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On Polynomial Approximation of
Entire Functions with Index-Pair (p,q)

H. S. KASANA AND D. KumMArR ®

SUMMARY. - In this paper we have studied interpolation errors for
functions in C(E), the normed algebra of analytic functions on
a compact set E. The lower (p,q)-order and generalized lower
(p, q)-type have been characterized in terms of these approzima-
tion errors. Finally, we have derived necessary conditions for
f € C(E) to be extended to an entire function of perfectly reqular
(p, q)-growth with respect to a prorimate order.

1. Introduction

Let E be a compact set in complex plane and £ = (&,0,&n1, - - -, Enn)
be a system of n + 1 points of the set E such that

VEM) = T i — &l

0<j<k<n

n

A(])(g(n)):HKn]_gnkL J=0,1,...,n.
k=0
i
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Again, let 70 = (1,0, M1, - - - , Tn) be a system of n + 1 points in E
such that
Va= V(™) = sup V(™)
emcE
A(n™) < AV @), j=0,1,....n.

Such a system always exists and is called the n-th extremal system
of E. The polynomials

L) (2, p™) = H <7z_"n’f > j=0,1,...,n

k=0 Ting — Mnk
k#j
are called the Lagrange extremal polynomials and the limit d =
d(E) = lim,,_, V2 i called the transfinite diameter of E.
Let C(E) denote the algebra of analytic function on the set E.
Let us define the approximation errors as follows:

,U'n,l(f) = Mn,1(f;E) = gienfn ILf—all,

where || - || is the sup norm and 7, denotes the set of all polynomials
of degree < n. For the Lagrange interpolating polynomial

Ln(z) = ZLO)(Z?n(n))f(nnj)v n €N
=0

we also define
Mm?(f) = :U'n,Z(f; E) = ”Ln - Ln—lHa n > 27

tin3(f) = pns(fi E) = ||[Ln — fl, n>0.

Reddy [10] connected classical order and type with polynomial ap-
proximation error of an entire function which is an extension of a
continuous function on [—1;1]. Juneja [2] extended these results for
lower order and Mass [8] studied for the lower type. Contemporarily,
Rice [11] and Winiarski [15] studied order and type for different ap-
proximation errors of a continuous function on the arbitrary domains.
These results fail to compare the approximation errors of those en-
tire functions which have same order but their types are infinity. To
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include this important class of functions we utilize the concept of
proximate order (see [9]) and moreover, their result are extended to
(p, q)-scale introduced by Juneja et al. ([3], [4]). First we recall t he
(p,q)-scale, p > ¢ > 1. For an entire function f(z) = > >7  anz",
set M(r) = M(r, f) = max),—, | f(2)|, M(r) is called the maximum
modulus of f(z). Let us define

L p>q
B = Naxp) pogzs
(1)
(p=1/p" (p,q) = (2,2)
v = 1/ep (p,q) = (2,1)

1 otherwise

DEFINITION 1.1. An entire function f(z) is said to be of (p, q)-order
p and lower (p,q)-order X if it is of index-pair (p,q) such that

[p]
i SUP log!® M (1) _
r—oo inf  Jogld A

and the function f(z) having (p,q)-order p(b < p(p,q) < o0) is said
to be of (p,q)-type T and lower (p,q)-type t if

[p—1]
i  SUP log M(r) _ T
r—oo inf  jogle=1],” t

where b=1ifp=qand b=0 if p > q.

Recently, Nadan et al. [9] has extended the idea of proximate
order to entire functions of (p, q) growth. A positive function p(r) is
said to be a proximate order if

1. p(r) = rasr—o00,b<p< oo,
2. Ag(r)p/(r) — 0 as r — oo,

where A (r) = [1{_, log*!(r) and p/(r) denotes the derivative or

p(r). Tt is known that (Inl¥7)?()=4 is a monotonically increasing
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function of r for r > rg, where A = 1 if (p,q) = (2,2) and A =0
otherwise. Hence we can define the function ¢(x) for x > xg to be
the unique solution of the equation,

T = (ln[q] r)p(r)fA < ox) = 'y for r> 0. (2)

DEFINITION 1.2. A positive function p(r) defined on [rg,00), where
ro > expl?= U1, is said to be a prozimate order of an entire function
with index-pair (p,q) if

sup logP~ U M (r) T*

r—oo inf Jogla—1] O

If the quantity ¢* is different from zero and infinite then p(r) is
said to be the proximate order of a given entire function f(z) and
t* as its generalized lower (p, q)-type. Clearly, proximate order and
corresponding generalized lower (p, g)-type of an entire function are
not uniquely determined [1].

DEFINITION 1.3. An entire function with index pair (p,q) is said to
be of regular (p,q)-growth if b < A\ = p < oo, and further, it is of
perfectly reqular (p, q)-growth with respaect to a proximate order p(r)
fo<tr =T < o0.

Let E, be the curve E, = {z € C: |¢(z)|d = r}, where ¢(z) is
holomorphic and maps the unbounded component of the complement
of E on |[¢(2z)| > 1 such that ¥ (oc0) = oo and 9/(c0) > 0. Also, we
set M(r) =sup,cp, |f(z)], for r > 1.

2. Auxiliary Results

Let us now prove some auxiliary results to be used in the sequel:
LEMMA 2.1. If f(2) is an entire function of (p,q)-order p and lower
(p, q)-order A then

sup logP! M (r) _p

r—oo Inf ]Og[‘I]r A
and, for p(b < p(p,q) < 00), T* and t* are given by

[p] a4 *
lim s.up log M(T) _ T;<
r—oo inf ]Og[q_l} Tp t
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For a proof we refer to [7].

LEMMA 2.2. If a function f is defined and bounded an a compact set
E, then

pin 1 (f) <If = Lall < (04 2)pn,1 (F),
1L = Lnall < 2(n + 2)pn-11(f), n=2,3,...
The proof is illustrated in Winiarski [15].

PROPOSITION 2.3. Let f € C(E). Then f can be extended to an
entire function if and only if

,ul/n(f)—>0 as n—oo, =123

n,0
This is a direct consequence of Lemma (2.1), Eq. (4.5) of Winiarski
[15] and an inequality due to Walsh ([14], p.77).

PROPOSITION 2.4. For every f € C(E) and p,i(f), i = 1,2,3, there
exist an entire function g;(z) = > oo tni(f)2" T such that

M(r) < ag+ 2g;(r/d)
where d is the transfinite diameter of E.

Proof. Define the function
o0

f(z) =m+ Z (Tn41(2) — mn(2)). (3)

n=0

Obviously, f(z) = f(z) for all z € E. We prove that f(z) = f(z) in
the whole complex plane. For this is enough to show that this series
converges uniformly on every compact subset of the complex plane,
since

< g1 —mll z€E
< 11 (f) F pna(f)
S 2:“’",1(]0)’

and using Walsh inequality [14], we have

|Tn+1(2) — mn(2)]

r

n+1
Tar1(2) = ma(2)] < 2n0(£) (5) 0 2 € By
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Thus,
FGI =m0l + Y [mns1(2) = ma(2)]
n=0
< a2 ) (5)" ceB @
n=0

The last series converges for every r, and therefore the series on the
right of (3) converges uniformly on every compact subset of C and
so f(z) = f(z). Construct the function

9i(2) = > pma(£)z"H
n=0

:L/Zn(f) = 0 by (2.3), it follows that each g;(z) is entire

and further, (4) implies the desired inequality. O

Since lim,, o0

3. Main results

THEOREM 3.1. If f € C(E) can be extended to an entire function
with index-pair (p,q), lower (p,q)-order A(b < A\ < o0) and general-
ized lower (p, q)-type t*, then for every py, i(f), there exists an entire
functions g;(z) = > o2 pin,i(f)2" T such that

Af) = AMgi),  t7(f) =Bt (9:), (5)
where § =d~° for q =1, otherwise =1 and i =1,2,3.
Proof. In view of Propositions (2.3) and (2.4),f(z) = f(z) in C,

and for each fi,,;(f), 9i(2) = Yoo o pn,i(f)2" ! is an entire function.
Winiarski [15] has proved that for every e > 0,

pma < k1) (%)’ (6)

r

where k is a constant and d > 0 has its usual meaning. Using (6) in
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the expansion of ¢;(z) with ¢ = 3 it is inferred that

g3 <#> = goun,:s(f)(#)nﬂ

krM(r) i 1 krM (r)

- de2¢ ene de?é(e€ — 1)’

or
r

tn g3 ( oz

This inequality with Lemma (2.1) for ¢ = 1 gives

Mos) S A(f),  t7(gs) < PdPt*(f),

) <O(1) +log M(r) + Inr.

and, for ¢ > 1,

Agz) < A(f),  t7(g3) < t°(f)-

Since € > 0 is arbitrary, the inequalities are combined for all (p, q)
to yeld

Algs) < A(f), Bt (gs) <t*(f)- (7)
Further, using the inequality M (r) < ag + 2¢;(r/d), note that for
q=1,
ACF) < Mgi),  t°(F) < dPt7(gi),
and for g > 1,
AS) < Mgi), t°(f) < t7(90)- (8)
Combining these inequalities with (7), we have (5). Further, appli-

cation of Lemma (2.2) makes this result valid for ¢ = 1 and i = 2
also. H

THEOREM 3.2. Let f(z) € C(E). Then f(z) can be extended to an
entire function of lower (p,q)-order A(b < A(p,q) < o0) if and only
if, for (p,q) # (2,2),

A =max[P({)], A =max[P ()], (9)
{nx} {nw}
where 1]
P
x = lim inf In nk*l, ¢ = liminf 71n nk*l,
k—oo Inmng k—o0 ln[‘ﬂ 71/nk
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InP—4p,

¢* = lim inf -kl

k—oo |plg—1] < ) "'“_1,’2>
Neg—NEg—1 ;U'nk,z

Also (9) holds for (p,q) = (2,2) provided ny be the sequences of
principal indices satisfying Inng_1 ~ Innyg as k — oo.

Proof. Propositions (2.3) and (2.4) reveal that f € C(E) can be
extended to an entire function if and only if g;(#) is an entire function.
Moreover, by (5), f(z) and g;(z) have the same lower (p,q)-order.
Applying Theorem 2 by Juneja et al. [3] to the function g;(z) =
>0 o bnyi(f)2" L, Theorem (3.2) follows at once. O

Remark. For E = [—1,1], i = 3 and (p, q), (9) includes a theorem
by Singh [13] and a result by Massa [8]. Also, for (p,q) = (2,2), (9)
includes Theorem 5 by Reddy [10]. Moreover, (9) gives Theorems 1
and 2 by Juneja [2] for entire functions of Sato growth [12].

THEOREM 3.3. let f € C(E). Then f(z) can be extended to an entire
function fo (p,q)-order p(b < p(p,q) < o) and generalized lower

(p, q)-type t*(0 < t*(p,q) < o) if and only if

[p—2] r
t* = fmax {liminf <M> } , p>3 (10)

{my} | k—oo ln[(I*l] M;Li/,znk
and further, if the sequence of pirncipal indices {ny} satisfies nyg_q ~
ng as k — oo, the for

p—A
t* = yf max { liminf (b(mi]:}) , (11)
{mi} | koo \ I :umkvzmk
where mazimum is taken over all increasing sequences of positive
integers and 3,y and A have been defined, respectively in (5), (1)

and (2).

Proof. To prove this theorem we apply Theorem 2 by Kasana et al.
[6] to the function g;(z) = Yoo o pn,i(f)z" ! and the characterization
of t* in terms of yu,;(f) and the relation t* = (t*(g;) to conclude
(10) and (11). O
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COROLLARY 3.4. Let f € C(E). Then f(z) is the restriction of an
entire function having (p,q) order p(b < p(p,q) < o) and lower

(p,q)-type t(0 < t(p,q) < co) if and only if

P2y,

t* = yBmax { liminf
VB {m} k—o00 <1n[q_1] Iu;li{zmk)p—/l
On the domain E = [—1, 1] and for approximation error p,, 3 this
corollary also includes some results of Reddy [10] when (p,q) = (2,1)
or (p,q) = (2,2).
Finally, we study the subsequences {ny;} of n such that for f €
C(FE) it satisfies

Py > Prgis Mg = Hng_qi  for ng_1; <n<ng;.  (12)

The next theorem shows how this sequence influences the growth of
an entire function in reference to its generalized (p, ¢)-type and gener-
alized lower (p, q)-type. This also depicts the necessary condition for
f € C(F) which has an extension of perfectly regular (p, ¢)-growth
with respect to a proximate order.

THEOREM 3.5. Suppose f € C(E) can be extended to an entire func-
tion having (p,q)-order p(b < p(p,q) < o0), generalized (p,q)-type
T* and generalized lower (p,q)-type t*. Let {ny;} be the sequence
defined by (12). Then

mP2 5, )\
t* < T*liminf ¢(ln n-1,i) , p>3.
koo \ (P g )

Further, if {my, ;} be the sequence of principal indices satisfying my_1;
~my,; as k — oo, then

A\ P—A
t* < T* lim inf <M> .

k—oo ¢(nk,z)
Proof. Define a function u;(z) such that
pi(2) = Y [pn-1i(f) = mi(f))2"
n=1

o
= D ()2,
n=1
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where o i(f) = pny,_1,i(f) = tn,;(f). Since the function g;(z) =
>0 o bn,i(f)z" ! has the same (p, g)-order as that of f(z), it follows
that u;(z) has also the same (p, ¢)-order. Consequently, by Theorem
(3.1) the generalized (p, q)-type and generalized lower (p, q)-type of
u;(z) are given by

T*(f) = BT (us), t°(f) = Bt" (wi).
Thus, using Theorem 1 by Kasana et al. [6] it can be shown that

(P2 ) >” -

Inla—1] —1/np;

k—o0
Nk,

T*(f) = yBlimsup <

Considering the above formula and Theorem (3.3) we observe that
for (p,q) # (2,1) and (p, q) # (2,2),

InlP—2l Y\
t* = (v max {liminf (qS( z P —1.1)

km,i} m— 00 ]n[q_l}

—1/n . P
. ¢(1n[p72} nkm,i) 1/ Km,i
e T e e I E

m,i

oAy 7 i\
max < liminf m_1
{km,i} | Mmoo Inle—1] Cnp, g

InlP—2! DY \
< T*1iminf<¢(n Phin1,1)

m—00 ]n[q_l}

IN

anm,i

For p=2and ¢ =1or ¢ =2, let {my;} be the sequence of principal
indices that my_1,; ~ my; as k — oo, we have

A\ P—A
t* < T*liminf (M) . O
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