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Introductory Notes to
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SERKAN HOSTEN AND SUELA RUFFA )

Contribution to “School (and Workshop) on Computational Algebra
for Algebraic Geometry and Statistics”, Torino, September 2004.

SUMMARY. - These are the notes of a short course on algebraic
statistics, a new discipline across the fields of statistical mod-
eling and computational commutativa algebra. The basics of the
theory are provided together with brief reference to applications to
design of experiments, to exponential and graphical models, and
to computational biology.

1. Introduction

These notes are based on five lectures that the first author has given
in September 2004 at Politecnico di Torino during the school on Com-
putational Algebra for Algebraic Geometry and Statistics. Hence the
first author is grateful to the organizers for having been given this
opportunity. The second author organized a draft of this lecture
notes as part of her Laurea Magistralis project.

The notes are basic and informal. They are intended to give
the reader a first glimpse of algebraic statistics, and some of the ex-
citing developments. The interested reader has now many different
sources to extend his/her knowledge in this area. The (by now clas-
sic) book [13] is a good starting source. The recent book [12] has
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been a tremendous addition. In particular, the first four chapters of
this book give an excellent introduction to algebraic statistics with a
view towards computational biology. The lectures were also partially
based on the lectures notes by Bernd Sturmfels of his John von Neu-
mann Lecture in 2003 (see http://www-m10.ma.tum.de/neumann/).
For more advanced topics, Journal of Symbolic Computation is about
to publish a special issue (Volume 41, Issue 2) on Computational Al-
gebraic Statistics that contains a dozen articles.
We hope algebraic statistics will become an influential subject.

2. Algebraic Varieties and Statistical Models

2.1. Ideals, varieties, and Grobner bases

By a polynomial f in n indeterminates pi,...,p, we mean a fini-
te linear combination of monomials p® = pi* - -+ - po»
flp) = Z cap™
acA

In most applications the coefficients ¢, one uses are rational num-
bers. For the development of the theory Q could be replaced by any
field k, such as the real numbers R, complex numbers C, or any finite
field. Algebraic geometry has a long tradition of using C and other
algebraically closed fields. The set of all polynomials k[p1, ..., py]
with the indeterminates pi,...,p, and coefficients in the field & is
a ring under the usual addition and multiplication of polynomials.
Given a set of polynomials fi,..., f, in k[p1,...,pn], the set of si-
multaneous solutions

V(fi,- i fm) ={a € k™| fila) = = fm(a) =0}

is called the algebraic variety defined by fi,..., fin- Many applica-
tions of algebraic geometry are concerned with computing, describ-
ing, or understanding such a variety.

DEFINITION 2.1. A nonempty set I C k[p1,...,pn] is called an ideal,

if
(i) f+ge€l for each f,g € I, and
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(ii) h- f €l foreach f € I and h € k[p1,...,Dpn].

One can easily show that for the ideal I = (f1,..., f;,) the set of
solutions

V({(fis.--sfm)) ={a€k™| fla)=0V fel}

equals the variety V' (f1,..., fm). This means that if a second set of
polynomials g1, ..., g: generates the same ideal I = (f1,..., fi) =
(91, .-,9¢) then the varieties V(f1,..., fm) and V(g1,...,9n) are
equal. All what matters is the ideal and not the individual poly-
nomials in the polynomial system. Consequently, we introduce the
notion of the variety of an ideal.

DEFINITION 2.2. Given an ideal I C k[p1,...,pn], the set of its so-
lutions

VI)={aeC"| f(a)=0V fel}
is called the affine variety defined by 1.

The natural question arises whether there are ideals which are not
related to polynomial system solving because we cannot find finitely
many polynomials fi,..., fm, so that I = (f1,..., f;n). Luckily, this
is not the case. Here we will prove one of the pillars of algebraic
geometry and commutative algebra, namely Hilbert’s basis theorem.

THEOREM 2.3. Every ideal I in klp1,...,pn] is finitely generated.

Proof. The proof is done by induction on n, the number of indeter-
minates. We note that k[p1,...,ps] = k[p1,...,Pn-1][pn]. In other
words, the polynomials in k[p1,...,p,| can be viewed as univariate
polynomials in the variable p, whose coefficients are polynomials
themselves in the remaining n — 1 indeterminates.

The case for n = 1 is easy, since in this case k[p1] = k[p] is a
principal ideal domain, i.e., every ideal is generated by a single poly-
nomial: If I is the zero ideal, it is generated by the zero polynomial,
and we are done. Otherwise, let f € I be a nonzero polynomial
with least degree. We claim that I = (f). Suppose g € I. Then
there are polynomials ¢ and r in k[p] such that g = fq + r with the
property that the degree of r is strictly smaller than the degree of f.
If r £ 0, then we conclude that r is in I, and that would contradict
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the minimality of deg(f). So r has to be the zero polynomial, and
this finishes the case for n = 1.

Now suppose that n > 1. We construct a sequence of polyno-
mials from I as follows. Let f; € I be a polynomial with mini-
mal degree in the variable p,. Then for j > 1, if (f1,..., f;) is
strictly smaller than I we let f;j41 € I\ (fi,...,fj) be a poly-
nomial of minimal degree in p,. We also let u; € k[p1,...,pn—1]
be the leading coefficient of f;. The ideal in Q[p1,...,pn—1] gen-
erated by these leading coefficients is finitely generated by induc-
tion. We can assume that ui,...,u,, generate this ideal. Now
we claim that I = (f1,..., fm). If this is not the case, we must
have picked a polynomial f,+1 € I\ (f1,..., fm). Its leading coef-
ficient wy,41 is in (uq, ..., un), and therefore u,,+1 = 27’21 rju; for
r; € k[p1,...,pn—1]. By our construction d := deg,, (fm+1) is greater
than or equal to the degrees of f1,..., f;n in p,, and we could define
the following polynomial

m

d—d;

9= 1= >_rifipn
=1

where d; := deg, (f;). The degree of g is strictly smaller than the
degree of f;,+1. But note that g is also in I\ (fy,..., f;). This
contradicts the minimality of deg(fm+1), and we are done. O

Monomial orders and Grobner bases

DEFINITION 2.4. A monomial order < is a total order of all mono-
mials p* € k[p1,...,pn] such that

(i) 1=p® < p* for all monomials p*, and
(ii) p* < p¥ implies p"p* < p"p* for all p».

Typical examples of monomial orders are the lexicographic and
the graded reverse lexicographic orders.

DEFINITION 2.5. Fix an order on the variables py > pa2 > ---Dp.
Then p* <jer ¥ in the lexicographic order, if there exists j € {1,...,
n} such that u; =v; fori=1,...,j—1 and uj < vj.
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DEFINITION 2.6. Fixz an order on the variables py > pa > -+ > pp.
Then p* <greview P* with respect to the graded reverse lexicographic
order, if deg(p*) < deg(p¥) or deg(p“) = deg(p’) and there exists
Jje{l,...,n} such that u; = v; fori=j+1,...,n and u; > v;.

In the second definition deg(p") is the degree of the monomial p*
and is equal to uj + - - - + u,. Monomial orders allow us to compare
monomials. In particular, we can compare the monomials in a given
polynomial and determine the largest one. This leads us to the
definition of the initial monomial and initial term.

DEFINITION 2.7. Let < be a monomial order on klp1,...,pn] and
let
o= Z cap”
acA

be a nonzero polynomial. Then in(f), the initial term of f, is the
term 05]95 such that p® = maxaea p®. The monomial pP® itself is
called the initial monomial of f.

EXAMPLE 2.8. Let f = 3p3qr? + 6p2¢*r® — 5pg®r? € Q[p,q,7]. We
define the lex and grevlex orders with respect to x > y > z. Then
inlem(f) = 3p3q7°2 and ingrevler(f) = 6p2q27°3.
DEFINITION 2.9. Let I be a nonzero ideal in k[p1,...,p,] and let <
be a monomial order. Then the initial ideal of I with respect to < is
the ideal

ine(I) = (in<(f): fel)

generated by the initial terms of the polynomials in I.

Recall that by the Hilbert’s basis theorem in(7) is finitely gener-
ated. Moreover, the proof of Theorem 2.3 shows that the generators
of in(I) can be chosen to be monomials. Hence computing the initial
ideal of I returns a monomsial ideal, an ideal generated by monomials.

DEFINITION 2.10. Given a monomial order < on k[p1,...,pn], a set
of polynomials g1,...,gm generating the ideal I = (g1,...,gm) 1S
called a Grobner basis with respect to < if

inS(I) = (inﬁ(gl)a SRR inﬁ(gm»'

Furthermore, if
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(i) the coefficient of each initial term in(g;) is equal to one, and

(ii) no term of g; is divisible by {in(g1), ..., n(gm)} \ {in(g:)},
then such a Grébner basis is called a reduced Grébner basis of I.

It is not hard to show that the reduced Grobner basis of I with
respect to a term order is unique; see [2, Chapter 2, §7, Proposition
6].

EXAMPLE 2.11. Let’s take the ideal I = (pq—rs, pr—s?) C Q[p, q,r,
s] and the grevlex order p > q > r > s. The reduced Grébner basis
18

{pr — 5%, pg—rs, r’s —qs*},
where the underlined terms are the initial terms. If we change the
monomial order to the lex s > r > q > p then the reduced Grobner
basis changes to

{rs —pq, s> —pr, pgs —pr?, pr® — p*¢*}.

We will not delve into the details of how one can compute Grob-
ner bases as in the above example. The standard algorithm is known
as the Buchberger’s algorithm (see [2, Chapter 2]), and it is imple-
mented in all computational algebra systems such Maple, Mathe-
matica, CoCoA, Singular, Macaulay 2 etc.

2.2. Parametric versus implicit descriptions

Let g1,...,9n € k[f1,...,04] be n polynomials in d indeterminates.
We can define the map
ok — k"
(01,....0a) — (91(0),...,9.(0))
where 8 = (61,...,04). We refer to the space k? as the parameter

space and the points € as the parameters. The image im(y) of this
polynomial map is said to be given parametrically. In general im(¢p)
is not an affine variety but we can look at the smallest affine variety
containing im(¢). This is called the Zariski closure of im (), denoted
by im(y). To compute im(p) we need the elimination theorem (see
[2, Chapter 2, §1, Theorem 2, §3, Theorem 1]).
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THEOREM 2.12. Let J = (p1 — ¢1(0),...,pn — gn(0)) be an ideal in
the polynomial ring k[01,...,04,01,-..,pn]. Then

im(p) = V(J NE[p1,. .., pal)-

The equations defining the im(y) are called the implicit equations
of this variety, and the process of finding these equations from a
parametric representation is called implicitization. What concerns
us here is the algorithmic method of computing the intersection J N
k[p1,...,pn). This is accomplished via Grobner bases using a special
type of monomial order called an elimination order: a monomial
order of k[01,...,04,p1,...,pn] where {01,...,04} > {p1,...,pn}.

THEOREM 2.13. Let I be an ideal of k[01,...,04,p1,...,pn] and let
< be an elimination term order where {01,...,04} > {p1,...,pn}-
If G is the reduced Grébner basis of I then G N k[p1,...,pn] is the
reduced Grébner basis of I N k[p1,...,pn)].

Proof. We need to show that the initial ideal of INk[p1, ..., py,] is gen-
erated by the initial terms of GNEk[p1,...,p,]. If f € INk[p1,...,pnls
then its initial term has to be divisible by the initial term of some

g € G. Hence this initial term is a monomial of k[p1,...,p,]. But
then the elimination term order implies that ¢ € G N k[p1,...,pn]
and we are done. O

Phylogenetic invariants

We present an application of polynomial implicitization in the rapid-
ly growing field of algebraic phylogenetics. The specific example
below is taken from [18].

Phylogenetics is the study of the historical evolution of a set of
species from a common ancestor using certain characteristics one can
observe today. Typically, this evolution is represented by a phylo-
genetic tree. In the contemporary phylogenetics the characteristics
one uses to reconstruct a phylogenetic tree is pieces of DNA and
RNA sequences (sometimes the whole genome) of the organisms in
question. To give a concrete example let’s look at the following tree
on n = 3 leaves pictured below.

Each node of the tree T' (the leaves and non-leaves altogether) is
a random variable. We will treat one of the simplest (but commonly
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used) cases where all of these five random variables are binary, that
is, they take values 0 or 1. The random variables at the leaves are
observed, and they correspond to a binary characteristic we can ob-
serve of three species. The random variables at the interior nodes are
hidden. These in turn correspond to the same binary characteristic
of two ancestral species which we cannot observe. The probability
distribution at the root is an unknown vector (mg, 71), where 7y rep-
resents the probability of observing 0 at the root. For each of the
four edges of the tree, we have the same 2 x 2-transition matrix:

M, = My = M, = My — <a0° ‘“’1).
aijp ail
The four entries in this matrix are also unknown, and each entry
a;j represents the probability that an i € {0,1} changes to a j €
{0,1} as the evolutionary clock is ticking. Together with the two
root distribution parameters we get six model parameters describing
our model of evolution. Assuming that all transitions on the edges
are independent events, the monomial 7,ay;0u,ayja., Tepresents the
probability of observing u at the root, v at the interior node, i at the
leaf 1, j at the leaf 2, and k at the leaf 3, where u,v,1,j,k € {0,1}.
Since the probabilities at the root and the interior node are hidden,
while the probabilities at the three leaves are observed we can write
a polynomial that represents the probability of observing ¢, j, and k&
at the leaves 1, 2, and 3 respectively. In the language we developed
in this section we have a polynomial map ¢ : RS — R® defined by

é(mo, &1, @00, @01,010, G11) =

= (p000,p0017p010,pon,ploo,p101,p11o,p111)
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where

Pooo = moagy + moaoao1aly + maiyady + maiyan

Doo1 = Woagoam + Tp@o0Q01a10411 + Wla%()aOOaOl + Wla%()a%
Doo = Woagoam + Tp@o0Q01a10011 + Wla%()aOOaOl + Wla%()a%
poi1 = Woagoagl + ﬂoaooama%l + 7T1a%0a(2)1 + 7r1a10a£1)’1

Ploog = woagoam + woa(znafo + wlallaloago + wlafoafl

bio1 = Woa(z)oagl + 7T060(2)1a10a11 + T1a11010G00001 + 7T16010651)'1
P10 = Woagoagl + 7TOCL(%laloall + T1a11010G00001 + Wlaloai’l
P11 = woaglaoo + Woaglafl + Wlallaloagl + wlai‘l.

Using Theorem 2.13 we can compute the implicit equations of
im(¢). This variety is defined by p191 — p110 and poo1 — pPo1o together
with a single polynomial of degree seven

PRooPo11P110 + 2P00P011P110 + PaooPi10 — 2P000Po10P011P110

- 2p000p(2)10p011p:1)’1o + 2p000p010p811p100p110 - 2p000p010p(2)11p100p%10
+ 2Po00P010P011P100P3 10 — 2P000P010P100P110 — P000PG11P 100

— Po00Pd112100%P110 — PoooPg11PooP 10 + Po10Po11P110

— 2p310P511P100P110 + 2P010P011P100P1 10 + Po10P011PT00

+ Pi10Pg11PT00P110 — 2P310P011PT00P 10

+ Pi1oPT0oP 10 + Po10PE11Pio0P110-

2.3. Statistical models as algebraic varieties

Let X be a discrete random variable taking values in {1,...,n}. In
many examples in statistics the probabilities P(X = i) are given
parametrically by polynomial g;(61,...,604) where 01,...,04 are the
parameters. Then the map

0:RY 5 R
(01,-..,04) = (91(0), ..., 9n(0)).
describes the probability distributions on the state space {1,...,n}

prescribed by the polynomials g1, ..., g, as 8 varies in the parameter
space. Usually the parametrization map ¢ is restricted to an open
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subset U C R?, and hence what we are really interested in is (U) N
A, where A, = {(p1,.-.,pn) : 2 =0, p1 + -+ p, = 1} is the
(n — 1)-dimensional probability simplex.

DEFINITION 2.14. A statistical model is im(p) N A,,.

ExXAMPLE 2.15. We consider a gene with two alleles A and a. X
is the random variable taking values in {AA, Aa, aa}. Let 0 be
the probability of observing the allele A and 1 — 0 the probability of
observing the allele a. We mean

p1 = P(X = AA) = ¢?
po = P(X = Aa) = 20(1 — )
p3 = P(X =aa) = (1-0)>

We want to describe im(yp), where

©:(0,1) = R3
0 (91(0), 92(0), 93(0))

with g1(0) = 6%, g2(0) = (1 = 0), g3(0) = (1 - 0).
Using Theorem 2.13, we find im(p) = V ((p3—4p1p2, p1+p2+p3—1))

EXAMPLE 2.16. Suppose X andY are two independent random vari-
ables described as follows. We let X be “the time that a man watches
soccer on TV in Italy” and Y be “the amount of hair that a man has
on his head”. These variables take three possible values (time < 1
hour, 1 hour < time < 8 hours, time > 3 hours), with probability
p1, P2, p3 respectively, and (bold, receding, full), with probability qi,
q2, q3 respectively. Because these random variables are assumed to
be independent the joint probability P(X =1i,Y = j) = p;j is given
by
Pij = Pigqy

and the corresponding map s

©: R6 N RSXS
(p17p27p37q17Q27q3) = (plq] 17] - 17273)
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We can look at the image as the 3 x 3 matrixz obtained by the product:

P11 P12 P13 q1
par P22 P23 | =(p1 P2 p3)| @
P31 P32 P33 q3

This matriz has at most rank one; that is all 2 X 2 minors are 0 and

im(p) = V(I2x2)
where
Inxo = (pijprt —papjr 1 <1<k <3, 1< <1<3).

In our example the statistical model is V (Iaxa(p,;),;) N Ao.

3. Linear and Exponential Models

3.1. Linear models

A linear model is a statistical model where the polynomials g1, ..., gn
are linear polynomials in the parameters 61, ...,04:

9i(01,...,04) = cio + 101 + cioba + - - - + ¢iq04.

Hence the algebraic variety im(yp) is an affine subspace of R™. The
description of a linear model as it stands looks quite simple. How-
ever, there are many interesting questions one can ask in an applied
context. For this we will use a widely studied example, namely, the
design of experiments. In fact, this topic is one of the first statistics
topics that pioneered the use of computational algebra. For a back-
ground and more details we refer the reader to the book by [13] and
the papers [14] and [15].

Design of experiments

We start with an example inspired by an example in [14] to clarify
the mathematical framework.
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EXAMPLE 3.1. Suppose that a company is getting ready to launch
a new product, say, a shaving gel for men. There are certain fea-
tures of the product that this company sees as the most important
attributes which determine the success among the consumers. For
instance, these attributes could be the color of the gel, the perfume
used in it, how soft it feels when shaving, the size of the packaging
etc. The important thing is that there is a finite list Ay, As, ..., Ax of
k attributes. Furthermore, each attribute A; can take a value from a
finite list of values D; = {d;1,di2, ..., d;;}. In our example, the color
of the gel might be of three types: white, blue, and green. One way
of doing a market research on this product is to present this shaving
gel with various values of its attributes to consumers and ask them
to rate the product from 1 (very poor) to 5 (excellent). Although this
18 a simple idea, there are many difficulties conducting this experi-
ment. In our example, if the four attributes each have three values,
then there are 81 different shaving gels a consumer has to try to
evaluate all possible products, a costly and arduous task. The design
of the experiment is then used to make a smart choice of a subset
of possible products to infer consumer preferences that one wants to
know.

Now we will place the problems in the above example into a
mathematical framework. In the situation as above the values d;;
can be taken to be numerical values. For instance, the three colors
white, blue, and green would be coded by the integers 0, 1, and 2. If
we assume all such values are numerical values than a design point,
i.e., any one of the possible shaving gels in Example 3.1 is a point
in R¥. Let Dy, Ds,...,D; be finite subsets of R. These sets are
associated to each of the k attributes A; which take values in the set
D;. If we consider every attribute we obtain a full factorial design
D = Dq x--- X Dy, whereas if we consider a subset F' of D we obtain
a fraction. The points in F' are called design points and indicated
with u; € R¥ i = 1,...,n, where n = |F| is the cardinality of F.

The totality of the design points is then an affine variety F' =
{uy,...,up} C R¥ C CF consisting of finitely many points. The
experiment itself is a function

f+F—R.
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In Example 3.1 the function f maps design points (different shaving
gels) to some value given by the consumers, a real number between
1 and 5.

We now take the fraction F' C D and we define the model

p(@l,...,gd,l‘l,...,l‘k) = Zeal‘a

aesS

where S is the support set and d is the cardinality of S. Note that
this is a linear model defined by

gi(01,...,0q) = p(01, ..., 00,u) = Y 0oz (u;)
a€eS

where 2%(u;) = uf' ---ug*. With this we can formulate two prob-
lems:

1. Direct problem: Given a fraction F = {uy,...,u,} what
are the linear models which can be identified by F'? In other
words, given the support S and the responses f(u;) = y; is
there a unique (0y,...,604) so that y; = p(61,...,04,u;) for

i=1,...,n?

2. Inverse problem: Given a model p(6y,...,04,21,...,2%) =
Y acs Paxr® what are the minimal fraction F' C D that identify
the model?

Ideals of points

Before we continue, let’s make an observation: the function f :
F — R is a polynomial function, i.e. f(z1,...,xx) is a polynomial.
Using Lagrange’s interpolation we can find such a polynomial. How-
ever, this polynomial is not unique. In fact, two polynomials f; and
fo give the same function f if and only if f; — fo vanishes on all of
the points in F'. More generally we make the following definition.
Here and elsewhere, we set k[z] = k[z1, ..., z,].

DEFINITION 3.2. Let V C k™ be an affine variety. The ideal of V is

I(V) :={f€klz] : fla)=0, forallacV}.
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It is not hard to see that I(V') is indeed an ideal. Now two polyno-
mials f and g in k[z] will be the same functions when restricted to V'
if and only if their difference vanishes on V', in other words, f — g is
in I(V'). Therefore, the polynomial functions on V' can be identified
with the elements of the quotient ring k[z]/I(V').

PROPOSITION 3.3. Let V. C k™ be an affine variety. Then the ring
of polynomial functions on V is the quotient ring k[x]/I(V').

What we will do next depends on our ability to do computations in
quotient rings such as k[x]/I(V). We review this topic briefly.

DEFINITION 3.4. Let M C k[z| be a monomial ideal. Then monomi-
als not in M
{z% : =% ¢ M}

are called the standard monomials of M.

LEMMA 3.5. Let G = {g1,...,9s} be the reduced Grobner basis of the
ideal I with respect to a monomial order <. Then f = g in k[z]/I
where g is the unique remainder of f obtained by reduction on G.
This remainder is a k-linear combination of the standard monomials

of in<(I).

Proof. The first statement follows from the fact that when we do
long division with respect to Grébner basis we get unique remain-
ders. The division algorithm guarantees that no term of g is divisible
by the initial term of any g;. Since in(I) = (in(g1),...,in(gs)) the
monomials appearing in g are standard monomials of in(7). O

THEOREM 3.6. Let I be an ideal in k[x] and < a monomial order.
Then the standard monomials of in<(I) form a k-basis for k[z]/I.
Moreover, k[z]/I and k[x]/in(I) are isomorphic as vector spaces.

Proof. Lemma 3.5 shows that the standard monomials of in< () span
klxz]/I. To show linear independence, suppose f = cjx®! + - - cpz®
where x®, ...,z is a subset of the standard monomials is zero in
E[xz]/I. This means f € I, and in<(f) € in(I). Since the monomials
in f are all standard monomials we conclude that f = 0, and hence
cg=--=¢=0. O
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When we are working over an algebraically closed field such as C
we can use Hilbert’s Nullstellensatz [2, Chapter 4, §1, Theorem 2] to
prove the following.

PROPOSITION 3.7. Let V = {P,...,P,} C C* where P, = (pa,...,
pik) fori=1,...,n. Then

.

I(V) = (wl—pi1,~--,xk—pz’k>-

=1

Using the proposition we can compute [(V'), and then compute
a Grobner basis to get the standard monomials. In the case of a
full factorial design D where D; = {0,1,...,d;} both I(D) and any
Grobner basis of I(D) is easy to compute.

PROPOSITION 3.8. Let D C R¥ be a full factorial design. Then I(D)
1s generated by k polynomials g; where

9i = wi(w; — 1)(x — 2) - (w; — dy).

Furthermore, the set {gi,...,gx} forms a reduced Grébner basis for
any monomal order.

Proof. The first statement follows from Proposition 3.7. For the sec-
ond statement observe that for any monomial order in(g;) = md 1
The cardinality of the standard monomials of (in(g;) : i = 1,. k)
is equal to that of the standard monomials of in(I(D)). Hence the
two ideals have to be the same, and this proves the second state-
ment. O

There is one result remaining that allows us to answer Question
1.

THEOREM 3.9. Let V = {Py,...,P,} C C¥ be an affine variety con-
sisting of finitely many points, and let < be a monomial order. Then
the dimension of C[z]/I(V') as a C-vector space is equal to n. This
number is in turn the number of standard monomials of in<(I(V)).

C

W . Cll
(V) in<(1(v)) "
isomorphic as vector spaces. The standard monomials of in<(Z(V'))

Proof. We have already established that
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is a basis for both vector spaces, and in the case of a finite affine
variety V' the number of the standard monomials, and hence the
dimension of these two vector spaces, is finite. We let m denote
this dimension. We leave it as an execise to show that there exists
polynomials fi,..., f, € Clz] such that f;(p;) =1 and f;(p;) = 0 for
i # j. We define a linear transformation ¢ : C™ = Clz]/I(V) —
C™ by o(f) = (f(p1),---, f(pn)). The existence of fi,..., f, above
implies that ¢ is surjective, and hence also injective. This shows that
m=n. ]

Now given a fraction F' = {uy,...,uq}, we consider R[F] :=
Rlx1,... z]/I(F), all polynomial functions on F'. The above results
show that we can compute a reduced Groebner basis of I(F') with
respect to some term ordering <. Let this basis be {¢1,...,9s}. The
ideal of the initial terms in<(I(F)) is generated by

{iHS (91)7 s 7in§ (gs)}'

We take the support set S to be the standard monomials of the ideal

in<(I(F)). The estimates of parameters 61,...,6, are the solution
of

() 22(w) - a%i(uw) ) [ 6 P

x x

% (ug) x*2(ug) - x%(ug) 04 Puy

The rank of the matrix in (1) is d. To show this suppose we reason
by contradiction. Suppose that the columns are linearly dependent,
that is there exist 61,...,60; € R not all 0 such that

p(01,...,0d,x1,...,a:k) = Z Oaxo‘ =0.
x*eS

This means that p(-,-) vanishes on F. Thus p(61,...,04, 21,...,2k)
is in I(F'). But this is not possible because all terms of p(-,-) are
standard monomials and none of them is divisible by (in<(g;)).
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EXAMPLE 3.10. D1 = Dy = {0,1} and I(D) = (2% — z,y* —y). In
this case the standard monomials are {1,x,y,xy}. Let us take the
model

pla,b,c,d,z,y) = a+ bz + cy + dzxy.

We have the system

Poo = a
po=a-+b
Por = a—+c¢

pi1=a+b+c+d

that has a unique solution.
A modified example would be to assume that there is no “interaction”
between the x and y variables. Thus the model is

pla,b,c,d,z,y) = a+ bz + cy.

If we denote with:

1 0 0 Poo a
1 10 P10
Al = = o=1| b
101 P=1 po .
1 1 1 P11
the system 1is
ATH =p.

This system has solution if pog — p1o — po1 + p11 = 0 that is if p €
im(AT) is orthogonal to ker(A) (observe that a basis for ker(A) is

((1,-1,-1,1))).

3.2. Exponential models

The easiest introduction to exponential models is to use the last
example above. Instead of the linear model we have used we will use
an exponential model for a fraction F' C N¥. Tt is defined as

p(01,...,0q,x1,...,28) = exp( Z Haxo‘)

€S
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and if we apply the change of coordinates
zi = exp(6);)

we obtain

p(@l, coy g, ’:ka) _ z;lgal(u) N 'Zgad(u)

which is a product of monomials.

EXAMPLE 3.11. The exponential model for the first part of the Ex-
ample 3.10 is
p = exp(a + bx + cy + dxy).

In order to find a,b,c,d we have to solve the system
Poo =expa =1
pio = exp(a+b) =ts

po1 = exp(a+c¢) =tu
p11 =expla+b+c+d) =tsuvw

where e* =t, e =5, e =u, e =v.

In the second situation of Example 3.10 we have:
p = exp(a + bx + cy)

and the system

Poo = expa =t

pio = exp(a+0b) =ts

po1 = exp(a +c¢) = tu

pi1 =exp(a+b+c) =tsu

In this case we conclude that pogpi1 — po1pio = 0.

3.2.1. Exponential models and toric varieties

Let A be a d xn integer matrix with columns ay, . . ., a, with a; € Z%.
The class of models to be considered consists of discrete probability
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distributions defined via the matrix A. Let ¢ : C¢ — C" be the
monomial map given by

d d

aiq ang
(#1,. -, 2q) — (Hzihv"'szim)'

i=1 =1

The toric variety defined by A is the Zariski closure of the image
of this monomial map, i.e. X4 :=im(v).

PROPOSITION 3.12. The toric variety X 4 is defined by the ideal
Ip={"—p" u,veN" and u—v € ker(A)).

Proof. 1t is easy to check the binomials in [4 vanish on X 4. Now
let f(p) = >_, cap® such that ¥(f(p)) = 0. If f(p) is not the zero
polynomial it has to have two terms ¢, p* and ¢,p”, such that ¢ (p*) =
¥ (p?). This means that Au = Av, and the polynomial f(p)—c,(p* —
p¥) vanishes on X 4 and has one fewer term. Induction on the number
of terms of f(p) gives the result. O

In the monomial map v which defined the toric variety X4 we
have used complex spaces as the domain and the range of this map.
In order to work with probability distributions we will restrict ¥ to
the real map ¢

@ R%O — RZ,.

It is an interesting question to figure out whether a given probability
distribution p € A™ is in the image of . Such a probability dis-
tribution is said to factor according to A. The following theorem
is Theorem 3 of 7] which characterizes when p factors according to
A. We will not give the proof here. The statement of the theo-
rem contains a combinatorial condition on the matrix A: A subset
F c{1,...,n} is said to be nice if for every j ¢ F' the support of the
J-th column a; of the matrix A is not contained in J;,.  supp(az).

THEOREM 3.13. The probability distribution p factors according to A
if and only if p is in Xfo = X4 NRY, and the support of p is nice.
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EXAMPLE 3.14. From [7] we consider the following example. Con-
stder the matriz

A=

S O W
S W O
w o O
O = N
SN =
—= O N
N O =
— NN O

that defines the map
: 3.3 .3 .2 2 2 2 .2 2
1 (21, 22,23) = (21, 25, 25, 2122, 2125, 21 23, 2125, 25 23, 2223 ).
We eliminate the variables z1, z9, z3 from the ideal

_ 3 3 3 2 2
I =(p1 — 27, p2 — 25, p3 — 25, P4 — 2122, D5 — 2173,

D6 — 2123, D7 — 2123, D8 — 2323, D9 — 2273
to obtain the sets of polynomials:

PIDs — D3, D2Pa — D2, PIDT — Da> P3D6 — D2, PaPo — P, paps — pa (2)

DP1D2 — PaPs, P1P3 — D6P7, P3P2 — D8Py (3)

P1P8 —D5D6, P1P9 —P4PT, P2P6 —P4P8, P2P7 —DP5P9, P3P4—P6P9, P3P5 —P7P8
(4)

P68 — P4P9, P5PT — P4P9 (5)

P1P7Ps — PaP6D9, PaDs — D6Ds- (6)

The polynomials in (2) define X3°, and the ones in (2) and (3) define
distributions that factor according to A. The polynomials in the first
three sets give the complex toric variety XS. The toric ideal I4 1s
the union of the polynomials in (2)-(5). Finally all the polynomials
form a reduced Grébner basis for 4.

4. Graphical models

4.1. Construction of a graphical model

Let X; be a discrete random variable taking values in D; = {1,...,
d;} for i = 1,...,n. Let G be a graph with n vertices that are
associated to each random variable X;. If Cy, ..., C} are the maximal
cliques of the graph G, then for each clique C' = {X;,,..., X;.} we
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consider a set of variables ¢ (u,, ..., u;, ), where u; € D;. The joint
probability p(X1 = u1,..., Xn = un) = Pujug.. u, 18
Purug..u, = oy (1) -+ Yo, (w). (7)

The definition of the joint probabilities is given by a monomial in
the variables ¢, (---) and hence is an exponential model. Such an
exponential model is called a graphical model (see [11]).

EXAMPLE 4.1. In this example we illustrate the matriz A(G) which
defines a graphical model. We consider four binary random variables
Xi,...,X4 and the graph in Figure 1.

1

4 3
Figure 1: Graph for Example 4.1.

There are two mazximal cliques, namely, C1 = {1,2} and Cy =
{2,3,4}. The variables associated to the first one are

¢{1,2}(070)7 1/}{1,2}(07 1)7 ¢{1,2}(170)7 1/}{1,2}(171)7

and those corresponding to the second one are

1/}{2,3,4} (07 0, 0)7 1/}{2,3,4}(17 0, 0)7 s 7¢{2,3,4}(17 1, 1)

From (7) we know that Pijr = ¢, (ij)c, (jEI) for alli,j,k,1 =0,1.
For instance, Poio1 = ¢, (01)yc, (101).

We can represent joint probabilities in the matriz A(G) (Table
4.1), whose columns are indexed by the joint probabilities and rows
are indexed by the set of possible values obtained by the variables on
each clique.  The entry in the column corresponding to p;r; and in
the row corresponding to ¥c, (ij) and Y, (jkl) are 1, and the other
entries are 0.
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Poooo  Pooor ottt Pl
¢1,2(00) 1 1 0
1,2(01) 0 0 e e e 0
P1,2(11) 0 0 1
12,3,4(000) 1 0 0
2,34(001) | 0O 1 0
1/1273,4(111) 0 0 1

Table 1: Matrix corresponding to the graph in Figure 1.

4.2. Independence models

Now let Xi,...,X,, be discrete random variables. Given three sub-
sets X,Y,Z of {X1,...,X,,}, the symbols X 1L Y |Z denotes the
conditional independence statement that the variables in X are in-
dependent of the variables in Y given those in Z. These variables
satisfy

P(X=a,Y=bZ=c)P(X=d,Y=Vb,Z=¢c)=
PX=aY=b,Z=c)P(X=a,Y=b,7=c)
for all vectors ¢ and for all distinct vectors a,a’,b,b’. An indepen-

dence statement as X 1L Y |Z gives rise to polynomial equations
and these polynomial define the independence ideal Iy ||y

ExAMPLE 4.2. Let X,Y,Z be three binary random wvariables, and

suppose we have the independence statement X 1L Y|Z. We get
P(X=aY=0Z=c)P(X=d,Y=V,Z=c)= (8)
PX=aY=V,Z=c)P(X=d,Y=0b7=c)

for distinct a,a’,b,b" and for all c.

If we consider a=b=0,ad =V =1, c=0,1 the ideal representing
the independence property is generated by two quadratic binomials

Ix 11y|z = (Pooop110 — Po10P100, P001P111 — P011P101)
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and the independence variety is Vx 11y|z = V(Ix11v|z)-
If we have more than one set of independence statements on
{X1,..., X}, say,
XM 1 yWz0 o x® ) yk)zE)
then the independence ideal is defined as

I'=Txomnymizo -+ Ixmiuymwizm-

The variety defined by this ideal is

V=Vymuywzo[ ][ Vaw ywzm

and it is called an independence model. If XUY UZ = {X1,..., Xy}
for each independence statement we have a saturated independence
model.

4.3. Hammersley-Clifford Theorem

The defining ideal of a graphical model may not be easily computed.
However, in these exponential models we can introduce two inde-
pendence models which in certain cases describe the whole graphical
models. These are the pairwise independence model and the global
independence model.

DEFINITION 4.3. 1. The pairwise independence model is an inde-
pendence model with the further conditions

Xi LLY;H{X0, - X P {XG, X

where (i, 7) is not an edge in G.
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2. The global independence model is an independence model with
the further conditions

Y 1L Z|W

where Y, Z,W C {X1,...,X,} and Y, Z will be disconnected
when W is removed.

Following Definition 4.3 we introduce two ideals Ipairwise and
Igiobal and the corresponding varieties V (Ipairwise) and V (Ipairwise)-
Cleaﬂy Ipairwise C [ global and

Xpairwise = V(Ipairwise) D) V(Iglobal) = Xglobal-
If we consider the map ¢4 : R‘io — R then
lm(SOA(G)) - XA(G) - Xglobal - Xpairwise'

These bring us to one of the highlights of probability theory con-
nected to graphical models, namely Hammersley-Clifford theorem.
We state this theorem in the language we have developed so far.

THEOREM 4.4 (HAMMERSLEY-CLIFFORD).
lm(SOA(G)) = XE?G) = Xp>a(i)rwise‘ (9)

4.4. Decomposable models

Among all classes of graphical models there is a particular class which
has been used extensively. For this we need a definition.

DEFINITION 4.5. G is called chordal if every cycle of length > 4 has
a chord.

The smallest nontrivial example of a chordal graph G is in Fig-
ure 2.

Chordal graphs are “treelike” and have nice decomposition proper-
ties, as you can see in Figure 3.

Graphical models where G is chordal graph are called decomposable
models. These models are “easy” from many perspectives. In the
algebraic language we have seen we summarize this idea in the fol-
lowing theorem.
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Figure 2: A chordal graph.

:‘/+A

Figure 3: Decomposition properties of a chordal graph.

THEOREM 4.6. The following statements are equivalent
(i) G is chordal
(ii) I is quadratically generated

(iii) Ig has a quadratic Grobner basis.

This theorem and its proof appears in [7]. The papers [8] and [5]
also contain one direction of the same theorem, namely that if G is
chordal then I5 has a quadratic Grobner basis. A thorough study
of binary graph models has been done in [3]. Also there is a directed
version of the graphical models known as Bayesian networks, see [6].

5. Maximum likelihood estimation
5.1. Definitions
Suppose that we have the statistical model:

¥ Rio —RY,
0 = (017”’ 70d) - (gl(0)7 7.9“(0))

which define the family of probability densities p; = g;(0).
If the nonnegative integer vector u = (uq,...,u,) is the data set
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(where u; counts how many times you observe the variable assume
its first value, uo counts how many times you observe the variable
assume its second value, etc.) then we want to find what the best
parameters 6 are that will explain the data. One way of doing this
is to solve the following optimization problem

max (91" (8) - 94 (6)).

A solution 6 of this estimation problem is called a maximum likeli-
hood estimate. An equivalent problem is:

n
%3( (pilﬁl .. pgn) with the condition Zpi -1
i=1

ExXAMPLE 5.1. Consider two independent binary variables with joint
probabilities

Poo = 6102 Por = 01(1 — 02)
P = (1 —=01)02 pyy = (1 —061)(1—0s).

To find the maximum likelihood estimate we have to solve

max((6162) (61(1 — 02))"" (1 — 01)02)"°((1 = 61)(1 — 62))""")

01,02

where ug, . ..,u11 are the data.
Equivalently taking logarithms, we mazximize the function

log[(6102)" (01 (1 — 62))** (1 — 61)02)"1°((1 — 1) (1 — 62))""].

By taking the derivatives we obtain the system of critical equations

Uoo +uo1  ui0 +uUn

=0

01 1-0;
Uoo +u10  Uo1 + Ui —0
92 1_92 '

The solutions of this system of linear equations are 91, 92, the maxi-
mum likelihood estimates of 01,02 where

A Uoo + U1 A upo + Up1

2 .
upo + up1 + u1p + u11 upo + up1 + w10 + u11
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5.2. MLEs for linear and toric models

We treat two general models for which the MLE can be found rela-
tively easily. The first case is the linear models, i.e. the case when
gi = a0 + a;101 + ...+ a;q0q for t = 1,...,n. This linear model can
be described as

n
Vin={peR%y : Ap=10,) p;i=1}
i=1
for a matrix A of rank d. The maximum likelihood problem is then

n
maximize Z u; logp; such that p € V.
i=1

Using Lagrange multipliers the critical equations are
d
ui/pi = Z)\jaij +u, i=1...,n,
j=1

where \; and o are Lagrange multipliers. The Hessian of the objec-
tive function is a diagonal matrix with the diagonal entries —u;/ p?,
and hence it is negative definite. This implies that linear models
have a unique MLE.

THEOREM 5.2. The maximum likelihood estimate for a linear model
1S UNIqUeE.

Now we look at toric models. Given a matrix A € Z¥™, we
assume that the vector (1,...,1) is in the space generated by the
rows of A (that is there exist (s1,...,sq) such that (s1,...,s49)A =

1,...,1)).

In terms of ideals this means:

p*—pvely & Au= Av
pt—p'e€lsy & (s1,...,8q0)Au=(s1,...,8q)Av

and this implies > " ;u; = >, v;. Hence all polynomials in I
are homogenous and thus X 4 is a projective toric variety. Now let
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(u1,...,up) be the observed data set and N = Y 1 | u; the sample
size, then the ML problem becomes

max (21)" -+ (227)"" subject to 2{ 4+ + 20 =1 (10)
where (aq,...,a,) are the columns of A.
PROPOSITION 5.3. Let (Z1,...,24) be a solution of (10) where p; =
2% € X4, then
1
Ap=—b 11
p== (11)

where b = Au.

Proof. We introduce a Lagrange multiplier A\. The solutions of (10)
must satisfy the d conditions

0

0~
b _ a; .
—&Ziz = \( Elzﬂ—l))forz—l,...,n.

B2 2
J

Then if we multiply every condition by z; we obtain

bizb = )\(zn: aj;z" —1) fori=1,...,n.
j=1
In vector form for the optimal solution we have
2P = \Ap
Au=0b=MAp and
(51,...,84)Au = X(s1,...,54)Ap

(1,....,Du=x(1,...,1)p

n . n
Y w-N =AY
i=1 i=1

A=N.

thus

O

The above development implies the following theorem where we
let Py(b) ={x € R" | Ax =0, x> 0}.

THEOREM 5.4. For a toric model defined by the matriz A given data
Ui, ..., Uy, there is a unique point in X4 N PA(%) and this is the
mazimum likelithood estimate.
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5.3. Maximum likelihood degree
Recall that the MLE problem is

max (g17(0) -+ g1 (6)
and using the logarithms
mGaX (Ulgl(e) +oeee ungn(e)) :

Let g(0) = g;*(0) ... g (0), then the critical equations for this prob-
lem are 9

90,7
We know that an MLE is a solution to these critical equations. How-

ever, in general the MLE is not unique, and we can even look at the
complex solutions for equations (12).

@) =0Vi=1,....d (12)

DEFINITION 5.5. The number of complex solution to the MLE prob-
lem for a general data vector u is the maximum likelihood degree of
the model.

The following theorem is the main result in [9].

THEOREM b5.6. Let g1,...,gn be polynomials of degrees by,...,b, in
d unknowns. If the ML degree is finite then it is less than or equal
to the coefficient of t% in the function

(1-t)
(L—tb1) - (1 —tby)

If the g;’s are sufficiently generic this coefficient is equal to the ML
degree.

ExAMPLE 5.7. We consider a model with d = 2, n = 4, where

91(01,02), ...,94(01,02) are quadratic polynomials. Given data uy,
..., U4, the critical equations are
up 0g1(0) ug 09g4(0)
4+ .4 =0
g1(0) 8(91 g4(0) 8(91
w 00(6) L w 0p(0)
91(0) 892 g4(0) 892 '
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We want to find ML degree by using Theorem 5.6. In this case
b1:b2:b3:b4:2 and

(1—t)?

=1+ 6t + 25¢2 3.
T o (g L6+ s+

and hence the ML degree is 25. However, we note that for non-
generic polynomials g; the ML degree can be much lower than 25.

5.4. Solving likelihood equations

Let the model variety be a projective variety V C P" with coor-
dinates (po : p1 : ... : pn) and let the probability simplex A, =
{(po,p1,---,pn) € R | p; >0 Y p; = 1}. We use Vg to denote
the intersection between V and A,, (V5o =V NA,). The maximum
likelihood problem is to find a point p=(py : p1 : ... : pp) which best
explains data vectors u,, ..., u,. Then we have to solve the following
optimization problem

ug Un
p PR p
max L = 0 n

2 Do T - T po)iot T subject to p; € V5.
n

Let Viing denote the singular locus of the variety V' and set Vieg :=
V\Vsing. We will compute critical points in the complex projective
variety, in fact on

U= Vieg\V(po-pn- (sz))

Now we assume that V' is generated by r homogeneous polynomials
fi,..., fr. Let be

e B R
| wam maEr o g
of, . Of . Ok
pnm p18p1 pnm
Now we assume that we are given a prime ideal P C Rlpy,...,py]
defining V' and a data vector (ug,...,u,). Now we write the steps

of the algorithm to find the solutions to the ML problem (see [10].
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1. Compute ¢ = codim(V'). Let @ be the ideal generated by ¢ X ¢
minors of the jacobian of P (Q is the ideal of the singular locus
of V).

2. Compute the syzygy module M of J over R[V] = Ripy,...,
Pnl/P.

3. Let I, be the ideal in R[V] generated by polynomials > 7" ; u;¢;
where ¢; runs over the minimal generators of M.

4. Compute the saturation ideal'
Lo=T,:((po-pn)- O_pi)Q)™.
5. Find the solutions to I,,.

6. Check which of those solutions are local maxima.

Observation

e Note that the steps 3,4,5,6 depend on the data while step 1
and step 2 does not.

e The first four steps have as output the likelihood equations.
The last two steps have as output the local maxima of the
likelihood functions.

e This algorithm has been implemented by Luis Garcia as a SIN-
GULAR code. See http://www.math.tamu.edu/"1gp.
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