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ABSTRACT. The Laguerre 2D polynomials depending on an arbitrary
matriz Q in SU(2) as a fized parameter are used to construct a set of
coherent states. The corresponding coherent state transforms constitute
a deformation by matriz Q of a generalized Bargmann transform.
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1. Introduction

The Bargmann transform, originally introduced by V. Bargmann [1], is a win-
dowed Fourier transform [5]. It is closely connected to the Heisenberg group
and has many applications in quantum optics as well as in signal processing
and harmonic analysis on phase space [3]. This transform defined through

By [f] (=) = / fa)e T+ gy e,

maps isometrically the space L2(R, dx) of square integrable functions on the real
line onto the Bargmann-Fock space F (C) of entire complex-valued functions
which are e“z‘Qdu-square integrable, du being the Lebesgue measure on C.

In [2] H-Y. Chen and J. Fan have constructed an integral transform, called
there generalized Bargmann transform, by

Bl oo = o (vt ubese- JP)e@ane )

C

as a transform of two-mode Fock space represented by a two-variable complex
Laguerre polynomials, which naturally accompanies Einstein-Podolsky-Rosen
entangled states of continuous variables.

Our aim here is to construct a kind of deformation B? of (1) by means of
an arbitrary parameter matrix ) belonging to the special unitary group SU(2),
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such that for Q = I, being the identity matrix, the kernel of B/ coincides with
that of (1). Indeed, we define:

304 (3) = [ e (3050 - 13003 - 3167 )oOnte. @)
C

where ¢ belongs to a suitable class of functions, '3 (resp. 'Z(£)) denotes
the matrix transpose of 3 = (z,w) € C? (resp. Z(&) = (£,€)) and A :=
( o0 ). This can be handled by adopting a coherent states method [7]. The
physical meaning of the obtained deformed Bargmann transform (2) is encoded
in the two-variable complex Laguerre polynomials depending on a matrix @ as
introduced by A. Wiinsche [10], and occurring in the quantum mechanics of a
degenerate 2D harmonic oscillator.

The paper is organized as follows. In Section 2, we shall recall some needed
facts on the Laguerre 2D polynomials. Section 3 deals with a formalism of
generalized coherent states. This formalism is applied in Section 4 so as to
define a matrix parameter family of generalized coherent states and to discuss
the corresponding coherent state transforms.

2. The Laguerre 2D Polynomials

The Laguerre 2D polynomials LY, ,, (€,£*) defined in [10] are polynomials of the
pair complex conjugated variables (£,£*), which depend on an arbitrary fixed
2D matrix ) as parameter. In fact, we have

82
Lg,n(gag*) = eXp ( - agag*)(fl)m(gl )n7 man = 07 1727 ceey (3)

where for QQ = ( « f ) we have
vy o

(5 )-o(6)-(315)

¢ £ 7§+ o€”

In the special case of @ being the identity matrix I, definition (3)
provides explicitly

LI (6,€) = (1) nlgm LM (€€") = (= 1)™mle™ L™ (667),

where L) () denote the generalized Laguerre polynomials and Lo () =Ln()
are the ordinary Laguerre polynomials [4].
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Note that for an arbitrary matrix @ the polynomials L%n(f , &%) are still
connected to the polynomials L,, , := L , through the relation [10, p. 670]:

18.,(66) = (\/deT@m*”g( JdﬂTQ)m( \/dUTQ) @)

(m—j,n—j) 2ary *
XPj (1 + de tQ>Lj,m+nj(£7£ )

where Pj(a’ﬁ) () denotes the Jacobi polynomial [4]. It should be also noted that

there is a relation between the two polynomials LY , (-,+) and Ly 4(-,-). in the
degenerate case of vanishing determinant of @ see [10, p. 671].

Beside the Laguerre 2D polynomials, Wiinsche has introduced the Laguerre
2D functions as

L3 (&€
vVam!n!

and has established for general 2D matrix @) the following orthonormaliza-
tion relations:

£ 1(6,€) = e 3l (5)

[ e nden) 20 (66180 €1 = b (6)

C

where %(d¢ A d¢*) = du(€) is the area element of the plane. Here @ denotes
the transposed matrix of @) and 4., the Kronecker symbol. In addition, we
have the completeness relation:

400 +o0

Z ng,n(éf*)’gﬁf{gil(c*’C) :6(£_Ca€* _C*)’ (7)

m=0n=0

where §(€,£*) = 0(RE)0(SE) denotes the two-dimensional delta function.

For our purpose, we fix @ in the special unitary group SU(2), i.e., so
that its inverse Q™' be equal to the transpose of its conjugate. Thus, one
can easily see from (5) and (6) that the Laguerre 2D polynomials satisfy the
following property

/|L (€,69)%e —lef? dp = Vamln! (8)

which means that the function £ — L%n(g,f*) belongs to the Hilbert space

L?(C; e*|5|2d/¢) of complex-valued Gaussian square integrable functions on C.
Consequently, the Laguerre 2D functions are elements of the Hilbert space
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L?(C;dp). Indeed, these functions can be viewed as unitary transforms of the
normalized Laguerre 2D polynomials as

L (6€) =T LF 1 (6,€7)] (9)
where T is the unitary map from L%(C;du) to L?(C; e*‘f‘Qdu) defined by

T[¢](C) ==e2l¥lg(¢), ¢ LA(C;dp), (10)

called a ground state transformation. These precisions are just to make sense
when talking about the closure in L?(C;du) of the vector space spanned by all
linear combinations of the Laguerre 2D functions.

REMARK 2.1. The involved polynomials L, ,,(§,£*) in (4), corresponding to
the special case of the identity matrix Q = I, play an important role when
studying representations of quasi-probabilities in quantum optics [8, 9]. Indeed,
for @ = I the identity (4) can be used to describe the transition from linear
polarization to circular polarization or for a beam splitter to the splitting of a
beamn into two partial beams of equal intensity [6].

3. Generalized Coherent States

In this section, we present a generalization of coherent states according to the
procedure in [7]. For this, let (X,r) be a measure space and A C L?(X,v) a
closed subspace of infinite dimension. Let { fr}2, be a given orthogonal basis
of A satisfying

w(a) :== R(a,a) := Zp,;1|fk(a)|2 < 4005 a€X, (11)
k=0
where pj, 1= ka||2Lg(X7V) and
Ala,b) = > pi " fu(@) fr(b), a,b€ X, (12)
k=0

is the reproducing kernel of the Hilbert space A.

DEFINITION 3.1. Let ‘H be a infinite Hilbert space with an orthonormal basis
{r}72y- The coherent states labeled by points a € X are defined as the ket-
vectors | ¢po >€ H :

-

| b >i= (w(a) 3 Dy (13)

o VPE
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Then, it is straightforward to show that < ¢, | ¢, >= 1.

DEFINITION 3.2. The coherent state transform corresponding to the set of co-
herent states (| o >) is the isometric mapping W : H — A C L*(X,v) de-
fined by

W Y] (a) = (w(a))? < ¢a | ¢ >, 0 € X. (14)
Thus, for ¢,y € H, we have
<olY>n = <WI[P W] >r2x0)
= [ dvlaeta) < 6] bu>< dul v >
%

Thereby, we have a resolution of the identity of H which can be expressed in
Dirac’s bra-ket notation as

= [ dv(aee) | 6 >< 6u | (15)
X

where w(a) appears as a weight function. The notation | ¢, >< ¢, | means
the rank one operator.

REMARK 3.3. Note that the formula (11) can be considered as a generalization
of the series expansion of the canonical coherent states :

| ¢ >i=e 312 Z wk,zec (16)

where {wk}k denotes an orthonormal basis of eigenstates of the quantum
harmonic osczllator consisting of Gaussian-Hermite functions in L*(R,dz).
In this case, the space A is nothing but the Bargmann-Fock space F(C) and

w(z) = rlel z e C.

4. A Coherent State Transform Associated with Laguerre
2D Functions

We are now going to attach to Laguerre 2D polynomials with a fixed matrix
parameter @ € SU(2) a set of coherent states by using the formalism described
in Section 3. This can be handled by considering the following points:

o (X,v)=(C? e_|z|2_|w‘2d,u), du(z,w) is the Lebesgue measure on C2.
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o A:=F (C?) c L2(C2,e " dy) denotes the Bargmann-Fock space of
entire functions ¢ : C2 — C with finite norm square

lell? = / oz W)z w)e 10 dpu(z, w) < +oo. (17)
(C2

Its reproducing kernel is known to be given by K((z1,w1), (22,ws)) =
2 exp (2’152 + w1wz) so that

w(z,w) = K((z,w), (z,w)) = 7 2el2l* 1wl (18)

° {fm,n}jﬁ;:o is an orthogonal basis of A given by
fmn(z,w) = 2mw™, m,n=20,1,2,--- (19)
whose the norm is given by pp, , = ||fmn||2 = mmlnl.

e Q € SU(2) is a fixed matrix parameter and H¢q(C) denotes the Hilbert
subspace of L?(C, du) obtained as the closure of vector space span(i)%n)

spanned by all linear combinations of the Laguerre 2D functions E%’n
in (5).

DEFINITION 4.1. The vectors (®3,g) of the Hilbert space Hg(C) labelled by
elements 3 = (z,w) € C? and defined formally through (13) by

+oo

_1 fm n(sz) Q
(1)37Q E| (Z’w)7Q >= (w(z7w)) 2 : Sm,rw
m,;:() v Pm.n

(20)
are called generalized coherent states.

PROPOSITION 4.2. The wave functions of the states in (20) admit the following
closed form

@5.0(6) = ¢ H D exp (3Q'2(6) - 530'Q"3), (21)

where '3 (resp. *2(€)) denotes the matriz transpose of 3 = (z,w) (resp. Z(§) =
(£,€)), 1312 = |2]? + |wl|? its square modulus and A denotes the first Pauli spin
matrix( 08 )
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Proof. By definition (20), the associated wave functions read

D308 = <€13,Q>=<¢&|(zw),Q >
1 R fn(z,w)
= (w(zw)™? Y el (£,8Y)

m,n=0 me’n
+oo
— (reRPioyy 35 T e La 66
— o, Vmm!n! mm!n!

1 2 2 1¢12 = 2w
= 2z W) g =5 l¢] Z ng%n(g’f*)'
m,n=0
Now, making use of the generating function for the Laguerre 2D polynomials
[10, p. 675]:

= 2w 13 1 0 1\t /=%
§ : Q *) _ =
5 m'n' L’m,n(gvg ) = €xXp |:(Z7w)Q(é—*> 2(2,’([1)( 1 O ) Q(w)]a
one gets the announced result. O

The constructed generalized coherent states give rise to a transform ac-
cording to Definition 3.2. Thus, the coherent state transform (CST) associ-
ated to ®3¢0; Q € SU(2), is the unitary map B% from the Hilbert space
Hq(C) C L*(C,du) into the Bargmann-Fock space § (C?) defined by

B[] (3) = (w(3))* (3.0, D) roicapy» ¥ € Ha(C), (22)

Being motivated by this construction, we state the following definition

DEFINITION 4.3. The coherent state transform B9 whose integral representa-
tion is given by

32041 (3) = [ e (3020 - 13003 - L Jointe) (29
C

will be called a deformed Bargmann transform by the SU(2) matriz parame-

ter Q.

REMARK 4.4. For the particular case of Q@ = I being the identity matriz, the
CST in (23) reduces further to

B (w) = [[exp (w4 ug” + 56 - J1el ) oEIauce)
C

which has the same integral kernel as the transform considered in [2].



84 ALLAL GHANMI AND ZOUHAIR MOUAYN

REFERENCES

[1] V. BARGMANN, On a Hilbert space of analytic functions and an associated inte-
gral transform, Comm. Pure Appl. Math. 14 (1961), 187-214.

[2] J. CHEN AND H.Y. FAN, EPR entangled state and generalized Bargmann trans-
formation, Phys. Lett. A 303 (2002), 311-317.

[3] G.B. FOLLAND, Harmonic analysis on phase space, Annals of Math Studies vol.
122, Princeton University Press, Princeton, (1989).

[4] 1.S. GRADSTEIN AND .M. RYZHIK, Table of integrals series and products, Aca-
demic Press, New York (1965).

[5] B.C. HALL, Bounds on the Segal-Bargmann transform of L? functions, J. Fourier
Anal. App. 7 (2001), 553-569.

[6] S. KHAN, Harmonic oscillator group and Laguerre 2D polynomials, Rep. Math.
Phys. 52 (2003), 227-234.

[7] K. THIRULOGASANTHAR AND N. SAAD, Coherent states associated with the wave-
functions and the spectrum of the isotonic oscillator, J. Phys. A 37 (2004),
4567-4577.

[8] A. WUNSCHE, Laguerre 2D-functions and their application in quantum optics,
J. Phys. A. 31 (1998), 8267-8287.

[9] A. WUNSCHE, Transformations of Laguerre 2D polynomials with applications to
quasiprobabilities, J. Phys. A. 32 (1999), 3179-3199.

[10] A. WUNSCHE, Hermite and Laguerre 2D polynomials, J. Comput. Appl. Math.
133 (2001), 665-678.

Authors’ addresses:

Allal Ghanmi

Department of Mathematics, Faculty of Sciences
P.O. Box 1014 Mohammed V University

Agdal, 10 000 Rabat-Morocco

E-mail: allalghanmi@gmail.com

Zouhair Mouayn

Department of Mathematics, Faculty of Sciences and Technics (M’Ghila)
Sultan Moulay Slimane University

BP. 523 Béni Mellal-Morocco

E-mail: mouayn@fstbm.ac.ma

Received September 9, 2009
Revised February 16, 2010



