c(t,x)u, (15)

where the coefficients a, by, by and ¢ satisfy the hypothesis (10)-(14).

Then, for all fixed
. 1 w
v Jomn {3 i)

there exist B* > 0, a time T € R and a constant C > 0 such that

sup (Nt ) gr-o-s=e + [Ocult, )| g-o-s+t) < (16)

T
sc<wmwm4+mwmmw+/|MWAMW6WQ
0
for all uw € C2([0,T); H*(R,)).

3. Proof of Theorem 2.1

3.1. Approximation of the coefficient a(t, )
Let p € C§°(R) be an even function such that:
L0<p<1
2. suppp C [-1,1]
. [ p(s)ds =1
P (8] <2

-~ W
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for all 0 < e <1, we set p(s) = L p (£).
Then, for all 0 < € < 1, we define

ac(t,z) == / et =) pele — ) alsvy) dsdy (17)

LEMMA 3.1. The following inequalities hold true:

1. for all € €]0,1], for all (t,z) € R?, one has

Ao < ac(t,z) < Ag; (18)

2. for all € €]0,1], one has

3 1
sup |a(t,7) — a(t,2)| < 2Cpe log (+1) ; (19)
(t,2) 2 €

3. for all o €]0,1], a constant ¢, > 0 exists such that, for all € €]0,1],

sup |0ras(t, )| < ¢p (Ao + Co) gL (20)
(t,x)

4. for all € €]0,1], one has

1
(sup)|8ma€(t,x)\ < Co||p’||L110g<€+l> (21)
t,x
C 1 1
s (o) < Lot (241) @)
(t.z) € €
" 1
wp 0.0t < Gl tos (1 1) (2
t,x

Proof. Inequalities in (18) immediately follow from the fact that |p| < 1.
Relation (19), instead, follows from (11), after one has observed that

ocltr)=attr) = 5 [ pu(s) [ pula—u)(altrs,)ralt—s.)=2at.5))duds.

Yy

where we have used the fact that p is an even function.
Moreover, one has

Oactt,) = 5 [ 5(5) [ pela = w)alt + 5.9) + alt — s.3) ~ 2a(t.)dyds

from which one can deduce (22).
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Inequalities (21) and (23) derive from (12) in a very similar way.
Finally, relation (20) is a consequence of the fact that (10) and (11) imply
that for all o €]0, 1], a constant ¢/, > 0 exists such that, for all 7 > 0, one has

sup |a(t + 7,z) —a(t,z)] < c (Ao + Co) 77 . (24)

(t,x)

O

3.2. Littlewood-Paley decomposition

We collect here some well-known facts about dyadic decomposition, referring
to [1], [4] and [6] for the details.

Let @0 € C3°(Re) be an even function, decreasing on [0, +oo[, such that
0<yg<1and

@o(§) =1if [(] <1 , (&) =0 if [¢]>2.

We set (&) = ¢o(£) — ¢o(2€) and, for v € N\{0}, ¢, (£) := ¢ (277¢).
For a tempered distribution v € H~*°(R), we define
1

T or

wla) = e Daule) = 5= [ (O = 5 [ Elwute - y)dys

for all v, u, is an entire analytic function belonging to L2.
Moreover, for all s € R there exists a constant C's > 0 such that

1 X «—
roh 2w llfe < Jullfe < Co )27 fuy e (25)
S v=0 v=0
and the following inequalities (called “Bernstein’s inequalities”) hold:
10puy ||z < 2" |Juy| 22 for all v > 0 (26)
lupllzz: < 2707V 0w, L2 forall v >1. (27)

We end this subsection quoting a result which will be useful in the following;
for its proof, see [4].
We denote with [A4, B] the commutator between two linear operators A and B
and with £(L?) the space of bounded linear operators from L? to L2.

LEMMA 3.2. 1. There exist C > 0, vg € N such that, for all a € L*®(R)
satisfying

1
sup |a(z +y) — a(x)] < Coy log (1 + )
z€R Yy

for all y > 0, one has, for all v > vy,

v (D), al)] [ 22y < C([lallze + Co) 27 v (28)
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2. There exist C > 0, vy € N such that, for all b € C*(R) and all v > vy,
one has

[ 1w (D2), b(@)] [l £(22) < Clbllew 27" (29)

3.3. Approximate and total energy

Let Tp > 0 and u € C2([0, Tp]; H*®(Ry,)). If we set u, (t, ) = ¢, (Dy)u(t, ), we
obtain

(Lu), = 0%u, — 0.(a(t,x)0pu,) — 0x([¢n(Dy), alOyu) (30)
+ bo(t, x)0suy + [0, (Dz), bo]Osu + b1(t, 2)0zuy + [¢u(Ds), b1]0zu
+ c(t,x)u,, + [‘F’V(Dx)v C]U .

Now, we introduce the approximate energy of u, (see [3] and [7]), setting

1 ova: |2
e (t) ::/R<ﬁ By, + Qt\\/ﬁju,j +\/a|awuy|2+|uy|2> de.  (31)

and, taken 6 as in the hypothesis of Theorem 2.1, we define the total energy of
u:

“+o0
E(t) =Y e 2Pillig=2le , (1), (32)
v=0

where 8 > 0 will be fixed later on.

REMARK 3.3. From (25) and Bernstein’s inequalities (26)-(27), it’s easy to see
that there exist two positive constants Cy and Cj such that

E(0)
E(t)

CG(Hatu(Oa‘)”H*(? + ||U(O,')HH179)
Ch (110vult, Y gr—o-s+ + lJult, )] gr-o—s=r)

AVARVAN

where we have set f* = B(log2)~1.

First, we derive e, ., defined by (31), with respect to the time variable, and
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we obtain

d 2 5 Oi\/az
dtey’E(t) = /\/@ R <8t Uy - (atul,Jr N u,,)) dz

2 Ov/az
/\/@ R (Rgul, . <6tu,,—|— NS uy>> dx
+ /8“/@ |0, u, |* da
/2\/@ R(Ozuy - 0x0pu,) dx

+ /2 R(uy - Oy, ) dx |

_|_

+

2
where R.v = 0 (%f?f) v — (%\‘/;E) v. Now, we can put in the previous
relation the value of 9?u,, given by (30).

Integrating by parts and taking advantage of the spectral localisation of u,,,
we have

taken care of the fact that by, by and c are real-valued, finally we obtain the
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complete expression for the time derivative of the approximate energy:

je,,s \@ (Lu)y : (8tul,+ itgu>> dz (33)

/\ﬁ (R u, - (atuy—&-a;\\//»; )) dx
+ /at@ (1— ;) 10y, |2 da

+ [2(vaz- \F) ROy, - vy da

+/ 8\/@ <3uy-<8tuy %fg )) du

\ﬁ ( ) R(Opuy - W) dz
+ /23‘%(1@ - Opu,,) dx
N ((a (e (D) o) - (B0 + 2fu)> d

—/\/Q(T (t,z) R <atuy : (atuy+ 8;\\//?: )) da

\ﬁ ( D), boldwu) - (atuu %\\//T; )) dz

- / \/267 (t,z) m(azuy. (ﬁtu,, Zt\\/ﬁ; )) dx

f ( Dy), b1]8,u) - <8tu,, 2}\/@; )) dx

—/\/iigc(t,x) §R<uu- (atuy a;g )) dx

(D2l - (o + GV )) o

2
NS ft (([s@
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3.4. Estimate for the approximate energy

We want to obtain an energy estimate; so, let us start to control each term of
(33).

Through the rest of the proof, we will denote with C, C’, C” and C constants
depending only on Ay, Ag, Cy and on the norms of the coefficients of the lower
order terms of the operator L in their respective functional spaces, and which
are allowed to vary from line to line.

3.4.1. Terms with a and a.

Thanks to relations (10), (20) with o = 1/2, (22) and Bernstein’s inequalities,
we deduce that there exists C' > 0, depending only on Ay, Ay and Cp, such
that, for all v € N|

2 Oi/ae
‘/ o R (Rsu,, . (atul,—l— SN ul,)) dz

In the same way, from (10), (19) and (20), we have

1 1
< C-log ( + 1) 27 e, (1) .
5 €

< Clog (1 + 1> eve(t),
€

‘ [owa: (1 - ) 10s, | de
ae

for a constant C' depending again only on Ag, Ag and Cj.
Moreover, again from (10) and (19) and Bernstein’s inequalities, we obtain

Ja(

<

a [
@) R(Opuy - Ox0ruy,) dx

1
< ctog (2 41) 10.0l1e 10,000,
1 v+1
< Celog | —+1) 2" [[Opun|z2 Orusllr2
€
but we have
O/ Opr\/az
||atuu||L2 S atuu+ : Uy ‘ tiuu
2./a. 12 2,\/a. 12
and
O/ Qs
‘ ! (%) S 0671/2HUOHL2
2\/a. 12
Oir/
‘ bV e < Ce V227Vl (v>1),

2./a. v

L2
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that give us the following:

‘/2 (\/aj— J‘%) R(Opur, - Dadyity)d| < C(e2” +1) log (i + 1) eve(t).

In a very similar way, from (21) one has

1
< Clog (8 + 1) eve(t);

‘/23x\/(75a R (&;uy . (&uy + 6“/@1;1,)) dx
2\/a-

moreover, from (20) with ¢ = 1/2, (21) and (23) we deduce

a 8,5 Qg - 1 1 v
\% . < (C= z )
‘/ NG 830( NG ) R(Opuy - ) dx| < Cs log (6 + 1) 27 e, (1)

Finally, we have

‘/2%(1@, - Opuy ) dx| < Ce /297 eve(t) .

3.4.2. Terms with by, by and ¢

Thanks to the hypothesis (13)-(14), one has that there exist suitable constants,
depending only on Ay, Ag, Cy and on the norms of by and b; in the space
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L>®(R¢;C¥(R,)) and of ¢ in L*®(R; x R,), such that

‘/ \/i;sbo(t,x) Dt <8tul, . (@u,,—i— 8275\\//»5%,)) dz| <
T
< (CH+C" 277 Ve, (1) ;

‘/ \/2cst1(t’m) D <8wul, . (&uu 821\//7; )) dz| <
< ¢ [ vt = om + FYw s
< QC/\/(TE|5'IUV|2 + \/167 Ayuy + 5;\/@ i dx
< 2e,.(t) ;

‘/\/i;sc(t,x) %(uu . (Otu,, 8;\\//7; )) dz| <
<C /|uu| dru 2\/@ dx

< 2Ce,.(t),

where we have delt with ||Opu, |2 as before.

Now, we join the approximation parameter ¢ with the dual variable &, set-
ting
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so, from (33) and the previous inequalities, we obtain

ieuvw(t) < C(v

dt
2 8“/0,2—1/
+ Gyr §R (L’U,)y . (atul, -+ W’uy)) dx

+1)e, 0 -
: §R<(a””([“””(D%>’a]@cu)) : (atuu /i >> do

+ Ao—v + 2,/a27u v
2 6“/(1271/
— o §R ([@V(Dl), bo]atu) . (6t’U,V + W’Lﬁ,)) d.]?

([@V(Di)abl]amu) ’ (atuu"‘ (Zt\/%,uy)> dx

- ©_ g (([%(Dm),C]U) : (8tuu+ %w)) dz

for a suitable constant C , which depends only on Ay, Ag, Cp and on the norms
of the coeflicients of the operator L in their respective functional spaces.

3.5. Estimates for the commutator terms

Now, we have to deal with the commutator terms. As we will see, it’s useful
to consider immediately the sum over v € N.

First, we report an elementary lemma (see also [3]), which we will use very
often in the next calculations.

LEMMA 3.4. There exist two continuous, decreasing functions aq, ag :]0,1[—
10, +00[ such that lim. o+ aj(c) = 400 for j = 1,2 and such that, for all
0 €]0,1] and all n > 1, the following inequalities hold:

n —+oo
Z eéjj71/2 < al((;) eén n71/2, Z eféjj1/2 < a2(5) efdn 7’L1/2.
j=1 j=n

Before going on, we take 8 > 0 and T €]0, Ty] such that

BT = glogZ.

REMARK 3.5. Notice that, thanks to the hypothesis of Theorem 2.1, this condi-

tion implies that
w—10
T < —.
T = 2
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Moreover, for allt € [0,T], we have:

0 0
ﬁt+§10g2 > 510g2 >0

IN

0 1
ﬁt+§10g2 flog2 < 510g2 <1

(1-0)log2—-pt > (130>log2 > <1i>log2 >0
(1-0)log2—pt < (1—-6)log2 < log2 < 1.

Finally, we set (with the same notations used in the subsection 3.2)
Up = Pu1toptop  (p1=0).
As 9, = 1 on the support of ¢, we can write
Optty, = @u(D32)0xu = ¥, (0u(Dy)0u) = ¥,0,u, ,

where ¥, is the operator related to 1,. So, given a generic function f(¢,x),
one has

[0 (D2), flOzu = [pu(Ds), f] Zawuu (35)
pn>0
= S (D). f19,)00u, -
n=>0

)

After these preliminary remarks, we now can go on with commutators
estimates.

3.5.1. Term with [¢,(D,), d]

Due to Bernstein’s inequalities, we have

‘ 0, (&u,, + L Va?"uy>
QQ/GQ—U

So, using (35) and the fact that a. is real-valued, one has

L Va2 U dx
21/a2_u v

C Y (#n(Da), al¥,) 0wl 2 27 (ey,0-+ (1))

< C2 (eyar(t)'? .

L2

‘ / - §R(6’1‘(&%(1)%),a]aw) . <3tu,, N

Ao—v
1/2

IN

IN

C S len(Da) )l iz (epon ()2 27 (erar(8)
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with the constant C' which depends only on Ag, Ay and Cj.
Then,

S 28 Dig-20 / \/527,/5}3 <az([cp,,(Dz),a}8zu) (&guy + Ory/az— )) da

iz

V>0 2‘/0,2—1/

e e e e (s L L (PP
vV,

where we have set
by = e mB= 090 (4 4 1)=V2(4 1 1)7V2) [0, (D), al Wl 2y - (36)

Observe that, if |v — p| > 3, then ¢, ¢, =0, so [p,(Dy),al¥, = ¢, (D;)[a, ¥,].
Therefore, from lemma 3.2, in particular from (28), we deduce that

C27"(v+1) if v —pl <2,

1[0 (D), alt, 2)[ W, o2y <
Co-mar i) (ma{w, i} +1) it |y — ] >3,

where the constant C' depends only on Ay and Cj.

Now our aim is to apply Schur’s lemma, so to estimate the quantity
sup E |kypu| + sup E |kvul - (37)
m v
v 1%

To do this, we will use lemma 3.4 and the inequalities stated in remark 3.5.

1. Fix p < 2.
Z |]€y“| < Ce(p,Jrl)ﬁt 2(u+1)9(ﬂ + 1)71/2 Z ef(u+1)5t27(u+1)9(y + 1)1/2
v>0 v
— Ce(,u+1)ﬁt2(;z+1)0(u + 1)—1/2 Ze—(v+1)(5t+6 log2)(y + 1)1/2
< C e3Pt 2% oy (Bt 4 0log 2)
< C23° as(0log?2) .
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2. Now, take p > 3 and first consider

n—3
D Ikl <
v=0

n—3
< QBN A=0) (4 1)1/2 3 (= CHDBEADA=0)(y, | 1)-1/2
v=0

n—3
< Ce(u+1)[3t2—(u+1)(1—9)(u + 1)1/2 Z e(u+1)(—,8t+(1—0)log2)(y + 1)—1/2

v=0
< OB (D0 (4 4 1)12 0 (<t 4 (1 - 0) log2) -
(At (1=0)log2)(n=2) (|, _ 9)~1/2

< 02%6041 ((1 — g@) log2> .

For the second part of the sum, one has

+oo

Y Ikl <

v=p—2
+o00

< C’e(”+1)5t2("+1)0(u+ 1)—1/2 Z e—(v+1)6t2—(u+1)9(y+ 1)1/2
v=p—2

< Cer DB+ (1 4 1)1 20, (Bt + Olog 2) -
.o~ (Bt+0log 2)(#—1)(M _ 1)1/2

<23’ as(flog?2) .

3. Fix now v > 0; we have

v+2

Y Ikl <

pn=0
v+2

< Ce—(y+1)[3t2—(u+1)9(y + 1)1/2 Z e(;¢+1)ﬂt2(p+1)0(u + 1)—1/2
pn=0

< C’e_(”+1)5t2_(”+1)0(1/ + 1)1/2041(& +6log?2) -
. (Bt+010g2)(v+3) (v+ 3)—1/2

< C23% a;(0log?2) .
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For the second part of the series, the following inequality holds:
“+o0

>kl <

pn=v+3

< Cef(u+1)5t2(u+1)(170)(1/+ 1) -3 Z e(ut1)Bto—(u+1)(1— 9)(uJr 1)%
pu=v—+3
< Ce~ DB+ DA=0) () 4 1)=3 0y (—Bt + (1 — 0) log 2) -

(B0 1og2)(v+4) (1, 4 4)3
< 023° Qs ((1 — ;0) log2> .

In conclusion, there exists a positive function IT, with limg_,q+ IT(6) = +o0,
such that

sup > [kuul + sup Y [kl < CII(0),
(- v oy

and so
Op\/Qo—v
26725(u+1)t272v0/i§ﬁ 9z ([pw (D), alOs u)(@u’j Oty/Go—v ) d
V>0 ag—v 21/0/2—
+o00
< CH(0)> (v+1)e Ptig=20e o ().
v=0

3.5.2. Terms with [p,(D,),b] and [p, (D), b1]

Now, let us consider

’ / ¢2* R ([%wz),bo(t,x)}@u (atuu . fﬁu)) da

1 8 £\/Ao—v
< o || ———
= 2H[SDV(DZE)’bO(tam)]atuHL \/ﬁ atuu 2\/%;”

IN

2 [lw (Da), bo(t, 2)]0cull 12 (en,0-v (1)) /2 .
Thanks to relation (35), we have

H [@V(Df)a bO(tv x)]atu||L2 [SDV(DOC); bO(ta :C)] Z \I]uatu,u

n=>0 L2

> v (D), bolt, @)Wl ey 10eup | 2 -

n>0

IN
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As we have done before, we have, for constants depending only on \g, Ag and

C()a

O Ag—n 1/2
< _ [ I e ek

1 1/2
< (Cenas(t) + C'gE 2 00,10
< (C+C/2—;t)1/2 ((3”72—”)1/2

1/2

S C (emgw) / .

Due to lemma 3.2, we obtain
c27v iflv—pl <2
e (Da), bo(t, 2)] ¥ plle(rz) <
C 2~ max{pviw if [v—pl>3

where C'is a constant depending only on [|bg ||z (r,;c« (R, ))-
As a matter of fact, the kernel of operator [¢, (D), b] is

n(@,y) = P2 (x = y)) 2" (bo(t, x) — bo(t,y)) ;

so, to evaluate its norm we apply Schur’s lemma and, thanks to the fact that
bg is w-holder, we get the desired estimate.
Therefore,

2 O¢r/Cy—v
—2Bt(v+1)9—2v0 t 2
Vioe 2 /7a2_y R ([@V(DI), bo|Oru (@u,, + Wi T uy>> dx

< Z e Btv+1) 9—vo (ey’ru)l/z o Bt(p+1) 9—ub (%,2*#)”2 Lo
v, >0

IN

where we have defined
lup = ei(yiu)ﬁt 27(1’7“)9 || [@V(Dx); bo (ta x)]qju”[,(Lz) . (38)
As made before, we are going to estimate [, applying Schur’s lemma.

1. Let us fix p < 2. Then

Z L, < C e(n DBt 9(u+1)8 Z o~ (1)t 9—(v+1)0 9—vw
v>0 v>0
< O 38t 930 Z e~ (v+1)(Bt+0log2) (v+ 1)1/2
v>0
< Ce¥Pt230 ay (Bt + flog2)
< C2%9a2(910g2).
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2. Now, take p > 3 and consider first

n—3

pn—3
Z |lw| < Ce;tﬁt 2#0 Q—Hw Z efz/ﬁt 271/0
v=0 v=0

< CePtmlw=0)los2) (/) 9)

< Ce’“(“”%)logQ(u—Q)

< CM(w,0),

where M (w,0) is the maximum of the function z — e~ 7% (z — 2), with

v = (w — g) log 2.
For the second part of the sum, we have

= =, v e (VD2
V§2 lloul < Celmt)Btg(u+1)o V;hQG (w+1)Btg—(r+1)0 o EI/—!- 151/2
< OBt ol (1 1)7Y2 00 (Bt + 0log 2) -
.o~ (n=1)Bt 9—(n—1)0 (1 — 1)1/2
< (O 2Bttolog2) as(0log2)
< C2%° az(0log2).

3. Fix now v. Initially, we have

If Ll < C e~ WHDBt 9= (v+1)8 9—vw lf (1) (Bt+01log2) M
n=0 pn=0 p+1) /
< Cen (ATl (1 4 3)12 g (Bt + log?2) -
. e(V3)Bt 9(v+3)0 (v + 3)71/2
< € 2Pt o (Glog 2)
< C2¥a;(flog2).
Moreover,
= I 1/2
Nl < CePa? 3T rntHe0)ls2) %
p=v+3 u=v+3 1%
< Qe vBtg-vb (v + 3)71/2 as((w — ) log2 — ft) -
BB 9= (W) (W=0) (1, 4 3)1/2
< (O3Bt 30 o tdw <(w - 29) log 2)
< 02%9a2 ((w . Z@) 10g2> .
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From all these inequalities, thanks to Schur’s lemma, one has that there

exists a constant M (w,6), depending only on o]l Loe (R;; ¢ (r,)) and on the
parameter 6 (which we have fixed at the beginning of the calculations), such

that
sup g |luul + sup g loul < C’M(w,@);
w5 v

m

from this relation, finally we get

3 a \/Ao—v
Z e 2Bt(v+1) 2- o / [ (Dm), bO]atu (atuu + tul/> dr| <
ﬁ 2 /ao—r =

v>0
—~ +OO
< OM(w,0)> (v+1)e 2 Hig=20e (1)
v=0

With regard to the term with the commutator [¢, (D, ), b1 (¢, )], notice that,
as we made before, one has, for constants depending only on A, Ag and Cj,

|/ \/fT R ([%(Dw),bl]&gu <8tul, + ig )) o

< C o (D), br] Wl 222 | /o= O 2

<

<8tuv + at da: uu)
2\/0/2—1/

1
N Ao—v

©n>0 L2
< C Z || QOV z ,u”C(LZ ( V’2—u)1/2 (eu’z—u)l/Q .

©n>0

Therefore,

2672& (v+1)9— 21/9/\/7 ([ »(Dy.),b1]0, u(@tuy+ 82\/\/5%7: >> dx

v>0
<C Z e B)tg—ve (ey 27U)1/2 o Blut1)tg—pb (eu 27”)1/2 B,
v, >0

where we have set again

ho = e T2 [0, (Da), ba] Wl £(r2) -

As by and by satisfy to the same hypothesis, the commutator [, (D), b1] veri-
fies the same inequalities as [, (D), bol; so, if we repeat the same calculations,



HYPERBOLIC OPERATORS WITH NONREGULAR COEFFICIENTS 21

we obtain
3 _ 2 8t,/a2_u
o 2Bt(v+1)g 21/0/7% (D), b 3zu(5 Uy + ———u,, | | dx| <
2 Vi \ [P bl w4 5 2= 8
—_ +Oo
< CM(w,0) Z(l/ + 1)6_2B(V+1)t2_2yeeu,2—”(t)'
v=0

3.5.3. Term with [¢,(D,), ]

Finally, we have to deal with the commutator [¢,(D,), c¢(¢, x)].
First, observe that there exist constants, depending only on Ay, Ag and Cj
as usual, such that one has

2 at\/CZQ—u
v = <
‘/ - R ([SOV(DI)7C]8ZU <8tuz/+ 2\/@7_’/ uy)) dzx| <
3,5 ag—v
< 2 —_—
< Cllpu(Da).dulas | o= (o + G¥w )|
1/2
< C Y lpu(Da), Wl eqan) e (enar ()"
u>0
— 1/2
< 20 3 lleu(Da), dWull ey 27 [ Dotz (02 ()"
wn>0
— 1/2 1/2
<20 3 lpe(Da), dulles) 27 (uan(®) (era ()" .
>0

Thereby, we get the estimate

2 O¢r/Coy—v
—2Bt(v+1) —2y9/ ty®2
e 2 ——R| [pr(Dy ,c@wu<8 U, + u,,) dx
lgO \/ag—v <[ ( ) ] t 21/CL2—V
< 20 § e—ﬁt(y+1)2—1/0 (€V’27V(t))1/2 e—ﬁt(p+1)2—u0 (6#72—;; (t))1/2 Mo,
v,n>0

where we have defined
My, = e~ WmmBt g=(v=mb g=n ||[@V(DI)>C]WM||L(L2) .

The kernel of the operator [p, (D), ] is

w(z,y) = (2% (z — ) 2" (c(t,y) — c(t,2));
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so, remembering that ¢ is bounded over R x R, from Schur’s lemma one gets
||[(pl/(Dw)ac]”E(L2) S C VZ/ZO7

where the constant C' depends only on ||c|| o (r, xR, )-
Again, we are going to estimate the kernel m,, to apply Schur’s lemma.

1. First, we take u < 2 and we have
Z Im,,| < CetbBt gt g—u Z o~ (VH1)Bt 9—(v+1)0

v>0 v>0
< O 3Pt 930 Z e~ (w+1)(Bi+0log2) (v+ 1)1/2
v>0
< C e3P 2% oy (Bt 4 0log 2)

C22% ay(Alog2) .

IN

2. Now, we fix ;1 > 3 and we consider the first part of the series:
n—3
Z ‘mvu| <
v=0

p=3 1/2
< Cert)Bto—(n+1)(1-0)9—n Z e~ WHDBLo(v+1)(1-0) gu—v (v+1) /
- v

1/2
v=0 ( + 1> /
n—3
< CelirtDBtg=(rD(1=0) (1 _ 9)1/2 3 ((+D(1-0)log2-50) 1, | 1)=1/2
v=0

< CelrtDBty=(tDA=0) (), 9)1/2, (1 — ) log2 — Bt) -
e~ (1=2)Bt 9(n—2)(1-9) (4 — 2)_1/2

< O e3Pt 930 ay ((1 — Z(‘)) 10g2>
99 3
<C22% oy 1759 log2 ) .

For the second part, one has:

—+oo

Z m

v=p—2

400 1/2
B _ ~ +1)
< Celr Bt DIg 1§ =Dty 1) (v
— 1/2
Vi (v+1)Y

< Ce(u+1)ﬂt2(u+1)92—ua2 (Bt + 0log 2)6—(u—1)5t2—(u—1)9
<023 ay(Alog?2) .
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3. Now, we fix v > 0. Initially, we consider

v+2 v+2 1/2
Sl < Cem (DA gm0 § (et ) (Bt01082) 9 (n+1)Y
= = (p+1)1/2
< CemWHDBtg=wHD0 (), L )Y1/2 (Bt 4 Hlog2) -
. e(l/+3)5t 2(V+3)9 (V + 3)—1/2
< O 2PtH082)  (hlog 2)
< 2% a1(flog?2) .

The second part of the series, instead, can be treated as follow:

+oo 1/2
< Cem DB ENI-0) § Q) Bto—ug—(u+ ) (1) gu—v (T DY

PRSI
+oo
< Cef(u+1)ﬁt2(u+1)(170)(y+4)71/2 Z 67(p+1)((179)10g27[5t)(‘u+1)1/2
pn=v+3

< Ce*(VJFl)Bt 2(u+1)(179) 012((1 _ @) 10g2 . 5t) 6(V+4),8t 27(1/+4)(179)

< C27% ay <(1 - 39) log2> .

Finally, we obtain:

Opr\/Ao—v
2672ﬁt(1/+1) 2—2u0/ 2 R ( [o0(Ds), ldsu (atourt%uy) da
v>0 vV Ag—v 2‘/a27u

—+o0
< CIO) Y (v+1)e ?P0ibig=20e o (1),
v=0

where the function I7 is the same used in the estimate of the term [¢, (D), al.

3.6. End of the proof of theorem 2.1

Now we can complete the proof of theorem 2.1.
First, remembering the definition of total energy given by (32), we have
that there exists a constant C' > 0, depending only on 6, such that

“+o00
_ _ 2 Oir/a
Bv+1)t 2v0 e . t e
g e 2 / - R ((Lu)y (3tuu+ W uu)> dx

v=0
< C(B)V? | Lul oo

<




24 FERRUCCIO COLOMBINI AND FRANCESCO FANELLI

Therefore, if we set II(w,6) = max{M(w, 0),11(0)}, from relation (34) and
from the estimates proved in the previous subsection, we have that, for suitable
constants, depending only on Ay, Ag, Cy and on the norms of the coefficients of
operator L in their respective functional spaces, the following inequality holds:

d _ —+00
il < ’ _ —28(v+1)t 5—200 .
ZE(t) < (c+c (w, ) 23) ;:0: (w+1)e 2200, o (t)

+ O (BE)Y? | Lul oo

Now, let us fix 3 large enough, such that C + C’ﬁ(w,@) — 28 < 0: we can
always do this, on condition that we take T small enough. With this choice,
we have

4
dt
now, the thesis of the theorem follows from Gronwall’s lemma and remark 3.3.

E(t) < C" (B)Y? | Lully-o-s+:
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