Rend. Istit. Mat. Univ. Trieste
Vol. XXXIV, 99-102 (2002)

The Sharp Exponent
for a Liouville-type Theorem

for an Elliptic Inequality
FiLippo GAzzOLA *)

SUMMARY. - We determine the sharp exponent for a Liouville-type
theorem for an elliptic inequality. This answers a question raised
in [1] which is related to a conjecture by De Giorgi [5].

1. Introduction
In a recent paper, Alberti-Ambrosio-Cabré [1] raised the following

question:

Question (AAC): Let ¢ € L§S.(R™) be a positive function and

loc

assume that o € H} (R") satisfies
o div(¢?Vo) > 0 in R" (1)

in the distributional sense. Which is the optimal (largest) constant
On > 0 such that the condition

/ (po)2dz < CR™  VR>1
Bgr

implies that o is constant in R"? Here B = {|z| < R} and C >0
is independent of R.

Question (AAC) is related to a celebrated conjecture by De Giorgi

[5]:
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Conjecture (DG): Letu : R™ — (—1,1) be a smooth entire solution
of the equation Au = u3 — u satisfying the monotonicity condition

ou n
— ) . 2
oz, >0 mn R (2)

Then all the level sets {u = s} of u are hyperplanes, at least if n < 8.

This conjecture has been of large interest in recent years. Several
weakened versions of it have also been considered. Here, we just
deal with Conjecture (DG) in its original form. In this form it has
been proved in [6] when n = 2 and in [2] when n = 3. Up to
now, a proof for larger n is still missing. Also other nonlinearities
f(u) (replacing u® — u in the equation) have been considered: a
general statement merely requiring that f € C*'(R) has been proved
in [1] when n = 2,3. Moreover, in [1] a sharp growth estimate
of [, |Vu|? (for varying R) is obtained for any solution u of the
equation which satisfies (2). And this estimate implies that if §,, >
n — 1 then Conjecture (DG) is true in dimension n. On the other
hand, a Liouville-type Theorem by Berestycki-Caffarelli-Nirenberg
[4] (see also [2, Proposition 2.1]) ensures that d, > 2. Hence, the
method of [1] immediately gives the proof of Conjecture (DG) (for
general f) when n = 2,3. This is the reason of Question (AAC).

In fact, the original question raised in [1] concerns the very same
problem as Question (AAC) for the corresponding equation, namely
the largest exponent <, when the equality holds in (1). Clearly,
Yn > 0n. However, the proof of the Liouville-type Theorem in [4]
is based on Holder inequality and hence there is no advantage in
considering the equation instead of the inequality. We also refer to
[7, 8] for an extensive (and sharp) use of the method of test functions
for Liouville-type Theorems for general differential inequalities.

In [3] it is shown that 7, < n whenever n > 3, while a sharp
choice of the exponents in the counterexamples in [6] shows that
Yn < 24 24/n — 1 whenever n > 7, see also [1]. In this short note,
we exhibit examples which prove that

Op =2 Vn > 2.

Therefore, in order to obtain a full proof of Conjecture (DG) a dif-
ferent method, other than Liouville-type Theorems for inequalities,
seems to be necessary.
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2. The counterexamples

In this section we prove

THEOREM 2.1. Let n > 2. Then, for all 6 > 2 there exist

e e L°RMHNC®MR"Y), >0 (3)
o€ Hy(R"), Vo#0, (4)
such that
3C>0 such that / (0o)2<CR® VR>1, (5
Bgr
o div(¢?’Vo) >0  in R" (6)

in the distributional sense.

Proof. Let k=4 —2 >0 and let

1
o(z)=lz"  @@)=—— 5 .
(1+]af2)=5
Under our assumptions, we clearly have
n+k—-2>0. (7)

This immediately proves (3).

Moreover, |Vo(z)| = k|z|¥~! and therefore (7) implies Vo €
L% (R"), so that (4) follows.

After some calculations, for all z # 0 we find

|I|k—2

div(¢?’Vo) = k(n+ &k — 2)

(Lt |22
therefore, by (7) (and o > 0) we have o div(p?Vo) > 0 in R™ \ {0}.
Moreover, using again (7), we see that div(¢?Vo) € L},.(R") so that
(6) is satisfied in distributional sense.

Finally, for all R > 1 we have

R ,r.2k 1 R
/ ((,00')2 = wn/ ’I"ni1 DR dr = Wn / +/
Br 0 (1+472)" 2 0 1
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R 1
< wp, ((71 +/ rktt dr) < wp (01 + —) RF?2=CR’,
1 k+2

which proves (5). O

About our choice of o and ¢ several remarks are in order. First,
note that o = o5 converges uniformly on bounded sets to a constant
as § — 27. Next, note that in fact a strict inequality (in the dis-
tributional sense) holds in (6). Finally, if 6 < n (which may occur
only if n > 3 in view of § > 2) we have (cp) € L*°(R") which
is precisely the situation when applied to Conjecture (DG); there-
fore, even under the additional assumption that (o¢) is bounded,
the sharp exponent is §,, = 2, at least if n > 3.
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