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On Higher Order Complete-Vertical

and Horizontal Lifts of Complex
Structures

MEHMET TEKKOYUN ()

SUMMARY. - In this paper, we will obtain the (r,s) order complete-
vertical lifts and horizontal lifts of order higher of the complex
structures on complex manifold M to the canonical extensions.

1. Introduction

In modern differentiable geometry, the readers know that lift method
has an important role. Because, it is possible to generalize to the
structures on any manifold to the extensions using lift function. The
structure of extended manifolds has been obtained, especially the
canonical extended manifold * M of order k of the manifold M [1, 3].
It has been founded the higher order vertical and complete lifts of
functions, vector fields and 1-forms on vector bundle (resp. complex
manifold) to extended vector bundle (resp. extended complex man-
ifold) [2, 6]. In this study we obtain (r,s) order complete-vertical
lifts and higher order horizontal lifts of complex structures using the
above studies.

In the paper, all mappings and manifolds are assumed to be of
class C'*° and the sum is taken over repeated indices. Also we accept
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0<r<k1<i<m.

2. Background

2.1. Extended Complex Manifold

DEFINITION 2.1. [6] Let M 2m-real dimensional manifold and * M
its k order extended manifold. A tensor field J, on *M s called
an extended almost complex structure on *M if at every point p
of KM, Jy, is endomorphism of the tangent space Tp(kM) such that
(Jp)? = —I. An extended manifold *M with fized extended almost
complex structure Ji, is called an extended almost complex manifold.
Ifk=0,Jy is called almost complex structure; a manifold °M = M
with fized almost complex structure Jy is called an almost complex
manifold.

Let (2™, y™) be a real coordinate system on a neighborhood *U
of any point p of *M. In this situation, it is respectively defined

by{i o

I3 9 T
Oz lp’ Oy p

} and {dz""|,,dy""|,} natural bases over IR of

tangent space Tj,(* M) and cotangent space T;(kM) of ¥M.

Let ¥M be extended almost complex manifold with fixed ex-
tended almost complex structure Jy,. *M is called extended complex
manifold if there exists an open covering {kU } of M satisfying the
following condition: there is a local coordinate system (z",3"") on
each *U such that for each point of *U,

0 0 0 0
Telg ) = oy Jk(w) =g (1)
If £ = 0, then a manifold °AM/ = M with fixed almost complex
structure Jy is called complex manifold. Let 2™ = 2" +iy™ i = \/—1,
be an extended complex local coordinate system on a neighborhood
kU of any point p of *M. If it is defined by equalities
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and

dz”{p dm”{p +1i dy”{p

A" = de| —idy]

then, it has respectively obtained by

9
azri »

bases over complex number C' of tangent space Tp(kM ) and cotan-
gent space T;(kM ) of M. Then endomorphism J;, with respect to

0

’ qzri
0z »

} and {dz”|p, dé”|p}

base over complex number C of tangent space T),(*M) of *M is de-

fined by
0 .0 0 0

99 B 4
Jk(azm) lazm’ Jk(agm) lagm ( )

If J; is an endomorphism of the cotangent space T} (*M) such that
Ji? = —1I on any point p of extended manifold kM, then it is defined
by

Ji(d2") = id2"™, JH(dz™) = —idz"™. (5)

Let M be a differentiable manifold and F (M) be the set of functions
on M. A complex valuable function is the element of complexification
(F(M))® of F(M). Now, we shall define differential of function f
defined on M. Let f be a complex valuable function defined on any
complex manifold M and (2%, 207)
coordinates of M. Therefore; the differential of f is complex 1-form
given by equality

, 1 <7< m be extended complex

of . Of
df = —dz" A
f 020 20+ Oz0¢
Let M be a differentiable manifold and x (M) be the set of vector

fields on M. A complex vector field is the element of complexification
(x(M))C of x(M). Tt is determined by

dz" (6)

0 —0i O

— 70i
z=12 Zain +2Z 5701 (7)
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complex vector field Z with respect to complex coordinate system
(2% 29%) such that Z% € (F(M)). Let M be a differentiable mani-
fold and (x(M))® be the set of complex vector fields on M. A com-
plex 1-form is the element of algebra dual (x*(M))® of (x(M))°. It
is stated by

w = wOidZOi + (Doidi(]i (8)

complex 1-form w with respect to complex coordinate system (2%, z%)
such that wy; € (F(M))C.

REMARK 2.2. Now then, in the other sections it will accept
FEM), x(*M), x*("M),
instead of
(FCM)S, (M), (¢ ("M)©,

respectively.

2.2. Higher Order Lifts of Complex Functions

In this section, we extend definitions and properties about vertical
and complete lifts of complex valuable functions defined on any com-
plex manifold M to extended complex manifold ¥ .

DEFINITION 2.3. [6] Let M be any complexr manifold and =1\ its

(k—1) order extended complex manifold. Let f be a complex valuable
function defined on *~1M. Let us denote by Tu-1y; : *M — 1M
canonical projection and by

v: FIM) — F(EM)
f — o(f) =f"
linear isomorphism. Then the vertical lift of function fe F(E=1M)
to ¥ M is the function f* € F(*M) given by
f=fom-y (9)

Now, let f”ki1 be vertical lift of a complex valuable function
f e F(M) to M. In (9), if f = f*"", the vertical lift of function
f € F(M) to *M is the function ot e F(*M) given by equality

ka:fOTMOTQMO...O’Tk—lM. (10)
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Now, similarly the differential of function f € F(M) we shall give the
following as the differential of f € F(*"1M). (27, 2"), 0 <r <k—1
be the extended complex coordinates of k=1Af . Then the differential
of f is the complex 1-form given by equality

Of ri, OF

= _dz", 11
azrz 32” dZ ( )

df

DEFINITION 2.4. [6] Let M be any complex manifold and *~1 M its
(k — 1) order extended complex manifold. Consider the linear iso-
morphism given by

wex* M) — F(EM) (12)
Lk(dz”) =
w(dz?) =

such that Sp {dz"",dz"" : 0 <r <k —1} = x*(*"'M). Given by (11)
the differential of a complex valuable function f € F(*1M). Then
the complete lift of function f € F(*=IM) to ¥M is the function
fe e F(EM) determined by equality
. s iy OF o i OF
C — — T _ v T 7 U. 1
F = w(df) = (S0 + 2 (13

Now, let fcki1 be complete lift of a complex valuable function
feF(M) to M. In (13), if f = #¢"7" then the complete lift of
function f € F(M) to ¥M is the function f € F(*M) given by

. A 8fck71 v A 8fck71 v
cY o__ zm =T
o=z o +z S . (14)
The general properties of higher order vertical and complete lifts
of complex valuable functions on complex manifold M are

i) (f+9)” = f"+g”

i) (e = g
wr) (f+9)° = f°+4° S
iv) (f . g)cT — z;zo (;)Jcc’" Jyd .gch’" J
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o ar \v  _ ar
- azri ) 8201’ - 82” 9

> o afe (8f)c o afe
= 900> 5z07 - 9301

/—\/—\

for all f,g e F(M

2.3. Higher Order Lifts of Complex Vector Fields

In this section, we derive definitions and propositions about vertical
and complete lifts of complex vector fields defined on any complex
manifold M to extended complex manifold ¥ M.

DEFINITION 2.5. [6] Let M be any complex manifold and *~'M its
(k — 1) order extended complex manifold. Denote by Z a complex
vector field and by f a complez valuable function defined on k=1pr.
Then _the vertical lift of Ze x(*~IM) to ¥M s the complex vector
field AR x(*M) given by equality

Z(f) = (Z])". (15)

Now, let fck_1 and 7" 'be respectively complete and vertical
lifts of a complex valuable function f € F(M) and a complex Vector
field Z € x(M) to ¥"'M. In (15), if f = f& " and Z = 2
then the wvertical lift of Z € x(M) to *M is the complex vector ﬁeld

A= x (kM) given by

Z2 (") = (2 )" (16)

PROPOSITION 2.6. [6] Let M be any complex manifold and *M its
k order extended complex manifold. Given by (7) the complex vector
field Z € x(M). Then the vertical lift of Z € x(M) to *M is

0 0
Ozki ozki
DEFINITION 2.7. [6] Let M be any complex manifold and *~1M its
(k—1) order extended complex manifold. Let us denote by Z a com-
plex vector field and by f a complex valuable function defined on
k=1)\. Then the complete lift onV € x(*"'M) to *M is the complex
vector field Z¢ e x(¥M) given by equality

Z°(f%) = (Zf)". (18)

k

Zv° (ZOi)vk

+ (20 (17)
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Now, let <" and Z¢~' be respectively complete lifts of a
complex valuable function f € F ( ) and a Complex vector field
Z € x(M) to M. In (18), if f = " and Z = 297", then
the complete lift of Z € x(M) to ¥M is the complex vector field
A= x(¥M) given by

z(f) = (z ). (19)

PROPOSITION 2.8. [6] Let M be any complex manifold and *M its

k order extended complex manifold. Given by (7) the complex vector
field Z € x(M). Then the complete lift of Z € x(M) to *M s

ck o ]C 0i ,ka'rcr (9 (9 k 503 karcr 8
z° = <r><Z ) w*&@“ gm0

The higher order vertical and complete lifts of complex vector
fields on any complex manifold M obey the following generic prop-

erties . . .
i) (Z+U)»WY = Z" +U0",
(Z+U) = Z¢+U“,
a - (f2)y = frze,o
cm r ™\ pc"IvI rredypT I
2y = Sjn () z
i) Z2"[f"] = 0, Z ] = (2,
CIC Uk Uk Uk Ck ’UlC
Z4) = (2™, 241 = (2",
w) [ZV,U"] = 0, [z, U] = [Z,U]°,
(27", U] 1z, U]"", (z<", U] 1z, U],
c o) o \v" o)
’U) (aZOz ) - azm’ Y (820" ) = oz
o) )CT _ 0 ) )CT _ 0
9207 = 9200 9301 = 9300
X(M) = Sp{z% 2w}
k _ o] o)
X M) - Sp {az'rz’ W 9

(
for all Z,U € x(M) and f € F(M).

2.4. Higher Order Lifts of Complex 1- Forms

In this section, we extend definitions and propositions about verti-
cal and complete lifts of complex 1-forms defined on any complex
manifold M to extended complex manifold * M.
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DEFINITION 2.9. [6] Let M be any complex manifold and *~'M its
(k — 1) order extended complex manifold. Denote by W a complex
1-form and by Z be a complex vector field defined on *~1M. Then
the vertical lift of complex 1-form & € x*(*~1M) to *M is complex
1-form @¥ € x*(*M) given by equality

GU(Z°) = @2)". (21)

Now, let Z¢ ™" and w®" ™ 'be respectively complete and vertical
lifts of a complex vector field Z € x(M) and a complex 1-form w €
Y (M) to *1M. In (21), if Z = Z2¢" and @ = w¥" ', then the
vertical lift of w € x*(M) to M is the complex 1-form w”" € x*(*M)
given by

W (Z) = (w2)"". (22)

PROPOSITION 2.10. [6] Let M be any complex manifold and ¥ M its
k order extended complex manifold. Given by (8) the complex 1-form
w € X*(M). Then the vertical lift of w € x*(M) to *M is
W = (o))" dz% + (wy)”" dz". (23)
DEFINITION 2.11. [6] Let M be any complex manifold and *~'M its
(k — 1) order extended complex manifold. Denote by w a complex
1-form and by Za complex vector field defined on *~'M. Then the
complete lift of @ € x*(*'M) to *M is the complex 1-form &° €
x*(EM) given by
G4(Z°) = (@2)". (24)
Now, let Z¢" ™" and w" ™ be respectively complete lifts of a com-
plex vector field Z and a complex 1-form w defined on M to *~1M. In
(24),if Z = Z2¢ " and @ = w ', then the complete lift of w € y* (M)
to ¥ M is the complex 1-form w € x*(EM) given by

w (2) = (w2)<". (25)

PROPOSITION 2.12. [6] Let M be any complex manifold and ¥ M its k
order extended complex manifold. Given by (8) components structure
of a complex 1-form w € x*(M). Then the complete lift of w € x*(M)
to ¥ M s
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ck ckfr

W = (wm) v + ((Doz‘)ckirvrdgri. (26)

The properties of higher order vertical and complete lifts of com-
plex 1-forms on complex manifold M are

i) (WHANY = W N,
WA = w27,
i (fw) = e o
(1o = g (1,
i) (A9 = d, (dz0)" = dz7
(dZOi)UT — dZOi (d Oi)vr —_ dZOi

, Z
(M) = Sp{dz",dz%}, x*(*M) = Sp{dz"t dz"'}
for all w,\ € x*(M) and f € F(M).

3. (r,s) Order Lifts of Complex Tensor Fields

In this section, using expressions determined the above we give the
definitions and propositions about (r,s) order complete-vertical lifts
of functions, vector fields and 1-forms on complex manifold M. We
accept 0 <r,s<kandr+s=k.

3.1. (r,s) Order Lifts of Functions

DEFINITION 3.1. Let ¢ be r order complete lift of a complex valuable
function f € F(M) to M. Then if it is taken s order vertical lift of
complex function f¢ € F(FM) to *M, we call complete-vertical lift
of order (r,s) of f € F(M) to *M the function £V determined by

T 1,8

(fcr)vs —= fc vt — fcr OTrpy ©...0 T’r+sflM. (27)

There exists chance property taking complete-vertical lift of func-
tions. i.e., It means the same complete-vertical lifts of order (r,s)
with complete-vertical lifts of order (s,r) of functions on complex
manifold to extended complex manifolds.



106 M. TEKKOYUN

3.2. (r,s) Order Lifts of Vector Fields

DEFINITION 3.2. Let Z be a wvector field on complex manifold M.
Then the complete-vertical lift of order (r,s) of Z € x(M) to *M is
the complex vector field Z¢° € x(*M) given by equality

Z () = (2 1) (28)

PROPOSITION 3.3. Let M be any complex manifold and *M its k
order extended complex manifold. Given by (7) the complex vector
field Z € x(M). Then the complete-vertical lift of order (r,s) of
Z € x(M) to kM is

e (1

(kr )(ZOi)vS+ktctS> 5 0<t<Ek.
—t

Proof. Let Z¢V° = Z“% + Zt 8?“’ be a vector field on ¥M such
that a complex coordinate system (2, %) on a neighborhood *U of
any point p of *M. Let fck be complete lift of order k of function f
to extended complex manifold ¥ M. Then, from complete and vertical

liftt properties it is

o
ozt

i OfF

TS k :
ch(fc):th +7Z ozt

and

(Zf)CTUS _ (ZOZ 8f + ZOi 8f>
z z
T 0i ,Us+hcr7h afc
i {<h> R =

k
T =0i vs+hcr7h£

If the above two equalities are equaled according to (28), being t =
k — h from the following equalities
are  art
O i ggk—hi

are  af

and ozti - agk—hi
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we have for 0 <t < k:

Zt,L' _ < T >(Zoz‘)vs+ktcts Zri _ < T >(Zol')vs+ktcts.
k—t ’ k—t

Hence, the proof is finish. O

There exists commutative property taking complete-vertical lift
of vector fields. It means the same complete-vertical lifts of order
(r,s) with complete-vertical lifts of order (s,r) of vector fields on
complex manifold to extended complex manifolds. The complete-
vertical lifts of order (r,s) of complex vector fields on any complex
manifold M obey the following generic property

(fZ)CTUS _ (2) fUS+hc7"—hZchvk—h, 0 S rs S k (T = kj)

3.3. (r,s) Order Lifts of 1-Forms

DEFINITION 3.4. Let Z be a vector field on complex manifold M.
Then the complete-vertical lift of order (r,s) of w € x*(M) to ¥M
is the complex 1-form w V" € x*(*M) given by equality

w2 = (wZ)7. (29)

PROPOSITION 3.5. Let M be any complex manifold and *M its ex-
tended complex manifold of order k. Given by (8) the complex 1-
form w € x*(M). Then the complete-vertical lift of order (r,s) of
w € x*(M) to*M is

T T
wcrvs : <(£—)(w0i)vs+tcr—t’ (f,—)(ajol')vs-ktc?ﬂ_t) , 0 S + S k.
() ()

Proof. Let w® " = wydz" + w;dz be a 1-form on ¥M such that a
complex coordinate system (2%, /) on a neighborhood *U of any
point p of *M. Let Z " be complete lift of order k of vector field Z to
extended complex manifold *A. Then, from complete and vertical
lift properties it is

wcrvS(ch) _ {(:)wti(zm)ka& 4 <7L:> wti(ZOi)vktct}
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and

T 0yS

((A)Z)C v — (szZOZ + (DOZ_ZOi)cTUS

/"“ S T — . —_—
- <h> (wor)™ " (20T 4+
T _ vs+hcr—h >0i Uk—hch
+<h> (@o:) (Z%) :

If the above two equalities are equaled according to (29), being
t = h from the following equalities

(ZOZ')v’“’tczt — (ZOi)vk*hch and (ZOZ')U’“’%zt — (ZOi)vk’hch
we have
T T
wii = %( DU @y %(woz)vs“cﬂ, <t<k
(x) (x)
Hence, the proof is end. O

There exists commutative property taking complete-vertical lift
of 1-forms. Clearly, It means the same complete-vertical lifts of order
(r, s) with complete-vertical lifts of order (s, r) of 1-forms on complex
manifold to extended complex manifolds.

The general property of complete-vertical lifts of order (r,s) of
complex 1-forms on any complex manifold M is

(fw)cms _ (2) fvs+hcr—hwchvk—h, 0<rs< i (r e k)
4. Higher Order Horizontal Lifts of Complex Tensor
Fields

4.1. The Higher Order Horizontal Lifts of Complex
Functions.

The horizontal lift of f € SY(M) = F(M) to *M is the function
fH" € F(kM) given by

I = (v, (vt = v,
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where V is an affine linear connection on *~'M with local compo-
nents I7%,1 < i,j < m, Ve is gradient of f¢ and v is an
operator given by

vt — 97 (FM).

s

Thus, it is fH]C = 0 since

- Aack—lv.Aack—lv
v’nyk 1:Z-rz< gzrl ) +ZT’Z< gzrl

The higher order horizontal lifts of complex functions obey the generic
properties

i) (f-9)" =0
i) (f+9) =0
for all f,g € F(M).

4.2. The Higher Order Horizontal Lifts of Complex
Vector Fields.

The horizontal lift of a vector field Z € (M) to *M is the vector
field ZH" € x(*M) given by
"=z
Obviously, we have
Z"" = Z"D,; + 27D,
such that for 1 <4,5 <m:
0 .0 _ 9

Dr; = D2t 5 oL and  Dr; =

The higher order horizontal lifts of complex vector fields have the

general properties

D) (Z+W)E' = ZH' L wH"

_ 9
A
oz T3 9zr+li’

i 21 = @,
i) x(U) = Sp{3%, g :1<i<m},
(afOi)Hk = Dr,
(agw)Hk = Dy,
X(U) = Sp{plm g :0<r<kl<i<m},
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for all f € F(M) and Z,W € x(M). The set of local vector fields

_ d - 0
{Dm',Dm‘,Vm‘ = ot Vi = W}

is called adapted frame to V.

4.3. The Higher Order Horizontal Lifts of Complex
1-Forms.

The horizontal lift of a 1-form w € x*(M) to ¥M is the 1-form
wh* € x*(¥M) given by
Yz =0, w?'(27) = (w2)"

If w = we;dz" + ©;dz% we obtain
W = wpit + @y,
such that
=d T 4 TNdR", gt =dE T TR, 1<, 5 <m.
The general properties of higher order horizontal lifts of complex

1-forms are

) o=0
o= (w2
)
Ic

7) (w+9)

i) ( zH*
1 (zv .
X Sp {dzOZ,al,?OZ 1< < m},

0i

n”,

770@7 ' A

x*(*FU) = Sp{d",dz"":0<r <k1<i<m},

(dz

(U
(d=")"
oyt
k

for all Z € x(M), f € F(M), and w,0 € x*(M). The dual coframe
{Hri — dzri7éarz dzrz777m ﬁrz}

is called adapted coframe to V.
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