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Postulation Problems
for Vector Bundles

MoNICA IDA )

A Fabio, con tanto affetto

SUMMARY. - We treat the general problem of studying the postula-
tion of a subscheme of a projective variety with respect to a vector
bundle of rank r, and we recall some results already stated for par-
ticular varieties and bundles, rewriting them in a general set-up.
We also give an example of the use of these tecniques proving
that a generic union of 2-jets in P2 has the expected resolution.

1. Introduction

Let X be a closed subscheme of P with homogeneous ideal Ix and
ideal sheaf Zx; if we wish to understand the geometry of X as em-
bedded scheme, one of the first points of interest is the knowledge of
the dimension of the linear system of hypersurfaces of given degree
containing X, and how many independent relations there are among
these hypersurfaces, and how these relations are related, and so on.
In other words, we would like to know the minimal free resolution of
Ix:

O—>E1n_1fn—_>1 ...... —>E1£>EOE>I)(—>O
where for each p = 0,...,n — 1, E, is a free vector bundle: FE, =

®q(Bp,q ® Opn(—q)), Bp, being a finite dimensional vector space
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different from 0 only for a finite numbers of ¢’s, and the arrows are
given by matrices of homogeneous polynomials which are zero or of
strictly positive degree.

Hence the Betti numbers of X, b, , = dim B, 4, count how many
copies of Opn(—q) appear at the step p of the resolution; the min-
imal free resolution (up to isomorphisms) is known when the Betti
numbers are known.

We say that X has good postulation if the restriction maps

H(Opn (k) — H®(Opn (k) x)

have maximal rank, i.e. are injective or surjective, for each k& > 0.
Notice that if the integers h®(Opn (k)| x) are known, for example if X
is a O-dimensional scheme or a non special curve of given degree and
genus, and if X has good postulation, then we also know h%(Zx (k)).
If v is the minimum degree of an hypersurface containing X, and
Ix is (v+ 1)-regular, i.e. H(Zx(v+1—1i)) =0 for all i > 0, then X
has good postulation, and for each p there are at most two non zero
Betti numbers (see [5] Section 20.5, Exercise 20.20, and [18] p.99):

E, =By _y_p@0Opn(—v—p) & Bp _y—p—1® Opn(—v—p—1).

Some of these b, , may still vanish.

For example, let us consider the map foy; if aq,...,a is a min-
imal system of generators for the homogeneous ideal Ix, then fo =
(a1 ...ax). A minimal system of generators for (Ix)xy1 is given by
a basis of cokeruy, where ui denotes the multiplication map:

pi : HO(Zx (k) @ H(Opn (1)) — H(Zx(k + 1)),

hence in degree v we find a basis for cokerp, 1 = H*(Zx(v)) # 0. If
X has good postulation, i.e., if H!(Zx (v)) = 0, then by Castelnuovo-
Mumford Lemma (see [18] p.99) the maps ux with & > v + 1 are
surjective, hence the only other cokerpu which can be different from
zero is cokerp,. Now assume that the maps up are all of maximal
rank, in which case we say that Zx is minimally generated; then if
(n+1)h%(Zx(v)) > K% (Zx(v+1)), wy is surjective, so that by _,—1 =
0.

What happens is that if all the kernels of the arrows in the min-
imal free resolution are minimally generated, then for all but maybe
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one p there is only one non zero Betti number; that is, the E,’s are
as small as possible (see for example [17], Section 2). In this case we
say that X has the expected resolution. It is the expected one be-
cause there are quite a lot of conjectures and some theorems saying
that under specific assumptions the generic scheme X of P" has a
minimal free resolution of this form; here generic means generic in
an irreducible component of its Hilbert scheme.

Let us set an := AP Qpn, where Qpn is the cotangent bundle of
P"™. When X has good postulation, Zx is minimally generated if and
only if the restriction maps

H(Qpn (1)) — H°(Qpn (1) x)

are of maximal rank for all ¢; this can be easily seen (see for example
[16] 1.1) using the Euler sequence: 0 — Qpn(1) — HO(Opn (1)) ®
Oprn — Oprn — 0, and is a particular case of the use of Koszul
cohomology.

In fact, taking exterior powers in the Euler sequence leads to the
exact sequences of vector bundles:

0— Q8. (p) — \(H(Op~ (1)) @ Opr — Q8. (p) — 0,

which remain exact if tensored by Zx (¢). Using these sequences and
the Koszul cohomology groups of the sheaf Zx on P”, it is possible
to prove (see [8], [9]) that

Bpptq = ker(Hl(an (r)®@ZIx(g—1))
p+1
- NEH(Opr (1)) ® H' (Ix (g - 1))).

If for example X is a general union of points in P", the Koszul co-
homology allows to see that the Minimal Resolution Conjecture (see
[17]), which says that X has the expected resolution, is reductible to
the following problem: prove that the restriction maps:

H(Q5,(t)) — HO(Q%. (1) x)

have maximal rank for each p = 0,...,n and for each ¢ > 0 (see [13],
Introduction and Section 9).
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Hence the understanding of the complex of relations among the
equations defining a closed subscheme X of P™ amounts to studying
the postulation of X with respect not only to line bundles but also
to vector bundles of higher rank.

This method has been introduced by A.Hirschowitz in a letter
to R.Hartshorne, and then used to prove expected resolution conjec-
tures for curves (see [14], [16]) or for 0-dimensional schemes (see for
example [13], [15], [3] and references therein).

In Section 2 we treat the general problem of studying the postu-
lation of a subscheme of a projective variety with respect to a vector
bundle of rank 7, and we recall some results already stated for par-
ticular varieties and bundles, rewriting them in a general set-up.

In Section 3 we give an example of the use of these tecniques prov-
ing that a generic union of 2-jets in P? has the expected resolution;
here 2-jet means curvilinear scheme of length 2.

We work on an algebraically closed field K of characteristic 0.

2. Postulation problems with respect to vector bundles

Let S be a smooth projective variety, F a rank r vector bundle on
S, Z a closed subscheme of S; let p be the restriction map in the
natural sequence:

0—-E®Iz—~ELE;—0 (1).

We may want to study the postulation of Z with respect to E, i.e.

the rank of the linear map:
HO(E) % HO(E),).

For example, if S = P and E = Opr(t), this boils down to the
classical problem of how many independent hypersurfaces of a given
degree contain the scheme Z, problem which has been intensively
studied for many different types of Z and with various methods.

We say that Z imposes independent conditions to the sections of
E if the map H(p) is of maximal rank. Hence Z imposes indepen-
dent conditions to the sections of E if dimker H’(p) = h°(E®1Iz) =
max {0, h°(E) — h%(E|z)}.
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We say that Z is E-settled if the map H°(p) is bijective.

Quite a big effort has been done in the last twenty years in order
to prove that the generic scheme of this or that irreducible component
of the Hilbert scheme of P™ has good postulation, which means, as we
have seen, that Z imposes independent conditions to the sections of
Opn (t) for any t (for results about the postulation of subschemes
of small dimension in P", see for example [2], [1], [10], [19] and
references therein). One of the standard methods used to afford this
problem is the Horace method (see [12]), which consists in cutting
with an hypersurface, get rid of what happens on the hypersurface
and work with the scheme and the bundle which are left; when the
conditions are good, doing this inductively permits to conclude. In
other words, if H is an effective divisor on S, we use the following
exact sequence, called the residual sequence:

0= Tresyz(—H) = Iz = Iznpu — 0; (%)

here resy Z denotes the the residual scheme of Z with respect to H,
that is, the scheme having homogeneous ideal (Iz : If).

Assume we are studying the postulation, with the purpose of
proving that it is good, of a certain class of schemes with respect
to Opn(t) for all ¢ > 0; for example, generic unions of n fat points
of given multiplicity, say 2, for any n, or the generic rational curve
of degree d for any d and so on. Usually, one reduces the problem
to proving a settled case for each t. For example, in the first case,
assume that for each t we are able to build a scheme X; which consists
of the maximum possible number, say n;, of fat double points, plus a
scheme Ry, the remainder scheme, which is contained in a fat double
point, and such that the restriction map

HO(Opn (t)) — H(Opn (t)x,)

is bijective (the length of X; is hence equal to h°(Opn (t)).

Then it is possible and easy to show that for the generic union
Y of n fat double points the map H°(Opn(t)) — H°(Opn(t)y) is
injective when n > n; and surjective when n < ng. This is done
adding or taking away points from X; until we get Y, in other words
using the cohomology of the following exact sequences tensored by
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O]Pn(t)l
0—Zy - Ix, = Ix,y — 0 when Y O Xy,

0—-1Ix, Iy = Iyx, — 0 when Y C X,

(see for example the proof of Proposition 3.2 in the following section).

So let us see how we use the exact sequence (x) for the proof of
the settled cases. If H is for example an hyperplane, the cohomology
of the residual sequence tensored by Opnr (t) gives:

0 — HO(O]pm(t — 1) ®IT68HXt) -
H'(Op () © Ix,) — HO(Op (1) 11 ® Txsnrr.r) = -

so if we are able to prove H%(Opn ()7 ® Ix,nmm) = 0, we see that
H(Opn(t — 1) @ Tresyx,) = HY(Opn(t) ® Zx,) and we can go on
using induction on the degree. On the other hand in order to have
results for H°(Opn (t)| g ® Ix,nm,m) it is possible to use induction on
the dimension, since Opn(t)y is well known, it is just Opn-1(t).

Now let’s turn to the higher rank cases. Obviously, the sequence (x)
remains exact if we tensor it by a vector bundle F of any rank:

0= E®Lesyz(-H) > E®Lz —» Elg ®ZIzomnm — 0 (%)

but if we are dealing with a postulation problem with respect to FE
with rank F£ > 1 it becomes more complicated to use it.

An easy example is the following: if S = P?, a divisor H which
is easy to manage is a line, or a smooth conic, since every vector
bundle restricted to a smooth rational curve splits. If rank £ = 1, i.e.
E = Op2(t), we find E|y = Op1(t) and respectively Ejg = Opi(2t),
and it is not difficult to decide whether a certain subscheme Z N H
imposes independent conditions to the sections of these bundles. On
the other hand, if F has rank r, E will surely split on H = P! but
it may split as Op1(m1) & ... ® Op1(m,) with for example 0 < m; <
my < ... < m,, so that if the length of our scheme Z N H is, say,
m, + 1, it imposes independent conditions to the sections of the last
summand but not to those of the other ones. In fact, it does not
exist any subscheme of H C P? which is E|j-settled, since there is
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nothing smaller than a point in P2, and a point “counts” r times for
E.

One way to afford the problem in the higher rank case is to use the
following set up: let 7 : P(E) — S be the canonical projection, 7717
the inverse image of the subscheme Z, that is, the closed subscheme
Z x5 P(E) of P(E) having as its ideal sheaf the inverse image ideal
sheaf of Z, and r the restriction map in the natural sequence:

0 — Op(p)(1) @ I-17 — Op(s) (1) — Opgy(Djr-127 — 0 (1)
Let £ be an invertible sheaf on S. Then we have:

PROPOSITION 2.1. In the previous notations, studying the postulation
of Z with respect to B ® L is equivalent to studying the postulation
of w1 Z with respect to Op(g)(1) @ T*L.

In fact, compare the cohomology sequence of (1) ® L:
0> H E®L®I;) = HYE®L) > H((ERL)z) — ... (o)

with the cohomology sequence of (1) ® 7*L:
0 — HO(Op(z) (1) ® 7L ® Tp1 ) — H(Op(py(1) @ 7°L)

L B (Opssy (1) @ L) (p17) — - (00)

As in [6], where this is done for a particular choice of S, E and L (see
Lemma 3.2 therein), it is now enough to notice that the dimensions
of the domains, the codomains and the kernels of the maps « and (3
are equal. The last assertion follows from the fact that m.(Op(g)(1)®
L) = E® L (see for example [11] Exercise I111.8.3 and I11.8.4), so
that their H" are isomorphic, and the following lemma, which is
Lemma 2.1 in [16]:

LEMMA 2.2. Let S be a smooth projective variety, L an invertible
sheaf on S, E a rank r vector bundle on S, w : P(E) — S the
canonical projection and Z a closed subscheme of S. Then,

ﬂ*(OP(E)(l)(X)?T*E@Zﬂflz) = E®£®IZ
and T ((Op(g)(1) @ T°L)jr-17) = (E® L)z
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It is also worth noticing that by [11] Ex. I11.8.4, R'p.Op (1)
0 for i > 0, hence by projection formula R'm.(Opg)(1) ® L)
R'm,Op(i)(1) ® L = 0 for i > 0, so that by [11] Ex. IIL.8.1 there are
natural isomorphisms H'(Opgy(1)®@7*L) = H'(E®L) for all i > 0.
Hence in particular if H'(E ® £) = 0, also H'(Op(gy(1) @ 7*L) = 0
and the cokernels in (o) and in (oo) are respectively H'(E® L ®ZLy)
and Hl(OP(E)(l) RQTLR L -17).

1l

Up to now we have improved the situation with respect to the
rank, since instead of working on S with a rank r vector bundle we
work with a line bundle, but the dimension of S, as well as that of
our scheme Z, has encreased by 1 since we now have to take care of
7717 inside P(E). There is nothing to do for the ambient variety,
but we can do better for 7~1Z; for example, if Z is 0-dimensional,
we have the following Lemma 2.3. We first need some notations:

NOTATION 1. Let S be a smooth projective variety, E a rank r vector
bundle on S, 7 : P(E) — S the canonical projection. Let U be an
open subset in S such that E|U =B ®...0E, E; = 0Oy for
i=1,...,7,and Z C U a closed subscheme of U. We set:

Zi =1 Y Z)NP(E;) fori=1,....r, Z:=27,U...UZ,
(hence 7 gives isomorphisms Z; = Z for i = 1,...,r).

Now we can state the following Lemma 2.3; this is nothing else
than [7] Lemma 2.2, which refers to a particular choice of S and F,
rewritten in the general case, and the proof of the former goes exactly
as the proof of the latter, taking care of the obvious generalizations.
The essential thing here is that a fiber of P(E) is just a P"~!, and we
are dealing with the sheaf Op(g)(1) which is Opr—1(1) restricted on
a fiber; hence to ask that one of its sections vanishes on the whole
fiber 771(P) (here P is a point of S), or on the r independent points
of the fiber 7= 1(P) N P(E;), is the same.

In the next lemma Z is a 0-dimensional scheme; notice that in
this case length(Z) = rlength(Z).

If Z is a variety of dimension > 1 such that E|; splits as I} &
... @ F, (where the F;’s are line bundles on Z), it is easy to see that
the vanishing of the sections of E along 7=1(Z) is equivalent to the



POSTULATION PROBLEMS FOR VECTOR BUNDLES 239

vanishing of the sections of Op(gy(1) along P(F1) U ... UP(F}), but
each one of these copies of the variety Z may behave differently.

For example, if Z is a line inside P? and E is the cotangent
bundle of P?, then E|; = Qz® F where F 2 Oz(—1); if £ := Op2(2)
and we want to study the postulation of 7=!(Z) with respect to
Op(g) (1) ® 7L, we have to consider that (Opg)(1) @ 7" L)p,) =
Qz(2) = Oy, while (Opg)(1) @ 7°L)pry = Oz(1) (see [16], 3.2.1
and [11], V.2.6).

LEMMA 2.3. Let S, E, © be as in Notation 1, let L be an invertible
sheaf on S, and let Z be a 0-dimensional subscheme of S. Let U be
an open subset of S as in Notation 1, and such that Z C U. Then

HO(Op(y(1) @ 7L ® L1 (7)) = HO(Opy (1) @ 7" L @ T ).

Let’s go back to the problem we were speaking above in the example
on P? with rank £ = r > 1, that is, the problem of breaking up
a point of P? into smaller pieces, in order to have something which
counts 1, and not 7, for E. For example, if h’(E) = s > 0 with
r not dividing s, and if we wish to build a, say, generic union of
points having the numerical prerequisites for being FE-settled, it is
not possible to look for it in P? but we can do the following: divide s

by r, s =nr + ¢ with 0 < ¢ < r, consider pi,...,pnp+1 generic points
in P? and take the generic union X in P(E) of 7= 1(py1),..., 7 1(pn)
with i generic points gy, ..., ¢ in the fiber 771 (p, 1) = P"~1; this is

a (r — 1)-dimensional subscheme of P(E), and by Lemma 2.2

WO (Dix) = D h(Op)(1)ja-1(;)) + B2 (Op(y (1), 0...00;)
j=1

n
= ZhO(E‘pj)+i =nr-4+i=s.
j=1

If you prefer to have a 0-dimensional scheme in P(F), just take
the union of 7 generic points in each fiber 7=1(p1),..., 7 1(p,) with
1 generic points in ﬂfl(pqﬂ); Lemma 2.3 above assures that this is
equivalent to the other choice.
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3. The minimal free resolution for generic unions of
2-jets in P2

If X is a O0-dimensional scheme, we denote the length of X by I(X).

In the following a 2-jet is a curvilinear scheme of length 2 in P?;
hence in affine coordinates x, y a 2-jet has an ideal of the form (22, y),
and consists of a point plus a tangent direction.

In this section Z will denote a generic union of 2-jets 21, ..., Z,,
in P2, so that I(Z) = 2m.

In [4] it is proved that such a Z has good postulation, i.e.,
for each k > 0, h%(Zz(k)) = maz{0,h°(Op2(k)) — h°(Oz(k))} =
maz{0, (k;Z) — 2m}. Here we prove, as an illustration of the tec-
niques of Section 2, that it is also minimally generated.

Notice that good postulation plus minimal generation gives, the
ambient space being P2, the entire minimal free resolution, which is
hence the expected one.

In the following we use the results of Section 2 with ambient
variety P? and vector bundle Q := Qps, the cotangent bundle of P?;
hence we work in P(Q2) with the projection 7 : P(€2) — P2, We need
some more

NoOTATION 2. For each n > 0 we set:
gn = O]}D(Q)(l) &® 7T_101P>2 (TL)
We recall that hO(E41) = hO(Q(k + 1)) = k(k + 2).

For any & > 0 we write the number of global sections of &1
modulo 2, i.e. k(k+2) =2l+¢,¢=0,1.

If k =2l, k(k+2) = 0 (mod 4); Y}, will denote a generic union in
P? of W 2-jets, hence [(Yy) = @ Ifk=20+1k(k+2)=3
(mod 4); Y}, will denote a generic union in P? of LWJ 2-jets, hence
(V) = k(k+22)73.

Let P be a point in P2, A, B two distinct points in the fiber
771(P), and n(A) a nilpotent of length 2, supported on A and not
contained in 77!(P). For any k > 0, the remainder scheme Ry is
defined to be the empty set for k even, and n(A) U B for k odd.

For any k > 0, Z; will denote the generic union in P(Q2) of if;
(recall Notation 1) with Rj. Hence the O-dimensional scheme Zj, has
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length k(k + 2), so that if H%(Zz, ® k1) = 0 then the restriction
map H(Epy1) — HO(Epy1)z,) is bijective and Zj, is Eiq-settled.

PROPOSITION 3.1. For any k > 0 we have H(Ex11) ® Iz, = 0.

Proof. We use induction on k with step 2.

The initial cases are: for k even, k = 0 for which the statement
is trivially true, since H%(&;) = 0; for k odd, k = 1 which is proved
in [15] lemma 2.2 case A(1).

Now we assume the assertion true for £ — 2. Let C' be a smooth
conic in P2. We consider a specialization Y;* of Y, (and the cor-
responding specialization Z} of Zj, ) obtained specializing k& among
the 2-jets on C, so that I(Y; N C) = 2k.

We now consider the exact sequence:

0= &1@Lres 1,z — Eh1 @Iz —

Ekt1jn—1c ®Lzzrm-1cm-1c = 0.

We hayve: h0(5k+1\rlc X IZ:ﬁﬂ’lc’,ﬂflC) = hO(Q(k + 1)‘0 X
Zy:ne,c) by 2.2 taking into account that Op(q)(1)jr-1c = OP(Q‘C)(l);
since Q¢ = Op1(—3)2, we have h°(Q(k + Dic ® Iypnce) =
h(Op1 (2k —1)* @ Iy o) = 0.

Moreover, rescY)’ is a generic union of 2-jets, with l(rescY)") =
WYF) =Yy NnC) = I(Y)) — 2k, and res,—10Z; = rescY, U Ry,
so that [(res,-10Z;) = 2l(rescY)’) + I(Ry) = (k — 2)k. Hence,
RO(Ep1 ® Iresﬂfch,:) = 0 by induction assumption, so h%(Epy1 ®
Zzy) = 0 and by semicontinuity we conclude hO(Ek1®Zz,)=0. O

PROPOSITION 3.2. Let Y be a generic union of m 2-jets Zy, ..., Zm
in P2. Then the restriction map ¥y, : H*(Epy1) — H0(5k+1|1?)7 or,

equivalently, the restriction map py : HO(Q(k+1)) — HY(Q(k+1)y)

is injective if LWJ < m and surjective if LWJ >m
k(k+2)

Proof. Let |==—] < m; hence, we can assume Zj, C Y (if k is odd,
and X is one of the 2-jets of Y, we can assume that the scheme Ry
is contained in X ). Hence we have the exact sequence (where Z Z7.Y

is the ideal sheaf of Z, in }A/'):

0= &E1@Ty = &1 0Tz = E1 QL ¢ —0
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which, since H%(E,11 ® Iz,) = 0 by 3.1, gives H(Epy1 ® Iy) = 0,
i.e. vy, is injective for Y or equivalently (see Section 2) py, is injective
for Y.

Now let LWJ > m; we can take away L@j —m 2-jets from

Y, and we are left with Y; hence, we can assume Y C Zi. So we get
the exact sequence

0— 5k+1 ®Izk — €k+1 ®ZY — €k+1 ®ZY,Zk — 0.
Since h?(Epy1 ® Zz,) = 0, we get

W1 ®Iy) < h(Eppa ®71y 4,)

= h0(Ek1 © Oz) = B (Epy1 ©@ Oy)
= k(k+2)—4m.

On the other hand the exact sequence
0= &1Ly = &1 = &y — 0

gives 1°(Epp1 @ Iyp) = h(Eps1) — 10(Eyy y) = k(k +2) — 4m, so
that we have the equality h°(Epy1 ® Zy) = hO(Epgr) — h0(5k+1|3?)

and the map 1y, is surjective for Y or equivalently (see Section 2) py
is surjective for Y. O

Now the property of having the expected resolution for a generic
union of 2-jets follows from Proposition 3.2 together with what we
have seen in Section 1:

COROLLARY 3.3. Let Z be a generic union of m 2-jets Z1, ..., Zp, in
P2. Then, for any m > 0, Z is minimally generated and has the
expected minimal free resolution.
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